DIMENSION FORMULA OF THE AFFINE DELIGNE-LUSZTIG
VARIETY X(u,b)

XUHUA HE AND QINGCHAO YU

ABSTRACT. The study of certain union X (u,b) of affine Deligne-Lusztig vari-
eties in the affine flag varieties arose from the study of Shimura varieties with
Iwahori level structure. In this paper, we give an explicit formula of dim X (u, b)
for sufficiently large dominant coweight .

1. INTRODUCTION

1.1. Motivation. The notion of affine Deligne-Lusztig variety was first intro-
duced by Rapoport in [Ra05] and plays an important role in arithmetic geometry
and the Langlands program. In this paper, the main characters are the affine
Deligne-Lusztig varieties X,,(b) in the affine flag varieties and certain union X (u, b)
of these varieties.

Let us first explain the notations. Let F' be a nonarchimedean local field and
F Dbe the completion of its maximal unramified extension. Let G be a connected
reductive group over F. Let 7 be the standard Iwahori subgroup of G(F ). Let
w be an element in the Iwahori-Weyl group W and it be a conjugacy class of
cocharacters of G (over the algebraic closure F'). Let Adm(u) be the pu-admissible
subset of TW. See for more details. Then for b € G(F), we define

Xu(b) ={gZ € G(F)/L; g 'bo(g) € TuL};
Xt = || Xul®) = (g € GE)/Zigbolg) € T Adm(u)}.

weAdm(p)

They are subschemes, locally of finite type, of the affine flag variety (in the usual
sense in equal characteristic; in the sense of Zhu [62] in mixed characteristic). In
the case where the pair (G, ) is a Shimura datum, X (p, b) is the group-theoretic
model for the Newton stratum Sy corresponding to the o-conjugacy class [b]

of G(F ), inside the special fiber of the Shimura variety Sh with Iwahori level
structure. In particular, the dimension of X (u,b) in this case is expected to be

equal to the dimension of the Newton stratum Sp) minus the dimension of the
central leaves. See [HR17] and [GHNT19, §7].

1.2. Previous results. The first fundamental question in the study of X (u,b)
is the nonemptiness pattern, i.e., for which b, X(u,b) is nonempty. Kottwitz
and Rapoport in [KR03] and [Ra05] conjectured that the nonemptiness pattern of
X (p, b) is given by the “Mazur’s inequality”. Some partial results were obtained by
Rapoport and Richartz in [RR96] and by Wintenberger in [Wi05]. The conjecture
was finally proved in [Hel6al.
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The next fundamental question is the dimension formula of X (y, b). In [GY10],
Gortz and Yu studied the dimension of X (u,b) for basic b in the Siegel case
and obtained some partial results. In [GHN19], Gortz, Nie and the first author
introduced the fully Hodge-Newton decomposable cases, in which the dimension
and the geometric structures of X (u,b) are easy to describe. Other than those
cases, very little was known about the dimension of X (u,b).

Let us make a digression and give a quick review on the dimension formula of
an individual affine Deligne-Lusztig variety X, (b).

In [GHKR10, Conjecture 9.5.1], Gortz, Haines, Kottwitz and Reuman made
two influential conjectures on the dimension formula of X, (b).

e For the basic o-conjugacy class [b], they gave a conjecture in [GHKRI0, Con-
jecture 9.5.1 (a)] on the dimension formula for X, (b) for w in the so-called
Shrunken Weyl chamber. This conjecture was established in [Hel4].

e For arbitrary o-conjugacy class [b], they gave a conjecture in [GHKRI10), Conjec-
ture 9.5.1 (b)] on the difference between the dimension of X, (b) and X, (bpasic)
for sufficiently large w. Here [bysic] is the associated basic o-conjugacy class.
This conjecture was established very recently in [He20+] under the assumption
that w is in the Shrunken Weyl chamber.

1.3. Main result. Rapoport in [Ra05] predicted “whereas the individual affine
Deligne-Lusztig varieties are very difficult to understand, the situation seems to
change radically when we form a suitable finite union (i.e. X (p,b)) of them.”

As we have now a pretty good understanding on the dimension of an individual
affine Deligne-Lusztig variety X,,(b) for sufficiently large w, it is natural to expect
a simple dimension formula of X (u,b) for sufficiently large p. In this paper,
we establish such a formula for quasi-split groups. For simplicity, we focus on
the quasi-simple and split groups in the introduction. The explicit formula is as
follows

Theorem 1.1 (Theorem . Suppose that G is quasi-simple and split over F
and p is “sufficiently reqular”. Let [b] € B(G, u) with u > v, +2p¥. Then

Aim X (1,5) = (v, ) — 3 defg(p) + L0 L),

We refer to §2.1] and for the notations in this formula. We also give

an explicit bound on p so that the above dimension formula holds.

1.4. Strategy. Recall that X (u,b) = Uyeadm(u)Xuw(b).

The first main ingredient is an explicit description of most elements in the
admissible set Adm(u). Note that the admissible set is a quite complicated com-
binatorial object. Partially motivated by the work of Haines and Ng6 [HN02], in
[HH17] Haines and the first author gave an explicit description of all the elements
w in Adm(p). However, such description is not easy to use in order to calculate
the dimension of X,,(b). In §3| we give a different description for the “sufficiently
large” elements inside Adm(u), via the quantum Bruhat graph introduced by
Fomin, Gelfand and Postnikov in [FGP97].

The second main ingredient is the dimension formula of an individual affine
Deligne-Lusztig variety X, (b) for sufficiently large w, which is established in [He14]
for basic b and [He20+] for arbitrary b. Note that we do not have an explicit
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formula of dim X, (b) for all w. However, we will show that in the end, those “not-
sufficiently-large” w do not make contribution to the top dimensional irreducible
components of X (u,b).

Based on the two ingredients that we discussed above, we reduce the problem on
dim X (u, b) to a problem on the quantum Bruhat graphs, which is a combinatorial
problem on the finite Weyl groups. Further consideration reduces this problem to
the problem of determining

max{/l(z);x € Wy, x < zwp}.

This is a problem on the finite Weyl group, which is of independent interest.
Jeff Adams and David Vogan helped us to compute this number for exceptional
groups via the Atlas software. Based on these data, we finally realize that this

number equals to w and we then find a proof for it.

Acknowledgment: We thank Jeff Adams and David Vogan for their help on
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2. PRELIMINARY

2.1. Notations. Recall that F is a non-archimedean local field and F is the
completion of the maximal unramified extension of F. We write I' for Gal(F/F),
and write 'y for the inertia subgroup of I'.

Let G be a quasi-split connected reductive group over F'. Let o be the Frobenius
morphism of F/F. We write ¢ for G(F). We use the same symbol o for the
induced Frobenius morphism on G. Let S be a maximal F-split torus of G defined
over F', which contains a maximal F-split torus. Let T" be the centralizer of S in
G. Then T is a maximal torus.

Let A be the apartment of G corresponding to Si. We fix a o-stable alcove
a in A, and let Z C G be the Iwahori subgroup corresponding to a. Then 7 is
o-stable.

We denote by N the normalizer of T in G. The Twahori-Weyl group (associated
to S) is defined as

W = N(F)/T(F)NL.
For any w € W, we choose a representative w in N(F). The action ¢ on G induces
a natural action of o on W, which we still denote by o.

We fix a o-stable special vertex of the base alcove a. Let Wy = N(F)/T(F) be

the relative Weyl group. Then we have the splitting

W = X*(T>1"O x Wy = {téw;ﬁ S X*(T)[‘O,w S Wo}

Since G is quasi-split over F', o acts naturally on X,(7T)r, and on W,. Let
®* be the set of positive relative roots and A be the set of relative simple roots
determined by the dominant Weyl chamber. Then o(A) = A. Let wy be the
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longest element in Wy. Let p be the dominant weight with («", p) = 1 for any
a € A and p¥ be the dominant coweight with (p¥, ) =1 for any a € A.

We denote by ¢ the length function on W and on W, and by < the Bruhat
order on W and on Wy. Let S be the set of simple reflections in W and S C S be
the set of simple reflections in W.

2.2. The o-conjugacy classes of G. We define the o-conjugation action on G
by g ¢ = ggo(g)"". Let B(G) be the set of o-conjugacy classes on G. The
classification of the o-conjugacy classes is obtained by Kottwitz in [Ko85] and
[Ko97]. Any o-conjugacy class [b] is determined by two invariants:

e The element x([b]) € m1(G),;
e The Newton point v, € ((X*(T)FO,Q)+)<J>~

Here —, denotes the o-coinvariants, (X,.(7)r,q)" denotes the intersection of
X.(T)r,®Q = X,(T)" ®Q with the set X, (T){ of dominant elements in X, (T)q.

Let 1 be a conjugacy class of cocharacters of G. We choose a F-rational dom-
inant representative p, in this conjugacy class and denote by p the image in
Xi(T)r, of py. See [GHRI9H, §2.2] for more details.

The set of neutrally acceptable o-conjugacy classes is defined by

B(G, 1) = {[b] € B(G); x([b]) = w(u), v < 5},

where 1° € X,.(T)'"° @ Q = X.(T)r, ® Q is the average of the o-orbit on ji.

2.3. The union of affine Deligne-Lusztig varieties. Let | = é/f be the
affine flag variety. For any b € G and w € W, we define the corresponding affine
Deligne-Lusztig variety in the affine flag variety

Xo(b) = {gZ € G/L;g "bo(g) € TwI} C Fl.
The p-admassible set is defined by
Adm(p) = {w € W;w < t*® for some x € Wy},
cf. [Ra05].
For any b € GG, we set
X(wb)= || Xu®) ={9T € G/T;g7"bo(g) € T Adm(u)T}.
weAdm(u)
The following result was conjectured by Kottwitz and Rapoport in [KR03|,[Ra05]
and proved in [Hel6a, Theorem A].

Theorem 2.1. Let b € G. Then X(u,b) # 0 if and only if [b] € B(G, ).

3. QUANTUM BRUHAT GRAPHS AND ADMISSIBLE SETS

3.1. Quantum Bruhat graph. We first recall the quantum Bruhat graph intro-
duced by Fomin, Gelfand and Postnikov in [FGP97]. By definition, a quantum
Bruhat graph I's is a directed graph with

e vertices given by the elements of W;
e upward edges w — ws, for some o € &1 with l(ws,) = l(w) + 1;

e downward edges w — ws,, for some o € ¢+ with ((ws,) = l(w) — (¥, 2p) + 1.
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The weight of an upward edge is defined to be 0 and the weight of a downward
edge w — ws, is defined to be V. The weight of a path in I'g is defined to be the
sum of weights of the edges in the path. For any =,y € Wy, we denote by dr(zx,y)
the minimal length among all paths in I's from = to y. The following result is
proved by Postnikov in [Pos05, Lemma 1].

Lemma 3.1. Let xz,y € Wy be any elements. Then

(1) There exists a directed path in T'g from x to y.

(2) All the shortest paths in T's from x to y have the same weight, which we denote
by wt(z,y).

(3) Any path in T from x to y has weight > wt(x,y).

3.2. Bruhat order on . In the rest of this section, we assume that the affine
Dynkin diagram of W is connected. For any dominant A\ € X, (T)r,, we define the
depth] of A to be

depth(A) = min{(), a);a € A}.

Lam and Shimozono in [LS10, Proposition 4.4] proved the following relation
between the quantum Bruhat graph and the Bruhat order for the elements in W
with “sufficiently regular” translation part. The explicit bound of A was given by
Mili¢evi¢ in [Mil16+, Proposition 4.2].

Proposition 3.2. Assume that Wy is an irreducible Weyl group. Suppose that

20(wp) + 2, 1if Wy is not of type Go;

depth(\) >
P {3e<w0>+3, if Wo is of type G».

Let z,y € Wy and w = xtry. Let w' € W. Then w' < w (i.e., w' < w and
l(w') = L(w) — 1) if and only if w' is one of the following

(1) w' = xs,t>y for some a € ®F with vs, — x;

(2) w' = x5, 427"y for some o € Bt with w5, — x;

(3) w' = xt2s,y for some a € T with y=! — y~ts,;

(4) w' = xti_o‘vsay for some o € ®F with y=! — y~1s,.

We obtain the following description of certain elements in Adm(u).

Proposition 3.3. Assume that Wy is an irreducible Weyl group. Let A € X.(T)r,
be dominant. Suppose that for any dominant \' € X, (T)p, with A < ) < f, we
have

20(wo) + 2, if Wy is not of type Ga; N
3l(wy) + 3, if Wy is of type Gs. )

Then for any x,y € Wy, at*y € Adm(p) if and only if there exists a path in the
quantum Bruhat graph T's from x to y~1 with weight = A

depth()') > {

Proof. Let w = xt2y € W. Suppose w € Adm(z), then there is some u € Wy such
that w < utfu~t. Thus there exists a chain of elements

W=w <wy < - < w, = uthut.

!The meaning of depth is different from the one used in [BBNWTG].
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Let )\, € X,(T)r, be dominant such that w; € WotWy. Since w; < w1, we
have that \; < A, for 1 <4 <n—1. In particular, A < A; < H for1<ig<n—1.
By our assumption on A, Proposition is applicable to all the covering relations
w; < wiy1. Therefore, u — A equals to the sum of the weight of a path in I's from
x to u and the weight of a path in I'y from u to y~!. The concatenation of these
two paths gives a path from x to y~! with weight © — \.

Conversely, given a path in I's from z to y~! with weight u — A, by Proposition
3.2 one may construct a chain of elements B

w=w <wy < - <w, = atlr L

In particular, w € Adm(pu). O
3.3. An explicit bound on p. Finally, we discuss the assumption (*) in Propo-

sition B.3
Suppose that

depth(p) > {

We claim that

(a) for any dominant cocharacter A < p with (u— A, p) < £(wo), the assumption
(*) in Proposition [3.3|is satisfied.

Indeed, we have <u X, p) < L(wp) for any A with A < X' < p. Then p— X =
Y aen Mo for some ng € N with Y\ ng < ﬁ(wo) Then for any € A,

(X, B Zna VB = , B) — 2€(wy).

acA

40(wy) 4+ 2, if Wy is not of type Go;
50(wg) + 3, if Wy is of type Gs.

Thus,
depth(Y) > 20(wp) + 2, ?f W ¥s not of type Go;
3l(wp) + 3, if Wy is of type G.

This proves the claim.

4. A FORMULA ON THE VIRTUAL DIMENSION

4.1. Virtual dimension d,(b). We recall the definition of virtual dimension in
[Held, §10.1].

Note that any element w € W may be written in a unique way as w = zty
with A dominant, z,y € W, such that t2y € SIV. In this case, we set

Ne(w) =07 (y).
Let J, be the reductive group over F' with
Jy(F) = {g € G;gbo(g) " = b}.
The defect of b is defined by
defg(b) = rankp G — rankp J,.

Here for a reductive group H defined over F', rankp is the F-rank of the group H.
The virtual dimension is defined to be

4u(B) = 5 (Ew) + Lo (w)) — defa (b)) — (v, ).
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The following result is proved in [Hel4, Corollary 10.4] for residually split groups
and proved in [Hel6b, Theorem 2.30] for the general case.

Theorem 4.1. Let b € G and w € W. Then dim X,,(b) < d(b).

Now we set

dadm(u)(b) = max  d, (D).

weAdm(p)
As a consequence of Theorem [£.1], we have

Corollary 4.2. For any b, dim X (1t,b) < dadm(u) (D).

4.2. Some formulas on W,. In this subsection, we give some formulas needed
in the proof of Proposition [4.4]

By definition, if w — ws,, then {(ws,) = {(w)+1 = l(w) — (wt(w, ws, ), 2p) + 1.
If w— wsg, then l(ws,) = l(w) — (¥, 2p) + 1 = L(w) — (wt(w, ws,), 2p) + 1.
Therefore, for any x,y € Wy, we have

U(y) = U(z) — (wt(z,y), 2p) + dr(z,y). (a)

By definition, for any simple reflection s, we have an edge (either upward or

downward) z — xs. Thus for any =,y € Wy, dr(x,y) < £(z7'y) < £(wy). Hence
(wt(x,y),2p) = l(x) — (y) + dr(z,y) < 20(wy). Therefore

(wt(z,y), p) < L(wo). (b)
Lemma 4.3. The mazimum of the set
{tlo™ (y)2) — dr(w,y™ )2,y € Wo}
can be achieved when o' (y)x = woy. In other words,
max{{(c " (y)x) — dr(z,y );z,y € Wo} = max{l(wg) — dr(z,0(x)wp);x € Wyl

Proof. Suppose that o' (y)x # wy. Then there exists a simple reflection s with
o~ Yy)zs > o~ (y)z. Since s is a simple reflection, we have an edge (upward or
downward) xs — x. The concatenation of the edge xs — x and any path from x
to y~! gives a path from s to y~'. Hence dr(zs,y™') < dr(z,y~ ') + 1. It follows
that
(o™ (y)as) — dr(xs,y™") = Lo (y)x) — dr(z,y™").

Thus, the maximum of (o~ (y/)z") — dr(2’, (y')~!) can be achieved for some z,y
with o7 (y)z = wy. O

4.3. Formula of dpdm(.)(b). We have Wy = Wy x -+ - x Wy, where Wy ; are the
irreducible Weyl groups. Any element = € W is of the form x = (x4, ..., ;) with
x; € Wy, We have wg = (w1, . .., wo,), where wy; is the longest element of W ;.
We write p as p = (Hv o ’Hl)' We say that u is superregular if for each i,

40(wo;) +2, if Wy, is not of type Ga;

depth(p.) >
ep (Hz) {56(11)0,@-) + 3, if Wo, is of type Gb.

It is worth pointing out that the superregularity condition here is weaker than
the superregularity condition in [Mil16+4, Corollary 3.3|, where it requires that
depth(p,) > 8€(wo;) if Wo,; is of classical type and depth(p,) > 12¢(wo;) if Wo,
is of exceptional type. See also [MV20+] for some applications of that superregu-
larity condition.
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Proposition 4.4. Suppose that i is superregular. Then

1

dadm(u)(b) = (1 — v, p) — %defg(b) + §€(w0) — %min{dp(x, o(x)wy); x € Wo}.

Proof. Let w € Adm(p). Then w is of the form w = xt?y with A dominant and
A< p, z,y € Wy such that Ay € SW.
By §4.2(a), we have

4u(6) = 5 (€(2) ~ £9) + Lo~ (9)) + (A, 2p)) — def(b) — (w4, )

= S0 )o) = drle,y ™) + (Wil y ™) + A, p) — Sdefa(6) — (4, )

We show that
(a) (wt(x,y) + A, p) < (1, p).-

Write A = (A, ..., A), ¢ = (21,...,17), y = (yl,...,yl) and p = (p1,...,p)-
Then z;t*y; € Adm(u;). Write wt(z,y~') = (X}, ..., A)). Forany i, if (u.—X;, p) >
l(wp ), then by (b) (N4, pi) < <Hi>p">' If <,u —\is > L(wo;), then by'
and Proposition , there exists a path in I'g from x; to ;' with weight B— —\;. By
Lemma (3), wt(zs, 9 ') < f,—A; and hence we also have (Aj+X;, pi) < (g, pi)-

Thus (a) is proved.

By Lemma [4.3] £(c7!(y)x) — dr(z,y*) < l(wo) — min{dr(z, o(z)wy); x € Wy}
Thus

1 1 1 .
dAadm(u) (0) < (1 — vy, p) — édef@,(b) + §€(w0) —5 min{dr(z, o(x)wy); x € Woy}.

On the other hand, for any x = (z1,...,x;) € Wy, we write o(x)wy as o(z)wy =
(Y1, .., u) and write g — wt(z, o(x)wg) as (@, ... ,H;). By mb (b), for any 1,

<Hi —H;, pi) < L(wp;). By and Proposition , xitﬁ;yl-_l € Adm(y;) and hence
wth= V@ @wo)yy o (1)1 € Adm(y). By definition,

1 1
dppuitwo @)y (z) -1 (0) = (f = 1, p) — 5 defa () + 5 (€(wo) — dr(, o(x)wo)).
This finishes the proof. O

5. QUANTUM BRUHAT GRAPHS AND REFLECTION LENGTHS

5.1. Reflection length. In this section, we assume that Wy is a finite Coxeter
group. This includes the finite Weyl groups we consider in the other sections in
this paper, and also includes the finite Coxeter groups of type Hs, Hy and I,,,
which are of independent interest.

Let w € Wy. The reflection length of w is the smallest number [ such that w can
be written as a product of [ reflections in W. We denote by ¢r(w) the reflection
length of w. Since any simple reflection is a reflection, we have ¢g(w) < ¢(w). For
any subset C' of Wy, we write

lr(C) = min{lr(w);w € C}.

Let V' be the reflection representation of Wy. By [Car72, Lemma 2], we have
(r(w) = dimV —dim V. In this paper, we are mainly interested in the reflection
length of wy. Below we list the explicit reflection length for all the simple groups.
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Type An Bn/C'n Dn Eﬁ E7 Eg F4 GQ Hg H4 Im

2, if 2
Cawo) | T21] n |20 4|7 |8 4|23 4{’1 [m

1, if2¢m

Let O be the o—conjugacy class of wy. In the rest of this subsection, we will
discuss (g (O) for irreducible Weyl groups.

If o = Ad(wy), then O = {wy} and thus (g(O) = lr(wy).

If o = id, then O is an ordinary conjugacy class and thus ¢g(z) = lr(wy) for
any z € O.

If o is neither Ad(wy) nor id, then (W, o) is of type Doy, Dy, *Fy or ?Io; (here
the superscript denotes the order of o). In the Doy case, we regard the elements
in Wy as the permutations on {£1,+2,...,+2m} which commute with —1 and
send even number of positive integers to negative integers. It is easy to see that
(r(O) = 2m — 2. In the %Iy, case, it is easy to see that 1 € O and ((O) = 0. By
direct computation, in the 3D, case, {z(O) = 2 and in the 2F} case, 1 € O and
(r(O) =0.

Now we state the main result of this section.

Theorem 5.1. Let Wy be a finite Cozeter group and o be a length-preserving
group automorphism on Wy. Let O be the o-conjugacy class of wy. Then

l(wo) — 2max{l(z);z < o(z)we} = Lr(O).
Moreover, if Wy is a finite Weyl group, then we also have
(r(0) = min{dr(x,o(x)wy); x € Wy}

5.2. One direction. Letz € W,. Suppose that = < o(x)wg. Let m = {(o(z)wy)—

l(x) = L(wy)—2¢(x). Then, there exists reflections t1, to, . . ., t,,, such that o(z)wy =
1

xtity - t,. Hence zwoo(x)™t = (vt,xt) -+ (xtyz™!). By definition, we have
(r(zwoo(x)™1) < m. Therefore
(r(O) < min{l(wy) — 20(z);x < o(x)wo}
= l(wp) — 2max{l(z);z < o(z)wp}.
In the following subsections, we shall prove that
(wp) — 2max{l(z);z < o(z)wo} < Lr(O). (a)

This will finish the proof of the first part of Theorem [5.1]

Now suppose that Wy is a finite Weyl group. Let m = dr(x,o(x)wp). Then
1

o(z)wy = wSp, ---sp, for some positive roots fi, ..., By. Then zwoo(z)™' =
Su(Bm)  * Sa(p) and Lr(zwoo(z)~t) < m. Therefore,
(r(O) < min{dr(z,o(z)wy); x € Wy}.
On the other hand, let x € Wy with < o(z)wy. Then we have a path in the
quantum Bruhat graph from z to o(x)wq consisting of upward edges. In particular,

dr(z,o(x)wy) < l(xwy) — (z) = L(wy) — 20(x).
Hence
min{dr(z, o(x)w);x € Wy} < min{l(wy) — 20(x);x < o(x)wp}
= l(wp) — 2max{l(x);x < o(x)wy}.
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Hence the second part of Theorem also follows from the inequality (a).

5.3. Reduction procedure: part I. We may write W, as
Wo = Woa1 X Woya X - x Wy,

where for any ¢, o acts transitively on the set of irreducible components of W ;.
Let O; be the o —conjugacy class of the longest element wy ; of Wy ;. Then we have
O = {(wy,...,w);w; € O;}. Thus

l
(r(O) = ZER(Q).

By definition,
l
(wp) — 2max{l(x);x < o(z)we} = Z (U(wo;) — 2max{l(x;); x; < o(z;)wo,}).
i=1
Thus to prove (a), it suffices to consider the case where o acts transitively
on the set of irreducible components of Wj.

5.4. Reduction procedure: part II. In this subsection, we assume that o acts
transitively on the set of irreducible components of Wy. We have Wy = W[ x - - x
W{ with [ irreducible components. Moreover, we may fix the identification among
the irreducible components of W, so that there exists a length-preserving group
automorphism 7 on Wy with

o(wy,wa, ..., w) = (7(wy), wy, wa, ..., w_1) for all wy, ..., w, € W.
Let w{, be the longest element of W}. Then wy = (wf, wy, . .., wy).
5.4.1. 1 even case. Inthis case wy = (wy, 1, wp, 1, ..., wp, V)o(wy, 1wy, 1,...,w, 1).

Hence 1 € O and (g(O) = 0.

Note that if z < o(z)wp, then ((z) < l(o(x)wy) = l(wy) — ¢(x) and then
max{/(z);z < o(x)we} < 0(wy). It is easy to see that x = (wj, 1, w), 1,...,w), 1)
satisfies the condition z < o(z)wy. Hence max{{(z);z < o(z)wo} = 3¢(wp) and

l(wo) — 2max{l(z);z < o(z)we} = 0 = (r(O).

5.4.2. [ odd case. Let O be the 7-conjugacy class of w( in Wj. We show that

(a) Lr(O) = Lr(O).

Let f : Wy — W] be the map sending (wy,...,w;) to wyw;_y---wy. Then f
sends a o-conjugacy class in Wy to a 7-conjugacy class in W]. By definition,
ER(wl, . ,wl) = ER(wl) + -+ ER(wl) = KR(U)Z ce U)1>. If (wl, c ,wl) S O, then
wy---wy; € O. Thus Lr(O) = Lr(O'). On the other hand, for any w € O, it is
easy to see that (w,1,...,1) € O. Then (r(O) < lx(O').

(a) is proved.

Let w’ be a maximal length element in {2’ € W[; 2’ < 7(2)w(}. Take

/

/ /) /! /
r = (v, wwy,w, ... wwyw).

It is easy to see that x < o(z)wp. Note that £(wg) —20(x) = l(w)) — (I+1)l(w') —
(I — l(w'w)) = L(wy) — 20(w"). Then

l(wp) — 2max{l(z);x < o(z)we} < (wp) — 2max{l(z'); 2" < 7(z")wy}.
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Thus to prove (a), it suffices to consider the case where W is irreducible.

5.5. Irreducible cases. In the rest of this section, we calculate the number
l(wg) — 2max{l(x);x < o(x)wy} for each irreducible Weyl group. Combined
with and §5.4] we prove §5.2] (a) and hence finish the proof of Theorem
b1l

If o = Ad(wy), then

max{/(z);r < o(z)we} = max{l(z);z < wozr} = max{l(y');y " < wey '}
= max{/(y);y < ywo}.

Then ((wy) — 2max{l(z);z < o(x)we} = (wy) — 2max{l(z);r < zwe}. The
o = Ad(wy) case may be reduced to the o = id case.
The ¢ = id case will be discussed in . The 2Dy, 3Dy, 2Fy and 215, cases

will be discussed in §5.7-§5.10]

5.6. Explicit construction. In this subsection we discuss the general strategy
(in the o = id case) to construct a desired element z with

r < zwp and {(z) = %(ﬁ(wo) — Lr(wy)).

This would imply that £(wg) — 2max{l(z);x < zwo} < Lr(wg). The 2Dy case is
handled by the same strategy (see §5.7)).

We use the following induction procedure. The base case is type Ay, where
$(U(wy) — Lr(wp)) = 0 and we may take z = 1.

Let J be a subset of the simple reflections and W;j C W, be the proper standard
parabolic subgroup generated by J. Let w( be the longest element of W{. We
have wo = woz for some z 6 Wy. By inductive hypothesis, there exists z’ € W}
with 2/ < 2/wfy and £(2) = L (€(w)) — Cr(w})).

Suppose that there ex1sts y € Wy such that

) y is the minimal length element in the coset Wjy;

3) y < 2(wg ywo);

) £y ) 5(£(wo) — Lr(wo)) — 5(£(wp) — Lr(wp)).

Then we have 2'ywy = z'wo(wy 'ywo) = (z'w}) (2(wy 'ywo)). By assumption on
y, we have 2’y < z'ywo and ((2'y) = $(0(wy) — Cr(wy)). Thus z'y is a desired
element for Wj.

(1
(2) (wo ywo) is the minimal length element in the coset W(z(wy 1ywo);
(
(4

Now we do the case-by-case analysis. We use the labelling of [Bour02]. To
simplify notation, in the exceptional types, we may simple write s;;... for s;s; - .
Following [He(7, §7], for 1 < a,b < n, define

) SeSp-1- .. 8q, ifa < b
S[b,a] = .
1, otherwise.

Define §Wo = (E(wo) — lr(wo)) and W = 2(5(100) Cr(wp))-
The followmg table gives in each case an explicit subset J and an explicit element
y we need in the induction procedure. The explicit expression for z = (w)) 'wy is
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from [He09, §1.5]E]. Also type G5 is the same as type I,,, for m = 6 and we do not
put type G2 case separately in the table.

Type J W iWo — Wy z Y
An=2)  [{2,....n}] %] 12 S SiL3 1.1
B,/Cn(n>2) |{2,...,n} "2;" n—1 s[nh]s[n_l’l} 5[;1_1’11
D,(24n,n>=5)|{2,...,n} f@} n—1 8[751]8[”_271} 3[711_171}
Du2|nn=4) {2, ..} | "2 n=2 sy sman | sp o

E6 {1,...,5} 16 8 ZEg YEg

E- {1,...,6} 28 12 2E, Y,

Eg {1,,7} 56 28 ZEg YEg

F4 {1, 2, 3} 10 7 ZFy YFy

Hj {2,3} 6 5 ZH; Yy

H, {1, 2,3} 28 22 25, Y,

Ln(m = 5) {2p M31=1] (911 2l Yl

ZEs = 5[6,115435425[6,3]51, YEs = 5[6,1]545;
2B, = 5[7,1]5435425[6,3]515[7,2]3[_7,14]7 YE; = S[7,1)543546}
ZEy = (3[8,1}3435423[6,3}515[7,2]3[_7’14])2387yEs = 5[8,1]5435425[6,3] S[7,4] S25[8,3]»
2R, = 8[4,1]832343238[1711]7 Yry, = S[4,1)5324;
ZH3 = 5121232121321, YH; = S12312;
RHy = (5[4,1}32315[3,11823)484, Y, = S[4,1]5231214232124312123;

. . m
2l = S121... with E(Z[m) =m — 1,y[m = S121... with g(y[m) = [51 — 1.

5.7. Type 2Dy. By §5.1] (r(O) = 2k — 2. Hence
1
5 (Uwo) = £r(0)) = 2k(k — 1) + 1.

If kK =2. then x = sy3913 is a desired element.
Now suppose k > 3. Let W{ be the standard parabolic subgroup generated by
S9, ..., Sak. Then W{ is of type 2Dgy_1. Then wy = wjz with

z = (8182 T 32k—2)32k—132k(32k—2 T 81)-

We have o |y;= Ad(wp). By there exists @' € W with 2/ < o(2")wy and
(") =2(k —1)2

Take y = s189+ - Sop_2Sak—1. Note that o(z'y)wy = o(2')w)(zweo(y)wy) =
o(z")wysySe -+ - sar—1. Hence 2’y < o(a’y)wy and

Ua'y) = 0(a") + 0(y) =2k —1)> + 2k — 1 = 2k(k — 1) + 1.

Therefore 2y is a desired element for type 2Doy.

2There was a typo for type Fg in [He09], which we corrected here.
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5.8. Type ®Dy. Recall that {(wg) = 12. By §5.1] ¢(5(O) = 2. Hence
1

5(5(100) —(r(0)) =5.

It is easy to see that x = s43191 is a desired element.

5.9. Type ?F,. By (r(O) = 0. Hence
1
§(€(w0) —(r(0)) = 12.

It can be checked directly that © = $213243213243 iS a desired element.

5.10. Type %I. By §5.1] (z(O) = 0. Hence
1
5(5(100) —(r(0)) = k.

It can be checked directly that x = s[; ;) is a desired element.

6. THE MAIN RESULT

Recall that p° € X.(T)"° @ Q & X, (T)r, ® Q is the average of the g-orbit on
1. Now we state the main result of this paper.

Theorem 6.1. Suppose that p is superreqular. Let O be the o-conjugacy class of
wo. Let [b] € B(G). If k(b) = k(u) and p® > vy, + 2pY, then

i X (1,) = i (8) = (1~ . p) — 5defis(b) + (o) — 5 n(O).

Remark 6.2. (1) The assumption in Theorem implies that [b] € B(G,pu).
Thus by Theorem 2.1}, X (s, ) # 0.

(2) We would like to point out the following special cases of Theorem [6.1] If
o =1id (e.g., G is split over F') or 0 = Ad(wy), then

. 1 1 1
dim X (p, b) = (1 — vy, p) — §def@,(b) + Eﬁ(wo) - §€R(wg).

Proof. By Corollary dim X (u,b) < dadm(u)(b). By Proposition and Theo-
rem , we have dadm(u)(0) = (1 — v, p) — %defg(b) + %ﬁ(wo) — %ER((’)).

By Theorem [5.1] there exists « € W, such that x < o(z)wg and £(wy) — 20(z) =
(r(O). Let w = zttwyo(x)~L. Since x < o(z)wy, we have wt(z, o(x)wy) = 0 and
thus by Proposition 3.3 w € Adm(x). In particular, dim X,,(b) < dim X (u, b).

By [He20+, Theorem 1.1 & §6.4], we have dim X,,(b) = d,,(b). By definition,

1

4u(b) = 5(£(x) — o (aun) + o) + (1,20)) — 3defa() — (. )

= ﬁ(;p) — %defg(b) + <E - Vb>p>
_ %Z(wo) — %ER((’)) — %def(;(b) + (1 — v, p)

= dadm(u)(b).
Therefore dim X, (b) = dadm(w) (b) and hence dim X (1, b) = dadm(u)(b)- d
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6.1. Possible connection to Springer fibers. Finally, we would like to discuss
an intriguing connection to Springer fibers. This was pointed out to us by G.
Lusztig.

We assume that the group G is split over F' and the characteristic of F' is not
a bad prime for G. Lusztig in [Lulll Theorem 0.4] introduced the map from the
set of conjugacy classes of W to the set of unipotent conjugacy classes of G(F)
Let u be a unipotent element that lies in the image of O. Let B be the flag variety
of G and B, be the associated Springer fiber of u. This is a variety over F. Then
one may deduce from [Lulll, Theorem 0.7(b)] that ¢(wy) — ¢r(O) = 2dimz(B,).

Combining with Theorem [6.1], we have that

1
dim X (u,0) = (pu — vy, p) — §def(;(b) + dimz(B,).

It is worth pointing out that (i — vy, p) — 3def(b) is the dimension of the
affine Deligne-Lusztig variety X, (b) in the affine Grassmannian (see [GHKROG]
and [Vi06]).

Thus we have

dim X (p1,b) — dim X, (b) = dimz(B,,).

Here the left hand side is the difference of the dimension of affine Deligne-Lusztig
varieties (over the residue of F) in the affine flag variety and the affine Grass-
mannian and the right hand side is the the dimension of a Springer fiber (over
F). Tt is very interesting to investigate the possible relation between the affine
Deligne-Lusztig varieties and the Springer fibers.
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