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ABSTRACT. This paper studies the asymptotic stability of shock profiles and rar-
efaction waves under space-periodic perturbations for one-dimensional convex scalar
viscous conservation laws. For the shock profile, we show that the solution ap-
proaches the background shock profile with a constant shift in the L*(R) norm at
exponential rates. The new phenomena contrasting to the case of localized pertur-
bations is that the constant shift cannot be determined by the initial excessive mass
in general, which indicates that the periodic oscillations at infinities make contri-
butions to this shift. And the vanishing viscosity limit for the shift is also shown.
The key elements of the poof consist of the construction of an ansatz which tends
to two periodic solutions as x — to0, respectively, and the anti-derivative variable
argument, and an elaborate use of the maximum principle. For the rarefaction
wave, we also show the stability in the L% (R) norm.
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1. INTRODUCTION AND MAIN RESULTS

We consider the Cauchy problem for one-dimensional convex scalar viscous conser-
vation laws

o’ + 0, f(u”) = vu”, reR, t >0, (1.1)
u”(z,0) = up(x), zr € R, (1.2)

where u”(x,t) € R is the unknown, the flux f is smooth and strictly convex, and
v € (0, 1] denotes the viscosity. This paper is concerned with the asymptotic behavior
of the solution w”(x,t) to (1.1), (1.2) with ug(x) € L*(R) satisfying
{|u0(x) — 1 — wo(z)] < Coe™,
<

cR 1.3
luo(z) — Uy — wor(z)| < Coe=Po, o ’ (1.3)

where 1y, u,, Cy > 0 and [y > 0 are constants, and wg;, wo, € L*(R) are two arbitrary
periodic functions.

It is well known from [28, 20] that for v > 0, the equation (1.1) generates a semi-
group {S} : L*(R) — L®(R);t = 0} to ensure that, for any initial data uy € L*(R),
the function u”(x,t) := Sy, is the unique bounded solution to (1.1), (1.2), which
is smooth for ¢ > 0, and satisfies the initial condition in the weak sense: for any
continuous function (z,t) compactly supported in R x [0, 4+00), there holds

\&@@WWW%@—@@&MW@MxHO 2t 0t

The semi-group Sy satisfies the following classical Co-properties:

e (Comparison) If ug, vg € L*(R) and ug < vy almost everywhere, then S}ug <
S{vg for any x € R, t > 0.

e (Contraction) If ug, vy € L®(R) and ug—vy € L'(R), then SYuy—Syve € L*(R)
and |S}ug — SYvo| L1(w) is non-increasing with respect to time .

e (Conservation) If ug,vg € L®(R) and ug — vg € L'(R), then

J (S;UQ—vao)dI:J(UO—Uo)dCL’ thO
R

R

Moreover, there exists a constant £ > 0, depending only on f and ||ug||;» , such that

E
Ou” (z,t) < " VereR, t>0. (1.4)

Shocks and rarefaction waves are most important nonlinear solutions to conserva-
tion laws. A viscous shock profile ¢ (x — st) is a classical traveling wave solution to
the viscous conservation law (1.1), solving the problem

v(@")" = f1(¢")(¢") — s(¢")’,
{ 15

Jm ¢%(x) =, lim ¢"(z) =,

where u; > w, and s is the shock speed defined by the Rankine-Hugoniot condition
@) — f@)
ﬂl - ﬂr ‘
The existence of the shock profile follows from a simple phase plane analysis, and can
also follow from the center-manifold theorem in Kopell-Howard [18]. For w; < w,, a
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centered rarefaction wave

ug, % < f/(ﬂl)7
u(e,t) =3 (75, F@) <i<f@),
Uy, >,

is an entropy weak solution to the Riemann problem for the inviscid conservation law
(1.1) with v = 0.

When the initial data u approaches constant states as |z| — +o0, i.e. wy =
wor = 0 in (1.3), the asymptotic behaviors of solutions to (1.1), (1.2) have been
studied widely so far. The pioneering work of Hopf [11] showed the L* stability of
constants with a decay rate 1/v/t, by using an explicit representation of the solution
to the Burgers’ equation. Later, II'in-Oleinik [16] applied the maximum principle
on the anti-derivative variables to prove the L% stability of constants, shocks and
rarefaction waves for general convex conservation laws. Moreover, Freistiihler-Serre
[5] combined a lap number argument and maximum principle to prove the L' stability
of viscous shock profiles. For more results, we refer to [27, 11, 15| for the one-
dimensional scalar case, [9, 32, 12, 13, 17] for the multi-dimensional scalar case, and
[ , 23, 24, 31, 25, 29| for the important one-dimensional system case.

For the initial data which keeps oscillating at infinities, Lax [22] was the first one
to study the periodic data. He showed that the periodic entropy solutions to inviscid
scalar conservation laws approach their constant averages in the L® norm at algebraic
rates. And then Glimm-Lax [7] and Dafermos [!1] used the generalized characteristics
to extend the results to some important 2 x 2 systems. Besides the constants, Xin-
Yuan-Yuan [33] and Yuan-Yuan [31] proved the L™ stability of shocks and rarefaction
waves under periodic perturbations for the scalar inviscid conservation laws, by using
the generalized characteristics. We also refer to [3, 4] for the L' stability of the
stationary viscous “ shock profile 7 which connects two periodic functions as end
states, where the flux in the equation (1.1) is f(z,u) that is periodic with respect to
the spatial variable x.

In this paper, we deal with the initial data (1.3), where wq, and wy, are arbitrary
periodic functions, in order to see how the initial oscillations at infinities influence
the stability of these two nonlinear waves in the viscous case. Throughout this paper,
we let ¢(z) denote any fixed shock profile solving (1.5) with v = 1, and for any v > 0,
we define

T
#() =06 (). (16)
Then ¢” solves (1.5) for any v > 0 and tends to the inviscid Lax-shock
us(x £ = ug, T < st,
’ Uy, T > st,

almost everywhere as the viscosity v — 0 + . With the constants u;, u, and periodic
perturbations wq;, wo, € L*(R) in (1.3), we let u}, u¥ denote the periodic solutions
to (1.1) with the respective initial data

u/(z,0) = + we(z), ul(z,0)=1u,+ w (). (1.7)

Now the main results of this paper are stated as follows:
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Theorem 1.1. Assume that v > 0 and the initial data ug € L*(R) satisfies (1.3) with
u; > u, and the periodic functions woy, wo, € L™ with the respective periods py, p, > 0,
satisfying
1 D1 1 Pr
— | wolz)dx = —J wor(z)dz = 0. (1.8)
b Jo Pr Jo
Then there exist time-independent constants C' > 0 and p > 0 (both of which depend
on viscosity v) such that the unique bounded solution u” to (1.1), (1.2) satisfies

sup |u”(z,t) — ¢¥(x — st — X)) < Ce ™, t>0, (1.9)
TeR
with the constant shift X7 = Flm (XO”Q1 + Xgo’z) gen by
0 +o0
X —J (ug — ¢” — woy) (v)dx + J (ug — ¢” — wo,) (z)dx, (1.10)
0

@Q_lef Fd () — f@) dxdt——ffwoz Vyde  (1.11)

J+OO 1 f — f(u,)] dzdt + o Lprfo wor (y)dydz.

Remark 1.2. In this paper, except Theorem 1.4 or the proof in Section 3.5, our
estimates depend heavily on the viscosity coefficient v > 0.

Theorem 1.1 shows that in contrast to the case of localized perturbations, besides
the localized part of the initial perturbation, the periodic oscillations at infinities
generate another shift X7 , to the background viscous shock profile. The next the-
orem shows that this shlft is non-zero in general even in the case the periods of the
perturbations at x = oo are the same.

Theorem 1.3. Under the assumptions of Theorem 1.1, even if wy = wy,, the con-
stant X7, o defined in (1.11) may be non-zero in general. More precisely,

(1) for the Burgers’ equation, i.e. f(u) = u?/2, it holds that X, , = 0;

(2) if wy (= wo,) satisfies

0 < Nt ey < (T = )2,
then there exists a smooth and strictly conver flur f such that X7 o # 0.

However, for the inviscid conservation law (1.1) with v = 0, it is shown in [33] that

if wo, = wo,, the entropy solution 1 tends to the background shock u® with no shift,

ie. XC?Q2 = 0 in the inviscid case. The vanishing viscosity limit for the shift X7 , is
presented in the next theorem, which agrees with the results in [33, 34|

Theorem 1.4. Under the assumptions of Theorem 1.1, as the viscosity v — 0+,

Xio = Xgpi= - minf wor(y)dy + gleiﬂgf wor (y)dy. (1.12)

zeR 0 0

Furthermore, if both wy and wy,. have bounded total variations on their respective
periodic domains, there exists a constant C' > 0, independent of v, such that

| X4, — X0, < ov'le. (1.13)

At last, we state the result for rarefaction waves.
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Theorem 1.5. Assume that v > 0 and the initial data uy satisfies (1.3) with w; <
u, and the periodic functions wo, wo, € L™ with the respective periods p;,p, > 0,
satisfying (1.8). Then the unique bounded solution u” to (1.1), (1.2) satisfies

sup |u”(z,t) — u(z,t)| >0  ast— +oo.
TeR

Consequently, different from the localized perturbations, i.e., the background shock
can absorb all localized perturbations on the two sides and finally tends to itself with
no shift (if the perturbation has zero mass), the periodic perturbations at infinities
produce infinite perturbations onto the background shock, ended up with a constant
shift, which cannot be determined explicitly by the initial perturbations in the viscous
case (see (1.11) and (1.12)).

The main difficulty to prove Theorem 1.1 is that the perturbation u” — ¢” is
not integrable anymore, which makes it difficult to use an anti-derivative argument
as before that plays an important role in the previous study of the stability under
localized perturbations. In fact, if one considers the equation of the perturbation,
the coefficient of the zero-order term is f”(¢")(¢”)" < 0, which makes it harder to use
either the maximum principle or the energy method. One of the key elements of
our proof is that we find an ansatz ¢%, (2, t), where X"(t) is a shift function (see
(2.15)) such that the difference u” — 9%, ) is integrable and has zero mass for large
time. Therefore, it is plausible to study the equation of the anti-derivative variable
of the difference u” — 1/J§(y(t) (for the Burgers’ equation, the ansatz actually coincides
with the solution u” at an arithmetic sequence of time {t;}; see Proposition 2.8). We
show that the limit of X"(t) — st as ¢ — +o0 is actually the constant shift X% in
Theorem 1.1. And although the ansatz ¢, is not a solution to (1.1), the error
(see (2.10)) decays exponentially both in space and in time. Then following the
idea of I'in-Oleinik [16], one can construct auxiliary functions and use the maximum
principle to obtain our main results.

2. PRELIMINARIES AND ANSATZ

We first present some useful lemmas and introduce some notations, and then con-
struct the ansatz. Important properties of the ansatz will be stated as propositions,
which will be proved in the rest of the paper. In the end of this section, we outline
the organizations of the proof.

Lemma 2.1. Assume that uo(z) € L*®(R) is periodic with period p > 0 and average
u = % Sg uo(z)dx. Then there exists a constant o > 0, depending only on p and v, such

that for any integers k,1 = 0, the periodic solution u”(x,t) to (1.1),(1.2) satisfies that

| orl (u” —H)”L.ﬁ(R) <Ce ™ t=1, (2.1)

where C' > 0 is independent of time t.

Lemma 2.1 can be proved by standard energy estimates and the Poincaré inequality,
which is given in the Appendix A. Thus, one can choose a > 0, depending on p;, p, and
v, such that u} and uY defined in (1.7) satisfy (2.1) with @ = %, and 7, respectively.
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Lemma 2.2. Assume that ug, Ug € L°(R) and there exist constants C > 0 and §j € R
such that
lug(z) — tip()] < Ce’”, xeR.
Then it holds that
|SPug — SViig] < C(t)e’”, xeR, t>0,
where the constant C(t) > 0 is bounded on any compact subset of [0, +00).

The proof of Lemma 2.2, based on approximate solutions solving linear parabolic
equations, is given in the Appendix B.

For the periodic solutions u; and u” defined in (1.7), the following result can follow
from Lemma 2.2.

Lemma 2.3. Assume that the initial data uy € LP(R) satisfies (1.3). Then the
unique solution u” to (1.1), (1.2) satisfies that

¥ (1) — ul (z,t)] < C(t)efor, e .
[u(z,t) — u(z,t)] < C(t)e Pz, ) , )

where C(t) is bounded on any compact subset of [0, +00).

To prove Theorem 1.1, we now construct the ansatz. For the shock profile ¢”
defined in (1.6), we first define the function

¢*(x) —
v = e R. 2.3
@) = D (2.
Lemma 2.4. The function g € C*(R) satisfies that
(i) there exist positive constants 1 and [, depending on v, f, 7, and u,, such that
—(a"N(x
he VD)
(W —r)g” () (1 — g¥(2))
(i) with the inequality (2.4), there exists a constant C > 0, depending on v, f, 4,
and u,, such that
1

< fa, r eR; (2.4)

F¢ s @) < e, x>0,

1

St <1 g (x) < O, <0, (2.5)
1

56_52|x\ < —(g”)'(x) < Cve—ﬂllad7 recR.

The proof of Lemma 2.4 can be found in [10]. And we will give a simplified proof
for the scalar viscous conservation laws in the Appendix C. For convenience, in the
following part of this paper we define

B :=min{f, B, B2} > 0. (2.6)
For any C" curve &(t) : [0, +00) — R, we set
g (x) = g"(x = &(t), reR, =0, (2.7)

with the derivatives:
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Motivated by Lemma 2.3 and the formula of the viscous shock profile

¢¢(x) = ¢" (x — £(t) = wg () + T, (1 — g{(x))

we construct the ansatz as

V(1) 1= (. 092 ) + (. 0) (1= (@) (2.8
It is noted that the shift {(¢) appears only in g”. Thus v} satisfies
O + On f (V§) — vO{ = R, (2.9)

where the source term hg is

hg = 0uf (V) = Ouf (u)g¢ — Ouf (w))(1 = g¢) = 200u(uf — u)(gg)’

— (=) ((02) €+ v(at)"). 210
which can be rewritten as
1 = 0[50 = F00) 6+ (00) = 50) (1= 58) = 20t — )],
+ (f () = () (g¢)" = (i’ = u?)(g¢) € + v(u) —u)(gg)".
This, together with the fact, v(g¢)" = f'(¢¥)(g¢)" — s(g¢)’, yields that
hg = (' () = f'(u))) 0wy g¢ + (f' () — f'(w))) Gy (1 — g¢) (2.12)

— 200 (u) —w))(g¢) — (u) — ) (£'(t) = s+ f'(¢) — f'(¥¥)) (g¢)".

The formulas (2.11) and (2.12) will be used later.

The ansatz ¢ is expected to satisfy $e (u” — 1/}5”) (xz,t)dx = 0, so that the anti-
derivative variable can vanish at both infinities x+ — +o0o. Under the assumptions of
Theorem 1.1, it follows from Lemma 2.1 that there exists a large Ty > 1 such that

U — T
0< -

< (uf —u)(z,t) <2(w —1u,), zeRt=T. (2.13)

The time T is chosen to guarantee {; (uj —u)) (z,t)(g¢)'dr < 0 for all t > Tp. It is
noted that the terms appearing in the square brackets of (2.11) vanish as |z| — oo.
For the equation of the perturbation,

Op(u” =) + 0 (f(u") = f(¥%)) = vdi(u” — v¥) — ke, (2.14)

we aim to choose a curve & = X¥(t) such that {3 h%. (x,t)dz = 0. Integrating (2.11)
with respect to x, we require that the curve X" () solves the problem

{(XV)’ (t) = FY(X¥(t),t), t>T, (2.15)
X"(Tp) = X,
where

Foe, gy oo S L0 UGN+ (Flu) — F) ()] d (2.16)

Sy — w)(g¢)dx ’
and the initial data X" (7T,) = X{ is chosen so that

JR(U” %) To)dz = 0. (2.17)
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Proposition 2.5. Under the assumptions of Theorem 1.1, there exists a unique X{§ €
R such that (2.17) holds, and the problem (2.15) admits a unique C® solution X" (t)
satisfying

|XV(t) — st — Xy < Ce™, t=1Ty, (2.18)
where X is the constant defined in Theorem 1.1 and the constant C' > 0 is indepen-
dent of time t.

Remark 2.6. The choice of X”(¢) can make the source term h%. (z,t) and its anti-
derivative variable Sf » % (y, t)dy decay exponentially fast both in space and in time
(see Proposition 3.5 for details), which plays an important role in the proof of Theo-
rem 1.1.

With the shift curve X¥(t) so determined, we have the following results.

Proposition 2.7. Under the assumptions of Theorem 1.1, there exist time-independent
constants C' > 0 and 0 < u < « (both of which depend on viscosity v) such that the
unique bounded solution u” to (1.1), (1.2) satisfies

sup |u”(z,t) — Vv (T, Hl<Ce ™, t=Ty. (2.19)

zeR

Proposition 2.8. Assume that f(u) = u*/2 in (1.1), and the initial data satisfies

ug(w) = ¢" () + wo(), (2.20)
where wo(x) is periodic with period p > 0 and zero average. Then at each time
ty = kp/(w, —w,), k=0,1,2,--- , the solution u” to (1.1), (1.2) satisfies that

u”(z,ty) = 5, (v,t), el (2.21)
and the shift function X" in Proposition 2.5 satisfies that for t;, = T,
X" (tg) = sty. (2.22)

Remark 2.9. It can follow from (2.21) and (2.22) that for t;, > Tp, u”(x,t;) =
%, (x, tx), which is compatible with (2.19). And it also implies that the ansatz ¥%.
is a suitable choice to approach the actual solution u”.

The rest of this paper proceeds as follows: We first prove Theorems 1.1, 1.3 and 1.4
for viscous shock profiles in Section 3. More precisely, it is shown that Theorem 1.1
follows from Propositions 2.5 and 2.7 easily. Proposition 2.5 for the shift function
X"(t) is proved in Section 3.1. Proposition 2.7 is proved in Section 3.2, which is
independent of Proposition 2.5. In Section 3.3, we prove the result (1) in Theorem 1.3
and Proposition 2.8 for the Burgers’ equation. The proof of Theorem 1.3 is completed
in Section 3.4, where a strictly convex flux f is constructed such that X7, # 0. In
Section 3.5, we prove Theorem 1.4 for the vanishing viscosity limit for X7 ,. At last,
Theorem 1.5 for rarefaction waves is proved in Section 4.

3. STABILITY OF SHOCK PROFILES

Theorem 1.1 can follow from Lemma 2.1 and Propositions 2.5 and 2.7. In fact, it
holds that

u”(z,t) = ¢"(x — st — X5)| < |u”(z,t) = %o (2, 8)] + |50 (2, 1) — ¢"(x — X¥(D))]
+ 9" (@ = XV(1) — ¢"(x — st — X5
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Ce ™™ + |uj (z,t) —w| + [ul(z,t) —u,| + Ce™

<
< Ce M,

which proves (1.9). Thus, it remains to prove Propositions 2.5 and 2.7 to finish the
proof of Theorem 1.1.

3.1. Shift function.
3.1.1. FEzistence and uniqueness of the shift function.

For any £ e R,

JR (u — %) (x, To)dx JR (u” —uygf —uy(1— gg)) (z, Ty)dx.

As { — —oo (resp., +o0), g¢(z) = g"(x — &) — 0 (resp., 1), then due to (2.2) and
(2.13), one has that §, (u” —¢) (z, Ty)dz — 400 (resp., —o0) as £ — —o0 (resp.,
+00). Thus, there exists an X} € R such that (2.17) holds. And the uniqueness
follows from (2.13) and the strict monotonicity of ¢*.

Now we prove the existence and uniqueness of X*(t) solving the problem (2.15).

Lemma 3.1. The problem (2.15) has a unique C* solution X" (t) : [Ty, +0) — R,
satisfying

(XY () sl <Ce™, =T, (3.1)
where C' > 0 is independent of time t.

Proof. By Lemma 2.4 and (2.13), the denominator of F¥(,t) satisfies that

Uy — Uy

| =) @ty @yt < B | (g2 (i

Uy — Uy
= — < 0.
2

Since for any k > 1, (g”)(k) is integrable and wu},u? are bounded and smooth, "
is smooth and all the derivatives are bounded. Then the existence, uniqueness and
smoothness of X can follow from the Cauchy-Lipschitz theorem.

Now we prove (3.1). By Lemmas 2.1 and 2.4, one can get that

+00 +o0
| =g yae = | = - w05 = 0 (),

—Q0

[_ (FO) — F2)) (o) d = —f(@) + F(3@) + O (e ) |

(]
J gX,,)dx——ul—i—ur—i—O( _at).

ee]

Therefore, (3.1) holds true. O
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3.1.2. The limit of the shift function as t — +o0.

In order to compute tlim X"(t) — st in terms of the initial data uy(z), the informa-
— 400

tion of the solution u”(z,t) for t € [0, Ty] should be used. However, when ¢ € [0, Tp],
it may fail to find a unique ¢ such that { (v’ — @/}é’) (x,t)dx = 0 or fail to ensure the
denominator of F, {,(uf — u¥)(x,t)(g¢)'(z)dz, is non-zero. Therefore, we need the
following modifications to extend the definition of X*(¢) on [0, Tp].

For the bounded periodic solutions u; and u!, one can first choose a large number
M > 0 such that for all £ > 0,

| =g @te =3 < € | |2y (@) de - a1
=C-M<0.

(3.2)

Thanks to (3.2), there exists a unique solution X*(t) € C*[0,Tp] to the problem
N VIR
X”) :F”(X” ) <T,
(x) o (t.t), t<T 539
XV(T ) = X0V7
where . /
§o [y —u)(g0)" + (f(uf) — f(u)))(g¢)'] dw
§p(uf — w)(g¢)'de — M
The proof of existence and uniqueness of X is similar to that in Lemma 3.1. Now
we claim that

Fret) = (3.4)

M (Xg - Xg) + JR (uo(x) — %, 0)) dz = 0, (3.5)

where X% := X*(0).

Indeed, for any N > 0, one can choose a cut-off function py(x) € Ci°(R) satisfying
on(z) =1,if |2| < N, and py(z) =0, if |[z| > N + 1. Then by multiplying ¢n(z) on
each side of (2.14) and integrating by parts, one can get that for any ¢ > 0,

| =) @ px(one 36)
:J (u” =%, (x,0)pn(x dx+l/f J u’ — %) ydadr

f J V)) Oydxdr —f J h%, ondrdr,
0 Jr

Thus, by applying Lemmas 2.4 and 3.2, one can take limit N — 400 and use the
dominated convergence theorem in (3.6) to get that

fR (=%, (@, t)dx = fR (o) — %, (2. 0)) dx—f j (2, 7)dedr.  (3.7)

We remark that the use of the test function ¢y here is to avoid the estimates of the
derivatives 0,(u” — u}) and 0,(u” — uY) as © — —oo and +o0, respectively. It follows
from (2.11) and (3.3) that

v d oV
— JR h%, (x,t)dr = MaX (t).

This, together with (2.17) and (3.7), yields (3.5).
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Now, we define

~ {X”(t), t> T, (58)

XY(t) =< -
0 X"(t), 0<t<Ty.

Then X" is a Lipschitz continuous curve on [0, 4c0). For y € (0,1), N € N* and
t > Tp, we define the domain

0 = {(@,7): X0+ (~N+yhpr <0< X0+ (N +y)pe, 07 <t}

see Figure 1.

X"+ (=N+y)p X"+ (N +y)p,
) t> j—h )
N
Qy

Xy+(-N+yp 0 Xg+(N+yp, 2

FIGURE 1

It follows from the equations of u; and u; that

Jf{(&tu;’ + 0o f(u)) —voou)) g%, + (Ol + 0uf (uf) — vosul) (1 — g%,)} dadr = 0.
QN

Then integration by parts yields that

” {—(X ) (uf — ) + (f () — vduu)) — (f (uy) — yaxu;)} (¢%,) dadr
o (3.9)

= AN(y,t) — AV(y,0) — B (y,t) + B) (y,1),
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where
N FXY(E)+(N+y)pr
AV (y,t) = | [ul”(x, 1)9%., (x) + u(x,t) (1 — g}u(x))] dz,
JXY()+(—N+y)p
N rXE+H(N+y)pr
AN (y,0) = | |t (2,009, (2) + w @, 0)(1 = g%, ()] d,
JXE+(=N+y)p, 0 0
rt
BY(y.t) = | { (F(u) = vouup) g, + (F(u) = vouu?) (1 - g%.)
J

— (X)) [ur g+ (1= g5)] | (R20) + (=N + gy, 7) dr,
BY(y.1) = f () = vuud) g + () - voui) (1— g5.)
X

—( )()[ngv+“/(1_9§J]}(XW@7+(N”%wpm7)dr

(3.10)
It follows from (2.15) and (3.3) that the left-hand side of (3.9) satisfies that
Jf - dxdr = Jf codrdr 4 Jf - dxdr
QY n{0<7<To} QN n{To<7<t}
Ty R
S M| (XYY@®)dt+0=-M (Xg - Xg) as N — +oo.
0
Thus it remains to evaluate the right-hand side of (3.9) as N — +o0.
(i) The integrals on {r = 0} and {7 = t}.
Set
wy (z,t) = u(x,t) — @, wl(x,t):=u(x,t)— 7T, (3.11)

Then it follows from Lemma 2.1 that ||w}|,. + ||wY|;» < Ce™®". Since wy and wo,
are both of zero average, one has that

JN(y,t) =2 AV(y,t) — AV (y,0)

(N+y)pr B ~
- j( [w;(x +XV(),8)g" (z) + w”(z + X*(1), 1) (1 — ¢"(2)) ]dx (3.12)

—N-+y)p

- JX€+(N+y)pr [wol(x)gy(x _ Xé’) + wOT(ﬁ) (1 — gV(x — Xg)) }dw

X§+(—N+y)pi
X¥+ypr

~0(e )+

B JXKWPT [wol(iﬁ)gy(x — X¥) + wo, () (1 —g'(x— X’é’)) ]da:

(wo, — wo, ) () (1 —g"(x — X{j)) dx

§+H(=N+y)m

f(6+ypz
X(’j+(N+y)pr .

— f (wor — wo)(x)g” (x — X{)dx.
X§ +ypr
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Then one can get that
J(y,t) := lim JY(y,1)
N—w

—0(c) + f

X¥+ypr

(wo; — wo,) () (1 —g"(x — Xg)) dx

_ JXS-S-ypT [wol (2)g"(z — XOV) + wo, () (1 (e — XOV)) ]dq} (3.13)

X¥+ym

— JJrOO (wor — wo,)(2)g" (x — Xé’)dx.

X§+ypr

By (3.5), it holds that
M (X5 = X5) = = [ [1olo) = 00 = %) = wnta)g? @ = X
—wor(2) (1-¢"(z = X)) |da
_ fooo (ty — ¢ — wr) (2)dar — f " o — ¢ — wor) () (3.14)

0

+(w — ) Xy — Jooo(woz — woy ) () (1 —g"(x — Xg)) dx

+ J(: (wo; — wo,)(x)g" (x — X(’]’)dx.

This, together with (3.13), yields that

~

J(y.t) = O (=) = M (X§ = X5) + (m — w) Xy
+o0

[ oo @ [ = w0 ()

Xy X¢+ypr
+ J wo(x)dr — J woy(z)dz.

0 0

It is noted that for ¢ = [, r, since wy; has zero average, Sg wo; (z)dz is periodic with
respective to y with period p;. Therefore,

X +ypi XV+y
J J wo; (z)dzdy = J J wo; (z)dzdy
= —f J woi (z)dzdy.
bi Jo Jo

A~

Ll J(y,0)dy = O (¢=%) — M (Xg — Xg) + (@ — @) XY (3.15)

Thus one can get that

‘fo@m—w—wm<ﬁm—Jmmm—w—wwﬂww

f onz da:dy——f JwOT Ydxdy.
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(ii) The integrals on two sides.

Since v is periodic, it holds that

Bt - |

0

t

{ (Fn) = vauur) (X2(1) +yp7) ¢ (=N +v)m)
— (X)) wp (X (7) + o) (3.16)

#1110 = g%) (X(0) + (=N +y)pi7) for.

where [---] denotes the remaining terms which are bounded. Then taking the limit
N — 400 in (3.16) and using Lemma 2.4, one can get that

t

1 t 1 ™ ~ ~
lim BN (y,t)dy = J —f f(uy) (X” + z, 7') dxdr — J (XYY (r)ywdr
0 o PiJo

N—>foo 0
_ f: %l fl F()(x, ) dwdr — (X”(t) _ Xg) .

Similarly, it holds that

1 t 1 (Pr B R
lim | BN(y,t)dy = f - J Fu)(z, 7)dedr — T, (X”(t) . Xg) .
0 o Pr Jo

N—+o

Now, with the calculations in (i) and (ii), one can integrate the equation (3.9)
with respect to y over (0, 1), and then let N — +oo, to get that for any ¢ > Ty,

f 1 J(y,dy + (@ — ) (XV(t) _ Xg) -
0 3.17

_ f [%l Lpl P (@, 7)da — pir Lpr P (o, )| — (X5 = X5).

0
Note also that for i = [, r,

L1 (Pi t 1 (P
| o 7 stunpdedr = [ 2|7 () - sy dodr + s
0 Pi Jo 0 Pi Jo
+© 1 rpi
|| e - sy dedr 40 ) + s
o PiJo
where Lemma 2.1 is used. Then it can follow from (3.15) and (3.17) that for ¢t > Tj,
XV(t) — st =X"(t) —st =0 (e ™) + XY, (3.18)
where X is defined in Theorem 1.1. The proof of Proposition 2.5 is finished.

3.2. Decay to ansatz.

In this section, we will prove Proposition 2.7. First, u”(z,t) will be proved to be
close to u}(x,t) (resp., u’(x,t)) in the region x < st — N, (resp. x > st — N.) with
large enough ¢ and N, (independent of time); see Proposition 3.4. Then motivated
by [16], the equation of the anti-derivative variable of u” — 9%, is studied and the
comparison principle is applied to prove Proposition 2.7.
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3.2.1. Time-independent estimates (Proposition 3.4).

The following result follows directly from Lemma 2.3.
Lemma 3.2. Under the assumptions of Theorem 1.1, there holds that
|u” (2, t) — wé’(x,t)| < O(t)elslg=Ala=l V€, x e Rt =0,
where C(t) > 0 is bounded on any compact subset of [0, +0).

Then by Lemmas 2.3 and 3.2, for any z € R, ¢ > 0, one can define the anti-derivative
variables:

U/ (z,1) := Jrio(u” —uy)(y, t)dy, (3.19)
Urte.) = [ =, (3.20)
U¢ant) = | @~ )00, 3.21)
Oztet) = [ = i)t (3.2)

Lemma 3.3. For any C* curve &(t) : [1,4+00) — R with bounded derivatives, the
functions Uy, U, Ué’ and U defined above satisfy the following equations:

oUl —vdrUy = f(u) — f(u¥), reR,t>1, (3.23)

U —vdrUY = f(u”) — f(u¥), reRt>1, (3.24)

U —vaiU¢ = f(wY) — fu”) — f he(y, t)dy, zeRt>1, (3.25)
+00

AU v = ) - [~ | Wy, weRe=1 (320

where the derivatives appearing in these equations are all continuous in R x [1, +0).

Proof. Here we prove only (3.23) and (3.25), since the proofs of the other two are
similar.

(1) To prove (3.23), for any T > 1, we consider the following problem

{ oV —vd*V = f(u) — f(u"), zeR1<t<T, (3.27)
V(z,1) = U/ (z,1).
It follows from Lemma 2.3 that
{WwijmgaﬂwaERuqsﬂ (328
|UY (z,1)] < CeP Vx e R.

Note that -
eﬁlw\ < C’(T)emm ,
and the initial data U/(x,1) and the source term f(u;) — f(u”) are smooth
functions, then by the standard parabolic theories (see |6, Chapter 1, Theo-
rem 12|), the function
t—1

Vi, t) = . K7() = (f(u)) = f@))(t = m)dr + K1)« UP (1) (3.29)
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solves (3.27) and all the derivatives of V' appearing in the equation exist and

1 z2
are continuous in R x [1, 7], where K'(z) := (2nvt) 2e 4 is the heat kernel.
It then follows from (3.28) and (3.29) that V(z,t) vanishes as x — —o0. Then
by (3.29) and the equations of u” and vy, it holds that

t—1

0.V (x,1) = f [0 K7 = (f(u)) = f(u)] (z,t = 7)dr + [K" 7« (u—u))] (,1)

0
= (u—uy)(z,t), reR1<t<T,

which implies that V(z,t) = U/(x,t) for all z € R and 1 < ¢ < 7. And since
T > 1 is arbitrary, (3.23) holds true.

(2) Now we prove (3.25). By integrating (2.11) with respect to the spatial variable
on (—oo,x), one can get from Lemmas 2.1 and 2.4 that

|y = () - ) g+ (12 - ) (- )
—-2V(U?-—143(92Y-+‘fx (F(b) — Fu))(g2) dy

—00
T

—8®Jm@ﬁ—UD@9%w+vf (uf —u)(gt)" dy.

—Q0 —Q0
is smooth. Then it follows from Lemmas 2.1, 2.4 and ¢¢ —u] = —(uy —
u?) (1 - gg) that for any t > 1,

T

U_OO hg(y,t)dy‘ < 0(1 — g¢ (@) + [(99) (@)] + f_ (g¢)'| dy + LO (g2)"] dy),

Note that {*_|(g¢)'|dy = 1 —g¢. And by (¢")" = 2= (f'(¢") —s) ("),
there exists a unique point xy € R such that (g”)” ( ) < 0 for z < zp, and

(¢")'(z) > 0 for & > x(. Then Sfoo ‘(gé’)”} (y)dy = —(g¢)'(z) if z < mo + &
Hence, it follows from Lemma 2.4 that

f h(y, t)dy
—00
By Lemma 3.2, one can verify easily that

Uy (2, 1)| < Ce™ Vz e R. (3.31)

<Ce’®  VreRt=1. (3.30)

Now we consider the problem:

OV —vd?V = H = f@Wg) — fw) — Sioo he(y,t)dy, zeR,1<t<T, (3.32)
V(z,1) = Ugyy (2, 1), zeR. '
For any T' > 1, it follows from Lemma 3.2 and (3.30) that
|H"(z,t)] < C(T)e"*  VeeR1<t<T. (3.33)

Then similar to the proof in (1), since the initial data [75”(1)(:10, 1) is smooth

and satisfies (3.31), and the source term H" is smooth and satisfies (3.33),
one can obtain that the function
t—1
V(x,t) = KT()# H (-t — 7)dr + K'7'(-) » Ug”(l)(-, 1) (3.34)
0
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solves (3.32) and all the derivatives of V appearing in the equation exist and
are continuous in R x [1,T]. It follows from (3.33) and (3.34) that V(z,t)
vanishes as ¥ — —co. Then (3.34) and the equation of ¢ yield

0 (u” — ) — v (u — 0 = &, (fwg) SO I t)dy)

=0, H".
And then
t—1
a:pv('ra t) = f aII(T() # HV('7t - T)dT + Ktil(') # (ul/ - 1/}2/) ('7 ]-)
0
z(u”—l/Jg)(x,t) VreR,1<t<T,
which implies V= Ué’
OJ
Now we choose a fixed small number €5 > 0 such that
fl(ﬂl — 280) —s>0 and f/(ﬂr + 260) —s<0. (335)
Then it can follow from Lemma 2.1 that there exists T} > Ty large enough such that
uf(x,t) >u —eg and u,(x,t) <U, + € VeeR, t > 1Ty, (3.36)
where T} is the number chosen in (2.13).
For later use, we define

1
a(v,w) = J I (w4 p(v —w))dp, (3.37)

0

1
b(v,w) := J " (w+ p(v —w)) dp. (3.38)

0

Now, we give the results of the time-independent estimates of u” — v} and u” —u}.

Proposition 3.4. Under the assumptions of Theorem 1.1. There exists Ty > T such
that for any € > 0, there exists N = N(g) > 0, independent of time t, such that

|u”(z,t) — uj (x,t)] < e Vt > Ty, o < st — N, (3.39)
|u”(x,t) —ul(z,t)| < e Vt > Ty, x > st + N. (3.40)

Proof. We prove (3.39) only, since the proof of (3.40) is similar. And the proof will
be divided into four steps.

Step 1. For any € > 0, we will prove that there exist 75 > T}, independent of ¢,
and N; = Ny(e) > 0 such that

U/(z,t) <e Vt>Ty x<st— Ny,
where U} is defined in (3.19).

By (3.35), one can define a constant

B = f'(w —2e0) — s > 0. (3.41)
And then we define the function

a(z,t) = M Pt uf(x,t), zeRt>0, (3.42)
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where the constant M; > 1 will be determined later (see (3.47)). Then by the
equation of uy, one has that

O,ii— v+, f (@) = h 1= —BsM;eP @Dy B2 P 1o (F(i) — f(u)). (3.43)
Since f is strictly convex, (3.36) implies that
fl@) = f'(u)) = f'(uy —eo) VeeR t =Ty,
Hence, for the given constant My, if ¢t = T}, the following two inequalities hold.

(1) If z satisfies M;e®@ D > 1, then it holds that
0. (£(3) = f(up)) = (£/(@) — /() (BM1ePo=0 + ) + f'(uf) BM P20
> (@) = ') (B = 10 ]) + 1/ — o) By,
Then by (3.43), Lemma 2.4 and 0 < v < 1, one has that
b= (1(@) = f'@) (8- 10m]) + B (f(@ - o) = (s + B)
(@) = f')) (B = Ceot) + BMye™e0 (f' (@ — =0) = f'(@ — 220))
(f/(@) = £'(u) (B = Ce™).
(2) If z satisfies Mye?@=D < 1, one has 0 < @ — u¥ < 1. Then it holds that

0. (f(@) — f(u)) = f'(@)BMe®@D 1 (f'(a@) — f'(u})) dpul
= f(@)BM P () (@ — ) Dy
P — 20) M P — O P | 9,0 .

\%

WV

> MleB(x_St) (Bcoz—:o — Ce_o‘t) ,

where ¢p := min f” > 0.
As a result of (1) and (2), there exists a constant Ty > T7, independent of either
M or ¢, such that
h =0 —vd*i+ 0, f(1) >0  VreR t>T.

Set U(z,t) := §* (w”—a)(y,t)dy. Then as for the proof of Lemma 3.3, one can prove
that
U —vdU + (f(u”) — f(0)) = —J h(y, t)dy, re Rt > Ty,

-0
which implies that
o0 — vdU + a(u”, )0, U < 0 Ve e Rt > Ty, (3.44)
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where a(u,v) is defined by (3.37). By Lemma 3.2, there exists Ny > 0 such that

\U/ (x, T5)| = U (u” —u)(y, To)dy| < e/2 VYa < —Nj. (3.45)

For this Ny, it can also follow from Lemma 3.2 that one can define a constant

B := sup J (v —w)(y, Ty)dy| < +c0. (3.46)
—Np

x=—Ny

It is noted that the given constants B7T2, Ny and B are all independent of M, thus
one can choose M; > 0 large enough such that

—Np Ml )
J W?—QX%TQWF=—?;eMM*%><—B. (3.47)

-0
Now we claim that
Claim 1.
Uz, Ty) = J (v’ —a)(y, Tr)dy < e/2 YxeR.

—©
In fact, if < —Ny, then (3.45) implies that

T

‘F(W—ﬂﬂwﬂmyéf (0 — )y, To)dy < </2.

—00 —0o0

And if x > — Ny, it follows from (3.45) and (3.46) that

f_xoo(“y —u)(y, Tr)dy = f_:o (u” —ul) + f_:o (v — @)
" JN (=) JN (uy = 0)

<e¢/2—B+B+0=¢/2,
which proves Claim 1.

Combining (3.44) with Claim 1, and using the maximum principle [16, Lemma 1],
one can obtain that

Ulz,t) <eg/2 Vee Rt =Ty,
which implies that

T ~ M )
et = [ =)ty = Ol 4 2 <

—0

if t > Ty and x — st < —N; with N7 > 0 large enough.

Step 2. In this step, it is aimed to construct a “sub-solution” ¢/¢ to (1.1) such that
the anti-derivative variable of u” — ¢ has the lower bound —¢ (see (3.55)). The idea
is to find a C curve £(t) : [Tz, +o0) — R such that the ansatz ¢ defined by (2.8)
satisfies that

he = OY + Ouf(WY) —vO2 <0 VzeR,t>Tp, (3.48)
with the proper initial data (3.53).
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For two given constants Ms; > 0 and d > 0, where M, will be determined in
this step, and d will be determined in the next step, we define a C® curves £(t) :
|75, +00) — R, which solves the following problem

g(t) = s — Mye™™, t > Ty,
{Ty) = —d.

Then by (3.49), there exists a constant D > d, depending on «, Ty, d and M, such
that

(3.49)

£(t) e [st—D,st+ D] Vt=T. (3.50)
Now we calculate the source term h{. Tt follows from (2.12) and (2.13) that for ¢ = T5,

O 1! — Oyu” ,
P (»:'(t) s (6 - W) + 2u) a2y

u; —uy
— (u =) (¢, up) 0oty — (W, w)dut)) g (1 — gf),
where b(u,v) is defined in (3.38). Then by Lemma 2.1 and (2.4), one has that for
t = T27
hu < v v / t YPNR% ! v 2 533“? B al’u:: v/
¢ < (u =) (&'(t) —s+ fl(gf) — f(¥g) + VW (9¢)|
+ Cuy =) (10| + |00} ]) | (9€)|

< (u)f —wy) ‘(g”)" [—MQe’at +C ‘<Z5Z — wg‘ + C (|0 ur| + |6xu§’|)] )

Note that ‘gzﬁg — @Ué" < | — | g¢ + i, — uy| (1- gg) < Ce * for all z € R. Then if
My > 0 is large enough, it holds that

hé(w,t) < (u] —uy) ‘(gg)" (—My +C)e ™ <0  VreRt>T.
Therefore, for My > 0 large enough, (3.48) is fulfilled with the £ constructed in (3.49).
Step 3. In this step, we will prove that there exists Ny = Ny(¢) > 0 such that

U/(x,t) > —e Vt>Ty, x<st— Ns. (3.51)

For the constants Ny and B defined in (3.45) and (3.46), one can choose the con-
stant d = £(T3) > 0 (see (3.49)) large enough such that

f = 0t (e T e + J

—Q0 7N0

+00

(u;f — ¥, (z, Ty)dx

)
= [ - em -y [ @) @ e dde

—0 _NO
> B.
(3.52)
Then we claim that
Claim 2.
Utz (2, T2) = J (v —o",) (. To)dy = —e/2  VzeR. (3.53)
—0
where Ug is defined in (3.21).
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In fact, if © < —Ny, then it follows from (3.45) that

xT

Jx (ul/ - 7vbicl) (ya T2)dy = f (UV — u;’) (y7 Tg)dy > _5/2_

—00 —QC

And if x > — Ny, then by (3.45), (3.46) and (3.52), one can get that

fw (u" = 02y) = f_: (w —uf) + f_;v (wf — ) + J_N (w" — )+ J_N (u — )

—No +00

(uf —v”y) — B+ f (ul —vry) = —¢/2.

—No

> —5/2+j

—0
Thus Claim 2 is proved.
It can follow from Lemma 3.3 that

ST — VU = () — Flu) — f

T

hi(y,t)dy VYreR, t =Ty
e¢]

This and (3.48) yield that
ﬁtUg = V&ff]g + a(u”, ¢g)axz7§ >0 VeeR, t =Ty, (3.54)

where a is defined by (3.37). Then by (3.53), (3.54), and using the maximum principle,
one can obtain

Uf(x,t) = —¢/2 VeeR, t = Ts. (3.55)
This, together with (2.13) and (3.50), shows that

T

UY (2, 1) = f (" — ) (4. t)dy

_ f (" = ) (9, )y + f (62 =) (9, t)dy
= Uy x,t)—Jx (uf —uy) (y,t) (1 —g"(y — &(¢))) dy

> —¢/2 —2(u —u,) Jm (1—g"(y—st+ D))dy

ift > T, and x — st < —N, with Ny > 0 large enough.

Step 4. In the last step, we complete the proof of (3.39).

By Steps 1 and 3, for any t > T5 and z; < x5 < st — N3, one has that

f P — )y )y < 2, (3.56)

x1

where N3 := max{Ny, No}. And by (1.4) and Lemma 2.4, there exists a positive
number M3 > 0 such that

Op (U —u)) <My Yit>Ty zekR. (3.57)
Then (3.39) follows from the following Claim.

Claim 3. For any t > T, v < st — N3 — j*]\%, it holds that

|u”(x,t) — uj (z,t)| < 34/ Mse. (3.58)
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In fact, if there exist tg > Ty and zg < stg — N3 — j\]\% such that

UV(.T(), to) — U?(l’o,to) < =3 M3€,

then for any x € (wo, o + j%) , it holds that

(W = up) (@, to) = (u” = uy) (w0, to) = (" —u)(, o) (z = o).
Due to (3.57), it follows from above that

(u” —u)(x, ty) < =34/ Mse + Ms(z — x9).

Then integrating this inequality over (xo, o + \3}7—*/[55) yields that

To+ Ve
VM 3ve My O O¢
u’ — ) (x, tg)dr < —34/ Mse x +— X — = —— < —2¢,
which contradicts (3.56). For the other case that u”(xg,tog) —u} (xo,to) > 3v/Mse, it is
also a contradiction by considering the interval (:1:0 — j%, xo) instead. So Claim 3

holds true. l

3.2.2. Anti-derivative variables.

In this part, we consider the equation of the anti-derivative of u” — ¢%.,. It turns
out that the error term in the equation for the anti-derivative variable decays expo-
nentially both in space and in time; see Proposition 3.5. And then the idea of Il'in
and Oleinik [16] is applied to proving (2.19), i.e. we construct an auxiliary function
(O©(z) constructed below), and then use the maximal principle.

We first define the anti-derivative variable of —h%., in (2.9) as

H"(z,t) := —J Wevi(y,t) dy, t=ThzeR,. (3.59)

Then due to (2.11), one has that
HY = = (f(¥k) = fw) gxr = (F(Wxe) = F(u)) (1 = gxv)

T

2w — ) (g ) — j (F) — F))( 8) (g% ) () dy

O | = gk Y )y 260

—a0
v [ = ) )y
—o0
On the other hand, by Lemma 3.2, one can define the anti-derivative variable of
u’ — %, as

T

U (z,t) = Uk, (,t) = J (' — % )(y, t)dy, t=0,xeR. (3.61)

—0Q0

For convenience, in the following part of this paper we define

a(z,t) == alu”, ¥%. ) (x,t). (3.62)
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Proposition 3.5. The functions H"(z,t) and a(x,t) are smooth in R x [T}, +o0),
and U”(x,t) solves the equation

U —vd*U" +a o,U" = H", zeR, t=T, (3.63)

where all the derivatives of UY appearing in (3.63) are continuous in R x [Tp, +00).
Moreover, H"(x,t) satisfies

|HY (z,t)] < Ce e Pl=X"O1 v eR, t =Ty, (3.64)
and U"(x,t) satisfies
U"(2,1)] < C(t)e Pl X0l wyreR t=T,, (3.65)

where C' > 0 is a constant, independent of time t, and C(t) > 0 is bounded on any
compact subset of [T, +0).

Proof. The smoothness of H”(x,t) and a(x,t) can be derived easily from Lemma 2.4
and the smoothness of u”, u?, u¥ and %.,. By Lemma 3.3, U¥ = U%, solves (3.63)
and all the derivatives of U” appearing in (3.63) are continuous in R x [T, +00).

Now we prove (3.64). Note that there exists a unique xy € R such that, if + < z,
(¢")"(x) < 0, and if = > ¢, (¢”)"(x) > 0. Then for x < X¥(t) + o, it follows from
(3.60) and Lemma 2.4 that

H(2,1) = — (%) — fut)) — (F@m) — F(@) + (*af))u—gxu)
2w (@ =, + O (e™) (g%.) j (F@) - £(@) + O (%)) (g%) (W)dy

+(s+o(eat))f (@~ + 0 () (%) (n)dy
) f D (@—a 4+ 0 (™) (%) (w)dy.

—0

If v < X"(t) + o, it holds that {*_|(¢%.)"|dy = — " (¢%)"dy = —(g9%.)'(z), and
0<1— g% () + |(g%.) (7)] < CePE=X"®) then

HY (1) = = (F(%) — 0})) = () — F()) (1~ gh) + 20— ) g5
(@)~ F()) (1~ g5) — s(i — ) (1 - gk
ol ) gk + O (¢ ot X))
— (F) ~ F)) + (7(5) — F)
= e ) (W — ) + a0 ) (S — )
= (o, o)) — ) (1= ) — (G, T~ 5)(1 - o)
= (0~ 0) (1 i) (@, ) — a0 ) + O e e X

And it is easy to verify that
a(kv,uf) = a(¢, W) = O (e7),

which implies that if z < X*(t) + zo, H(z,t) = O (e7*ef@=X"())  On the other
hand, if z > X"(t) + 20, § " [(g%)"|dy = § 7 (g%.)"dy = —(g%.)(z), and 0 <

g% () + |(g%.) (2)] < Ce PE=X"M) Tt follows from (2.15) that for any ¢ > Tj and
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r e R,
H"(x,t) = = (f(xv) = f(u) g% — (F(k) — fu)) (1 = gkv)

o — ) (g%’ f )y, ) (%) (v)dy

Xy f (uf — )5 1) (g% (v)dy (3:66)

o [ =0 e

Then by similar arguments as in the case that x < X”(t) + o, one can prove that if
x> X"(t) + o, H"(z,t) = O (e7'e #==*"(0))  Hence, one can get (3.64).

Now we will prove (3.65). Similar to the proof of (3.5), one can apply (2.15) and
(2.17) to obtain that

+00
J (u”(x,t) = Yy (@, 1)) dz =0Vt =Ty,

—00
Hence, for any z € R and ¢ > 0, one has that
+0

U” (2,1) = f %) (s )y = — f (W — %) )y, (367)

—o0 xT

Lemma 3.1 implies that | X" (¢)| < C' + |s|t. Then by Lemma 3.2, one has that
(2, 1) = W 2, 1)] < C)PXOle X0 gy X0,
which, together with (3.67), yields (3.65). O

Denote the positive constant e, := min{f/(ﬂé)fs, —f,(ﬂg)fs} > 0.
Lemma 3.6. There exist positive constants Ty > Ty and Ny, independent of time,
such that
a(x,t) — (XV)'(t) > & >0, r—X"(t) < =Ny, t > T, (3.68)
a(z,t) — (XV)'(t) < —e1 <0, z—X"(t) > Ny, t>T5. (3.69
Proof. Here we prove (3 68) only, since (3.69) can be proved similarly.
By (3.37), @ = §o ' (W% + p(u” — ¥%.)) dp, where
I%Dxu + P(u — %) — |
= Ju gk +uy(1 = gko) + p(u” — ) + p(u)’ — ) (1 = gkv) — |
= [(w —w) = (1= p)(uf — ) (1 = g%v) + p(u” — u)]
< Juf =) + 2w —u,) (1 — g% ) + |u” — uf|.

Lemma 3.1 shows that |X"(t) — st| < C. Then by combining Lemmas 2.1, 2.4 and
Proposition 3.4, one can get that for any € > 0, there exist 7'(¢) > T and N( ) >0
such that

V% + p(u” — %) —w| <e  VE>T(e), x — X"(t) < —N(e),
and hence,

If (W% + plu” — %)) — fl(w)] < Ce Vi >T(e), © — X"(t) < —=N(e).
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Then it follows from Lemma 3.1 that

a— (X") > f'(w) — Ce—s+ (s— (X")(t))
> f'(u) — Ce—s—Ce™™
= % Vt>T3, .T—Xy(t) <—N0,

provided that ¢ is small enough, and Ny > N(¢) and T3 > T'(¢) are large enough. [

Define the linear operator
L := 0, —vd> +a(z,t)0,. (3.70)

Proposition 3.5 shows that LUY = H" on {t > Ty}. For the constant Ny given in
Lemma 3.6, we define the auxiliary functions as [16],

cosh(yz), |x| < No,
0(x) := 1 01 (z), No < [z] < No +1, (3.71)
02(), ] > No + 1,

O(z) := e @)

where v and ¢ are two positive constants to be determined, and

01(z) == — %QCOSh(nyO)(]x\ — No)® + 7;cosh(fy]\fo)(]gd — Np)?
+ v sinh(yNo) (Jz| — No) + cosh(yNy),
Oo(x) :=07(No + 1)(Jz| — No — 1) + 01 (Ny + 1),
thus 6(z) is a convex and C? function on R.

Lemma 3.7. There exist positive constants v,0 and p, independent of time t, such
that the auxiliary function © defined above satisfies that

L(O — X"(t) = 2u0 (x — X*(t))  VreR, t>Tj

Proof. We define ¢ := = — X¥(t) for simplicity.
By (3.70), it holds that

L(O(Q)) =¢ O [5(X"Y()'(C) — *w(#'(0)* + 0u8" () — 6 #(C)]
=50(Q)| w8 (Q) — (@, 1) — (XY (1) ') — (e (Q))?]

There are three cases to be considered.
(1) If || < No, 0(C) = cosh(7(). Therefore,

v8"(C) — (ale, 1) — (X*Y(5) () — 1(6'(C))?
=17? cosh(y¢) — (@ — (X")') ysinh(7¢) — 5v7* (sinh(7())*
—y cosh() |7 (1 = dsinh(1¢) tanh(+()) — (@ — (X*)'(1)) tanh(1) |

Since @ — (X")' is bounded, one can first choose v > 0 large enough such that

@ — (XY < % Vo eR,t > Tp.
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For |¢] < Ny, |sinh(7¢)| < €™ then one can choose § = §(7y, Ny) > 0 small

enough such that

1— o > l

[\

Hence, by [tanh(v()| < 1 and cosh(7¢) = 1, it holds that for || < Ny and
t > Tg,

v Svy?
L(©(¢)) = 00(() - ycosh(y() - % > 47 ©(().
(2) Ifg > No, it holds that 0 < ]{?1 < QI(C) < ]{72, where ]{31 = QII(N()) = ’YSIHh(/yNQ)

and ky = 01(No + 1) = g cosh(vNy) + 7 sinh(yNp). It follows from the fact
0" > 0 and Lemma 3.6 that

v'(Q) — (@~ (X*) (1) ¢'(C) — w(8'(0))?
>~ (@a— (X"))0'(¢) — ov(0'(¢))*
=0'(C) (e1 — 0v0'(Q))
One can choose § = 6(y, No,e1) > 0 small enough such that for ¢ > Ny,

500 (C) < duky < %

Hence,
ok
LO() 2 00() - k1 5 > 6(Q). (3.72)
(3) For ¢ < —Nj, it holds that —ky < () < —k; < 0, then one can similarly
prove that (3.72) holds true.

Collecting (1), (2) and (3), one can prove the lemma by choosing v sufficiently

large, ¢ sufficiently small, and = min {%, 6@%} ) O

3.2.3. Proof of Proposition 2.7.

Set
Z(x,t) := Mye ™0 (x — X¥(t)) £ U"(x,t), xeR,t=0,
where M, > 0 is a constant to be determined, and p is the constant in Lemma 3.7,

which can be actually chosen small enough such that 0 < g < min{l,a}. Due to
(3.64) and Lemma 3.7, it holds that

LZ = —puMye ™0 (x — XV (t)) + Mye ™ L (O(x — X" (t))) £ H”
> (—p + 2u) Mye MO (z — XV (1)) — Ce e Plo-X 1)l (3.73)
> ot (uMye M@K O) _ g B X0l
By (3.65), one has
Z(x,Ts) > M e +Tse=00@—X"(Ts)) _ C(T3)€*5|$*XV(T3)|.

We consider two cases:
(1) If z satisfies |z — X" (T3)| < Ny + 1, then

M4e—uT36—69(I—X”(T3)) _ O(Tg)e—mx—X’/(Tg)‘ Z M4€—/JT3€—§9(N0+1) _ O(Tg)

Therefore, choosing M, > C(T3)et s No+1) "one gets that Z(z,T3) > 0.
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(2) If x satisfies |x — XV (T3)| > No + 1, then 6 = 65 is linear. Then one has that
M4e—,uT36—59(a:—X”(T3)) . C(T3)e—ﬁ|a:—Xl’(T3)|
> Me T8 No+1)0) (No+1) =661 (No+1) ;=661 (No+1)le—X"(T3)| _ C(Ty)e Pla=X"(15)]
Then by choosing 6 > 0 small enough such that 6067 (Ny +1) < 5, and My >0
large enough such that
M4 > C(Tg)eltTge(S(No-‘rl)@/l(N0+1)—601(N0+1)
one can also obtain that Z(z,T3) > 0.

Similarly, for any ¢ > T3, one can also consider the two cases |[r — X"(t)] < Ny + 1
and |x — X¥(t)] > No + 1 in (3.73) to prove that there exist 6 > 0 small enough and
M, > 0 large enough such that

LZ >0 VreR,t > Ts.

Therefore, the maximum principle implies that Z(x,t) = 0 for any = € Rt > Tj,
which yields that

U (z,t)| < Mye O (x — X¥(t)) < Mye ™ Vee Rt = Ts.
Hence, by the definition (3.61) of U¥, one has that for any z; < x5 and t > T3,

f 2 (W (y,t) =%y, 1)) dy| = |U" (w2, 1) = U”(z1,1)| < 2Mye™". (3.74)

1

By (1.4) and Lemmas 2.1 and 2.4, there exists a constant M; > 0, independent of
time ¢, such that for any z € R and ¢ > T5,

Oa(u” =%0) = Op(u” =) g5 + O (u” =) (1= g%) = () —u)(g%.)" < M. (3.75)
It then follows from (3.74) and (3.75) that the following claim holds true.

Claim 5.
u” (2, 1) — % (2,1)| < 34/ MyMze =2t Vee Rt = Ts.

Indeed, if there exists (xo,to) with zo € R and ¢y > T3, such that
UV(ZL'(), to) — @Z)g(y (CC(), to) < -3 M4M56_%t0.
Then for any = € (9, 1), where x1 := 2o + 3 %e_%t“, (3.75) yields that

(u(@,to) — V%o (,t0)) — (u” (w0, to) — Vv (w0, t0)) < Ms(2 — o).
Then

Jml (u”(z,t0) — Yo (2, o)) da

zo

< (Uy(f(bto) - T/ng(xoato)) (xl - $o) + %(961 - $0)2

. M, . M M
< — 3/ M, M-e 5t0 .3, | o5t 4 5 g4 —uto
4se = M562+2 M.
9

= — §M4€7“t0 < —2M467'ut0,
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which contradicts (3.74). In the other case for u”(z, tg) —%. (2o, to) > 3/ M, Mze 3t
at some point (xg,tp), a contradiction can be obtained similarly by considering the
interval (xo — 34/M4e zto xo) instead.

Therefore, the claim above is proved. This, together with the fact that v and ¢%.
are both bounded, yields (2.19).

3.3. More results for Burgers’ equation.
In this section, we prove the result (1) in Theorem 1.3 and Proposition 2.8 for the
Burgers’ equation (1.1), where f(u) = u?/2 and wy = wo, has the same period p > 0.

First, under the assumptions of Theorem 1.3, one can use the Galilean transfor-
mation to verify that the periodic functions w; and wY defined in (3.11) satisfy

wy (z,t) = w (x — (w —u,)t, t), reR,t >0, (3.76)
Therefore, since both w} and w! are of average zero, it holds that for any ¢ > 0,

f J;p {[f(“7) — f@)] = [f(w)) - f(ﬂr)]}dxdf

0

- Jt rp 1{[2u1 + wy'(x, T)]wl (x,7) — [2% + wy (z, T)]w;,’(;(;’ 7)}dxd7

0 Jo 2
- L’f J;P ; [(wz) (x,7) — (w;’)2(x,7)]dxd7 (3.77)
:Ltj;p;(wr) (x_(ul—urtdedT—JJpl (2,7 dudr
= 0.

Thus, letting ¢t — +o0 in (3.77) shows that X7 , defined in (1.11) is identically zero.

Under the assumptions of Proposition 2.8, it holds that u}(z,t) = u¥(z,t) for all
reRand t > 0, thus

[t~ e optay @ar = [ wie ) = i) Yoo + ko

k€EZ

C’f uf (z,t) —ul(z, ))Ze*ﬁ(ﬁl{p)dx

keZ

< —Ce” BPJ (ul (I,t) r(xvt))d‘r
0
= —Ce PPp(u; —1,) < 0.

Then the number M in (3.2) can be chosen to be zero, such that the denominator of
F¥(&,t) is non-zero for any ¢t > 0. Moreover, since M = 0 and the initial data given
in Proposition 2.8 satisfies {; (uo(z) — ¢ (x))dx = 0, the unique number XY satisfying
(3.5) is zero. Hence, one can get that the curve X” defined in (3.8) actually solves

et o e
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Due to (3.76), if (w, — u, )ty = kp for any k = 0, one has wy (z,tx) = w¥(z,tx). Thus
the term JV defined in (3.12) and the limit J satisfy that

Ny, te) =0 = J(yty) = Nli}EOOJ (y,tx) = 0. (3.79)

Then taking (3.77), M = X% = 0, and (3.79) into (3.17) yields that X*(t) = sty,
and thus (2.22) holds true.

It remains to prove (2.21). In [14], Hopf introduced the well known Hopf transfor-
mation to obtain an explicit formula for the solution to (1.1) with any initial data
ug € L*, which is given by:

§ 7 exp { =522 — L o)} dy
)2
§ exp { ~E52% = L §huo(n)dn f dy

Since ug is bounded, then integration by parts on the numerator of (3.80) yields that

§i uo(y) exp {—% — 25 o o n)dn} dy
§exp { Zfip 5 Jo o dn} dy

Without loss of generality (the viscous shock profile is unique up to a shift), the
viscous shock ¢ connecting the end states w; at * = —oo and w, at x = +00 to the
Burgers’ equation can be given by the explicit formula

o' (x) = UtU W ;ur tanh (ul; urx) .

u”(z,t) = : rzeR,t>0. (3.80)

u’(x,t) = : reRt>0. (3.81)

2 v

Set A := %= for convenience. Then the associated g” defined in (2.3) is given by

1 — tanh(\x) e AT
v = == 3.82
0" () ; - (38
satisfying
¢"(x) = wg"(x) + ur(1 - g"(x)). (3.83)

And one also has that

f Y(y) d —lra—t hOw) dy = 1 (— )+ Lo
g \y y—2 an Yy y—2)\n 2)\11

Az -z
0 . 0 ) e +e (3.84)
— i1 g () + 5 2.
Similarly,
g } 1 1
. (1-9"(y)dy = =5 ng"(x) — 5y In2. (3.85)

For the initial data ug(z) = ¢”(z) + wo(z) with §§ wo(2)dz = 0, it follows from (3.81)
and (3.83) that

u’(x,t) =

D) T Q1) (3.86)
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2 1 Yy

A =2 <m+wo<y>>g”<y>exp{—<f‘y> o, Ouo<n>dn}dy,

Avt
Quz,t) =2 JR 9" (y) exp {—% - % Ly uO(n)dn} dy,

It can follow from (3.85), A = %, and uy = wg” +u.(1 — ¢") + wo = W + wo —
(w —w,)(1 — g¥) that

s -5 [ wman)

0

= sweo {2 [ a-gmafen{-5 [ @+ ummn|

= % p{—%f (W +wo(77))d77}- 0
4),

Due to (3.84), similar calculations yield
(=g e =5 [Cwtdn} = gesp {0 [+ wotn) d
— exps—— | u = —exp{ —— , .
g \y Py75, ;o njan 5 XPY~5) . olmn)) an
Hence, one has that
Y
Px,t) = J (W + wo(y exp{ ~ 5, J (@ + wo(n)) dn} dy,
R v Jo
Yy
P.(z,t) = J (@, + wo(y exp{ J (@, + wo(n)) dn} dy,
R 2w 0

R I B ——f -+ ) o .
Q= | exp{—% - %f; @ +w0(77))d77} dy.

Moreover, by using the Hopf formula (3.81) for vy (x,t) and u!(x,t), respectively, one
gets that

Py(z,t) P.(x,t)
uy (z,t and u/(x,t) = . 3.87
0= Q) 0= o 350
Ift=t,= ol 4 1.5 it holds that
- 1
Q. (z,t) = jRexp {_(yélytk) + 2 ), 4V/\d7] = —J a; + wo(n ))dn} dy
_ S22z4+4N%uty, _(y—$—4>\Vtk) _i Yo d d
et [ o {UZEEBIE - o)) di dy

. . 2 1 y+4Avty,
_ ety J exp {_M — _f (W + wo(n)) dn} dy
R

4dvty, 2v Jo
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exp {—M - oo || @ty an}

4dvty, 2v Jy

1 y+4Avty,
X €xXp {—5 f wo(ﬁ)dﬁ} dy.

Yy
Then due to So wo(x)dx = 0 and 4\vt, = kp, it holds that

Qr(z, 1) = P Q (2,11, reR.
Similarly, one can get that
P, (x,tp) = e Py 1) — ANePETOQ (2, 1), reR.
Hence, (3.86) yields that
Pz, tg) + @) Pz, t,) — 4N @) Q) (1, 1)

— 62>\I+4>\2utk —2Auty J
R

u (xytk) = Ql(x7tk‘) + 62/\(17315;@)@[(1-7&6) (3 88)
. Pl(x7tk) . v . '
- —Ql(x,tk) AN (1 — g"(x — sty))
Meanwhile, (3.87) yields that
uf (x,ty) = —Ql(x ) and u,(x,tg) = Ot = Oiety) 4\,

which, together with (3.88), yields (2.21).

3.4. An example of non-zero shift.

In this section, we prove the result (2) in Theorem 1.3, where the two periodic
perturbations are assumed to be the same, wy = wo, = wy, where wy € L*(R) is any
periodic function with the period p > 0 and zero average, satisfying 0 < ||wo|| &) <
(@ —w,)/2. For any x € R and ¢ > 0, it holds that

w/(z,t) = infu/(-,0) =W — HwUHLf‘(]R) )
uy(z,t) < supuy(-,0) < + HwOHL“?(R) :

Since W, + ||wollpemy < W — [[wol| =gy, one can construct a smooth and strictly
convex function f such that f(u) = 5 u® when u < @, + [|woll oy and f(u) = u?
when u = W — |lwo|| ;- gy, where n is a positive number to be determined later; see
Figure 2.

Note that wy = v/ —w; and w} = u}

r

JwJp(f(u}’)— f@@) d:cdt—J fp ui 2_“ld dt—J J @) vt (3.89)
J J f(@,) d:cdt—J f @)=, dt—J J )" vt (3.90)

Since wy is not identically zero, the solution ] (x, t) with the initial data @; + wo(x)
cannot be a constant in R x [0, +00), thus the integral of (3.89) is positive. And more
importantly, this integral is independent of n, since no matter what n is, the range
of uY(x,t) is always in the interval where f(u) is u?/2, which means that u}(z,t) is
actually a solution to the Burgers’ equation.

— u, have zero average, then one has that
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’ S—— ‘ N — : u
uy (x, 1) w(z, t)

FIGURE 2. Construction of f

On the other side, for the solution u”(z,t), (A.2) yields that

+00
J J dxdt <,

where C'is independent of f, depending only on v, p and ||u’(x,0)|=. It follows from

this and (3.90) that
[ [t~ o < (3.91)

By (3.89) and (3.91), one can choose n sufficiently large such that

ff (uf) — () dedt > f | ¢ = s dsar,

which implies that X7 , # 0. The proof of Theorem 1.3 is finished.

3.5. Vanishing viscosity limit for the shift.

We now study the vanishing viscosity limit for X, , defined in (1.11).

Lemma 3.8. There exists a constant C > 0, independent of either time t or viscosity
v, such that for all 0 < v < 1, it holds that

C
sup |u] — | + sup |uy —u,| < ——, t=0. (3.92)
zeR zeR 1+t
Proof. The proof can be found in Xin [30], which relies on the Oleinik’s entropy
condition (1.4). In fact, for i = [ or r, it follows from {* 0,u?(z,t)dz = 0 and (1.4)
that for any 0 < v <1 and ¢ > 0,

B
J |0z uf (x,t)] dox = f Ouf (z,t)dr < b ,
x€(0,p;),0zu¥ <0 2€(0,p;),0zuy >0 1+1
which yields that for any 0 <v <1 and ¢t > 0,
pi 2p; B
sup |u; — 1| < f |0 uf (z,t)| de < Dz
x 0 1+¢

Since v} and u” converges almost everywhere to the periodic entropy solutions u)
and u?, respectively, (3.92) also holds true for v = 0. O
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Proof of Theorem 1.4. For 0 < v < 1, it follows from Taylor’s expansion and zero
average of u; — u; that

f:}l (f(w) — f(m)) dx —fpl [f'(ﬂl)( uj — ) + f"( ) — ) ] dx
f PO —m)da.

This, together with Lemma 3.8 and the strict convexity of f, implies that

ygj C

vy fm)) de < ———, 3.93

0< | (e~ @) < o (399)
where C'is independent of v or ¢. Similarly, one has that
Dr C

= fw,))dr < ——. .94

0< |G - s < (399

Hence, applying the dominated convergence theorem in (1.11) yields that, one can
get that as v — 0+,

+00 1
—>J J da:dt - — J f wo (y)dydx
+@ 1 Pr
J f )) dxdt —l— — J wor (y)dydz.

Now we prove that thls limit is equal to

N2 = —minf wo(y)dy + gleiﬂgj wor (y)dy.

zeR 0 0

(3.95)

In fact, for i = I or r, since the anti-derivative variable {; wo;(y)dy is continuous
and periodic with the period p;, one can choose a constant x; € [0, p;) such that

J woi(y)dy = min J woi(y)dy, (3.96)
0 z€[0,p:] Jo
which is equivalent to

| wty =0, wem

Then one can complete the proof of (1.12) if there holds

FOO J f(w)) dxdt—J J wo; (y)dydz. (3.97)

To prove (3.97), it follows from |2, Theorem 14.1.1] that the periodic entropy solution
u? takes the constant value u; along the straight line z = z; + f(u;)t. Then for any
given y € (z;, z; + p;) and t > 0, denote the domain

Q. =z, 1)z + flu)r <z <y+ fl(w)r, 0 <7 <t}.
Integrating the equation d,uf + 0, f(uj) = 0 over €, 4, one can obtain that

0=— Jy (Ui + woi(z)) dx —i—fg (F(u0) = f'(@)d) (y + f' (@), 7)dr

xti y+f' (@)t
— f (f (@) — f(w:)u;) dr + f ) (x, t)da

0 @i+ f ()t
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=— fy wo;i(r)dz + fo (f(u)) = f(@)) (y+ f'(w;)7, 7)dT (3.98)
! y+ f (@)t
- [t w77 e w) i

Then integrating (3.98) with respect to y over (z;, x; + p;) yields that

T+ T;+p;

j J woi(x)dxdy + f f )) (y + f'(w;)T, 7)drdy
Ti+p; y+f ('u,7

J f x,t) — ;) dedy.

i ()t

Since SI wo; (z)dz is periodic with respect to y, and

Ti+p; y+f uz)t ) 1
—u;) dxdy = O <—> ,
J J i+ f! uz)t ) 1+t

then it holds that

f: Lpi (f(ui(@, 7)) = f(@)) dedr = f: Jy woi(x)dzdy + O (1%1&) . (3.99)

By (3.93) and (3.94), (3.97) follows by letting ¢ — +oo and using the dominated
convergence theorem in (3.99).

It remains to prove (1.13) to finish the proof of Theorem 1.4. If both the periodic
perturbations wy and wq, have bounded total variations on their respective periodic
domains,

TV[()’pl] (wOZ) < 400, TV[OVPT] (’wor) < 400,

then it can be derived from the Kruzhkov’s theory (see |21, 19]) that, for i = or r,
the viscous solution u¥ to (1.1) tends to the inviscid entropy solution u{ in the L!
norm at the following rate,

pi
J Y(x,t) —ud(z,t)| do < CwH)" TV (woi), t>0,0<v <1, (3.100)
0

where C' > 0 is independent of either v or ¢t. Then for ¢ = [ or r and any given T > 0,
one has that

J, [oen e[ f () dedr
J J ) dedr + J - J (w;)) dadr
- J - J (f(u)) = f(w)) dudr.

It follows from (3.93), (3.94) and (3.100) that
+00 +o
f(@;)) dxdr — f J (uw;)) dedr

1
<C VQJ t1/2dt+J ———dt e <C (VTR +T7Y)
{” B A )
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Letting 7' = v~% in the above inequality yields that
g

+0 +00
J f f (@) dl’dT—J f (W) dedr| < CviP.,

It follows from this and the formulas of X% , and X , that
| X0, — X0 ,| < ov'PP,

002‘

where C' > 0 is independent of v.

4. STABILITY OF RAREFACTION WAVES

The proof of Theorem 1.5 can follow from the idea in [I6]. To make this paper
complete, we still give the details here. The proof consists of two steps. The first step
is to prove a time-independent estimate of the solution wu, just as Proposition 3.4 for
the shock profile. Step 2 is to construct an auxiliary function and use the maximal
principle to complete the proof.

Proposition 4.1. For any € > 0, there exist N. > 0 and T. > 0 such that
|u” (z,t) — | < t>1T., - f'(u)t <—N, (4.1)
|u”(z,t) —u,| <e, t>1T., v— f'(u)t> N..
Proof. We prove (4.1) only, since the proof of (4.2) is similar.
For any ¢ > 0, it follows from Lemma 2.1 that there exists T, > 0 such that for

any x € Rt = T, |uj (x,t) — @ < ev/2. Since f is strictly convex, there exists ¢y > 0
such that, for any 0 < o < 2|ul| - ),

'+ o) — f'(w) > co.
Without loss of generality, one can assume that € > 0 is small enough such that
cog < 23, where 8 > 0 is defined in (2.6). By Lemma 2.3 and [[u”|| (g 40 < [[20]l 10 »
one can choose M > 0 large enough such that

COE

MeE@—1'@m) | %” +u > u’(z,Ty) VeeR.

Define .
Viz,t) = Mes @ /"0 4 5 7t u — u”(x,t).
Then V(z,T,) > 0 and
CoEV

V2V — 0V — f'(u"),V = M"gg ERGRAD (T + (@) — f’(u”)). (4.3)

If the minimum of V' over the domain {(z,t) : z € R, t > Ty}, which is attained at the
point (xo, o), is negative, then by the definition of V', one has that w; — u”(zo,ty) <
—%, and then

@) = [ (o, t0)) < f(@) = f'(w + 5) < ==~

Thus, (4.3) yields that at the point (zo, to),
vV — o,V — f'(u”)o,V < 0.
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Therefore, it follows from the maximum principle that V(x,t) > 0 for any z € R, t >

T. Choosmg N := ln 337> one has that for any ¢t > T and = — f'(w)t < —N,

(.:1: t) < ul+7+Me2(x P8 <7, + e (4.4)

On the other hand, for any ¢ > 0 and the initial data ug satisfying (1.3), one can
let 4(x,t) be the unique solution to (1.1) with the L® initial data

0
'Zj(l’,o) _ Zo(x% B r < )
w —&/2+ (uo(z) —u,), x>0,
which satisfies

{|ﬂ($, 0) — w4 — wo ()] < Coe®r,

R.
‘ﬂ(x,()) - (al — 5/2) — wor(x)| < C’Oefﬁox7 ze

Theorem 1.1 implies that as t — 400, u tends to a viscous shock profile gg connecting
u, as © — —oo and u; — £/2 as ¥ — +00, respectively. Thus, there exists T} > 0 such

that .
u(z,t) = pla —st) —e/2 =u —¢ Vee Rt =1T). (4.5)
It follows from u(x,0) < up(z) and the comparison principle that
u(z,t) zu(x,t) 2w —e  VeeRt=T. (4.6)
Then (4.1) follows from (4.4) and (4.6). O

Proof of Theorem 1.5. 1t is equivalent to prove that for any ¢ > 0, there exists
T > 0 such that

sup |u” (z,t) — u”(z,t)| < e, t>T. (4.7)
zeR
For the constants N, and T, in Proposition 4.1, we define two constants
"(w) + f'(au, —2N,
To = Ngf(ul) 1'() and tg:= = > 0,

f'(a) = f(ur) f'(m) = ()
and the region
Q.= {(z,t) : f'(w)t — N. <z < f'(u)t + N, t >T.}.

The shifted centered rarefaction wave @t(z,t) := u®(x — 2o, t + to) satisfies that

Uy, x— f'(w)t < =N,
~R — T—x
(e t) =S () (52), weq,

Uy, x — f'(u,)t = N..

Therefore, Proposition 4.1 implies that for any = < f'(w)t — N. or © > f'(u,)t +
N, t =1,
|w” (2, t) — a"(z,t)| <e. (4.8)
Define
Z(x,t) = (t+to)" (u”(:v, t) — ﬂR(a:,t)) , (4.9)
where 0 < K < 1 is a constant to be determined. Direct calculations show that

v%Z—f@U@Z—@Zz(ﬂ@mmR—

t+m)2—u@+mwﬁmf in Q., (4.10)
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where v is the function satisfying

Fu?) = f1(af) = f'()(u” —a").

For (x,t) € €., it holds that f"(v)d,a? = f"(v )f,, ) tjto > ti“; for some w > 0.
Then 0 < kK < 1 can be chosen small enough such that
")opit — —— > 2 5. 4.11
Fet” = > (4.11)

Note that for any = € R,
1Z (2, To)| < Mi(T: + )",
where the constant M, || is large enough. Due to (4.8), one has
that for any t > 7., if x = f'(w)t — N. or f'(u.)t + Ne, |Z(x,t)] < e(t + to)".
If the maximum of Z over the domain (). is attained at (z1,t;) and satisfies that

M
Z(Cl]l,tl) HlaX{Ml(T + to) s (tl + to)”, 71(T5 + to)”il} > 0. (412)
Then by (4.10)—(4.12), one has that at (z1,%;) € €2,
M, M,
027 — f'(u")0,Z — 0,7 = d 1.+t t +tg)"—= >0
VO, f1(u”) t t1+t0w( +t9)" V(1+0)(t1+t0)2>’

where M5 = max |((f’)_1)”‘ and then let M; > M, be large enough. Therefore, the
maximal principle implies that for any (x,t) € Q,

M
Z(e,) < ma { My(T. + 1), e(0 4 1), (T 10}
Similarly, one can verify that for any (z,t) € €2,
M
Z(x,t) = mm{ — My(T. + to)", —e(t + to)"~, _TI(TE + 250)K71}-

As a result, by choosing a large T' > T, one can get that
M1 (TE + to)"{ B M1

(t + to)"’i s (TE + to)lf'%(t + t(])'{
<e Vt>T, f'(w)t—N. <z< f'(u)t + N..

u”(z,t) — u(z — mo, t + to)| < max{

(4.13)
Moreover, since u' is Lipschitz continuous and £ — T > 0ast — +oo, (4.7)
follows easily from combining Proposition 4.1 and (4.13), and thus Theorem 1.5 is
proved. O

APPENDIX A. PROOF OF LEMMA 2.1

Proof. For convenience, we let v = 1 and omit the symbol v. By multiplying u — u
on each side of (1.1) and integrating on [0, p], it holds that

d P

G |, = e 2 Jp(ﬁxu)z(:v,t)dx —0, t>0 (A1)

0
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By the Poincaré inequality on [0, p], there exists a constant a > 0, which depends
only on p, such that

fp(amU)Q(x, t)de > % fp(u — )% (x, t)dx.

0 0

Then by (A.1), one has

P
J (u —u)?(z,t)dr < Coe ™ ¥t =0, (A.2)
0

where Cy = {0 (ug — u)*dax depends on p and ||ug|| ;- -

Claim 1. For any integer k > 1,

P
J (Fu)*(z,t)de < C YVt =1,
0

where C' depends on k,p, f and [Juo]| - -

In fact, for each & = 0, we let ¢}, := % — #B, and define smooth functions ((t) :

[0, +00) — [0, 1], which are non-decreasing and satisfy that for all ¢ > 0,

. O, tE[O7tk] ’
@(t)—{L ren e GG < Bl

where By > 0 is a constant depending on k; see Figure 3.

0ty fr 1/2 1t

FIGURE 3

Then we prove Claim 1 by the induction method. We will prove that for each
k = 1, there exists a constant C' > 0, depending on k, p, f and ||uo|;» , such that

P

fp (@ —m)" do + f: Chr(7) f (@Fu)’dedr <C Vt>t,.  (A.3)

0 0

In fact, when k& = 1, (A.3) follows from (A.1). Then we assume that (A.3) holds
for k = 1,2,--- ,;m with m > 1, and then we will prove that (A.3) also holds for
k = m+ 1. By taking the derivative 0)" in (1.1) and multiplying (,,07'u on each side,
one can obtain

(G (071)?) = G (07 1) + O (GO u O f (1)) = G0 07 f ()
:696(Cma;nu &;n—HU) - Cm(QTHu)Q.
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This, with the Cauchy-Schwartz inequality, yields that for all t > 0,

% Lp Con (1) (0T u)?d + (1) Jp(é‘;nﬂu)ng;

0

<Ot 6 Y, [ @npas (A1)
k=170

morp
< CBulna®) Y f (Fu)2dz.
k=10
Thus one can have that for all ¢ > 0,

L L () (@) 2da + f () Lp(6;”+1u)2dxdr
< (Jmki1 L () L ' (0 u)2dudr, A

where C,,, > 0 depends on f,p and |lugl/;» . Then by (A.3) for k = 1,2,--- ,m, for
any t > t,,, the right hand side of (A.5) is bounded by a constant, so (A.3) holds true
for Kk = m + 1. Thus, by the induction method, (A.3) holds true for any k£ > 1 and
any t > 1, which completes the proof of Claim 1.

Then it follows from Sobolev inequality, Claim 1, and the equation (1.1) that for
any integers k,l = 0,

And since for each k > 0, (,(t) = 1 and (;(t) =0 for all £t = 1, (A.1) and (A.4) yield
that

P P ko rp
% (OF(u— ﬂ))2 dx + J (5 u)?dr < C’ZJ (A u)’dr Yt =1, (A.6)
0 0 15170

where C' > 0 depends on k,p, f and ||uo| ;- -
Claim 2. For each k = 0, there holds that

P
J (@5 (u—w)" (z,t)de < Ce™ Vit =1, (A7)
0

where C' > 0 depends on k,p, f and [Juo]| - -

To prove Claim 2, we also use the induction method. For k = 0, (A.7) follows
from (A.2). Thus, one can assume that for k =0,1,--- ,m — 1 with m > 1, Claim 2
is true. Then for k = m, by (A.6) with k£ = m, one has that for all ¢ > 1,

d (P m. r~p
g7 (0™u)?dr < Oy, Z J (0%u)dx
0 k=10 (A.8)

P
< Ce ™ + Cmf (O7u)?dr,
0
where C,C,, > 0 depend on m,p, f and |||, , and C,, can be large enough such
that C,, > a. Letting k = m — 1 in (A.6), one gets that for all ¢t > 1,
d P P

) (oM u— ﬂ))2 dr + L (07u)?dx < Ce . (A.9)
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Then by multiplying 2C,, on (A.9) and then adding it to (A.8), one can obtain that
forall t > 1,

P P p
jt [26’ f (o (u— ﬂ))2 dr + f (6;”u)2dx] + ij (0™u)?dx < Ce . (A.10)
0 0 0
Denote . )
E,.(t) = QC’mJ (00 (u— ﬂ))2 dx + f (O7u)?dx
0 0
Then (A.7) with £ = m — 1 and (A.10) yield that for all ¢t > 1,
El(t) + CpEn(t) < C e (A.11)

Since C,, > «a, one can easily obtain that E,,(t) < Ce™® where C' > 0 depends on
depends on m, p, f and ||ug|;. . The proof of Claim 2 is finished.

Then by Sobolev inequality and Claim 2, and combined with the equation (1.1),
one can have that for any integers k,/ > 0 and ¢t > 1,

10,05 (u — W) | oy < Ce™™,
which finishes the proof of Lemma 2.1. 0

APPENDIX B. PROOF OF LEMMA 2.2

Proof. For convenience, we assume that ¥ = 1 and omit the symbol v. And let
102
K'(z) := ﬁe’ﬂ denote the heat kernel.

As in [5], the solution S;ug can be obtained by constructing the following approxi-
mating sequence

u(l) = Kt * U,
t
0

Suppose that {ﬂ(”)}jle is the approximating sequence induced by g, constructed in
the same way as u(™. Therefore, one has that

‘u(l o ’ = ‘Kt UO — 1}0)‘ < f \/;Trte_nget?(x—y)dy

1 >
< e 4t 17 (y+26t) 065954‘5 tdy = Cveéac-&-& t
f = -

f OK7() ¢ [F(uV (st — 1)) — F(@O(t — )] dr
2 1 ]y\ _y 2
< (Oedrto’t J f C CeS@=9)+8 =) 11, d
27T 2T ¢ var

y+25f)2

1 |y| (w+267)
C&x+5t+cc6x+62ff dd
\/27r7 yar
< CP™H 4 OOttt f f (|y| + |5\) e dydr

2T
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t
— O+t 00066x+62tf (, /i + |5|> dr
0 T

< CeP (1 4 &CO\/Z + o)t ),
NG

. ey

where Cj := max {|f’(u)| s ul < o, 110||Lf‘(R)} . By induction, one has that for ¢t > 0
small,

n—1
) 24/9 24/2
‘u(n)_ﬂ(n)‘ < OPt |1 4 £00ﬁ+00|5|t 4ot _\FCO\/E+CO|5|t
VT VT
Oe5x+52t

Sl (%500\/%+00\5yt)'

Therefore, by letting n — 400, there exists a small enough t, = t,(|0], Cp) with

652t0

11— (2\—\/200\/% + Co |9 to)

such that |Syug — Siiig| < 2Ce%® holds for any = € Rt € (0,t5]. At time t = ki,
k =1,2,3,..., one can take Sk up, Sk, Uo instead of wug, 4y as the initial data and
then repeat the same estimates as above in the interval [kto, (k + 1)to]. It concludes

that for any x € R, ¢t > 0, |S;ug — Sitig| < 2t 0t O

< 2,

APPENDIX C. PROOF OF LEMMA 2.4

Proof. For convenience, we let ¥ = 1 and omit the symbol v. Integrating the equation
(1.5) shows that the shock profile ¢ satisfies

¢' = f(¢) — f(w) — s(¢ —w),
which implies that

¢ = (60— ) (W—) — (6—1u) (W-)

thus one has that the function ¢¥(z) defined in (2.3) satisfies the equation:
1
I 29, — 77 27 — 27 —
o = e [ =g + 1) — ()| sy
1
= ——|f(mg + 01~ ) = F@)g - f@)(1—g)|

(C.1)

U

(i) Since f is smooth, for any x > y,0 < p < 1,z = px + (1 — p)y, one has

f(2) = lpf(z) + (1 —p)f(y)]
=p(z — x)fo frz+ 0 =7z)dr+ (1 —p)(z— y)f0 f(rz+ (1 =7)y)dr

-0 [ [ w=n0-m
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f(Flrz+ L=yl + (1= F)lrz + (1 = 7)) dFdr.

Therefore,

) < dE —lpf@+ A=) ] 1
C3 R (R [ R b R

Then (2.4) follows by substituting * =,y = 4,,p = g and z = g + 4, (1 — g), and
applying the definition (C.1).

(ii) Integrating the equation (2.4) yields

frz < In glo) _ p3 < oz, x>0,
9(x)
1—
52% < In g(x) - ﬁ?) < lea T < Oa
(z)
where 33 = In 1;(90()0). And then
1 - < 1 0
1 4+ ebeztBs 9(z) < 1 + ePrztps’ =Y
eB2z+Bs ebrz+Bs
1 + eP2x+B83 <1-g(@) < 1 + ePrz+83’ z<0.
Therefore, (2.5) follows, and C' depends on (31, 85 and 3. O

10.

11.
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