On Some Smooth Symmetric Transonic Flows with Nonzero
Angular Velocity and Vorticity
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Abstract

This paper concerns the structural stability of smooth cylindrically symmetric tran-
sonic flows in a concentric cylinder. Both cylindrical and axi-symmetric perturbations
are considered. The governing system here is of mixed elliptic-hyperbolic and changes
type and the suitable formulation of boundary conditions at the boundaries is of great
importance. First, we establish the existence and uniqueness of smooth cylindrical tran-
sonic spiral solutions with nonzero angular velocity and vorticity which are close to the
background transonic flow with small perturbations of the Bernoulli’s function and the
entropy at the outer cylinder and the flow angles at both the inner and outer cylinders
independent of the symmetric axis, and it is shown that in this case, the sonic points of
the flow are nonexceptional and noncharacteristically degenerate, and form a cylindrical
surface. Second, we also prove the existence and uniqueness of axi-symmetric smooth
transonic rotational flows which are adjacent to the background transonic flow, whose
sonic points form an axi-symmetric surface. The key elements in our analysis are to uti-
lize the deformation-curl decomposition for the steady Euler system introduced in [35] to
deal with the hyperbolicity in subsonic regions and to find an appropriate multiplier for
the linearized second order mixed type equations which are crucial to identify the suitable
boundary conditions and to yield the important basic energy estimates.

Mathematics Subject Classifications 2010: 76H05, 35M12, 35L65, 7T6N15.
Key words: smooth transonic spiral flows, mixed type, multiplier, deformation-curl
decomposition, sonic surface.

1 Introduction and main results

In this paper, we study the structural stability of some smooth cylindrically symmetric
transonic spiral flows in a concentric cylinder Q = {(x1,22,73) : 1o < 7 = 2]+ 235 <
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r1,z3 € R}. The flow is governed by the following steady compressible Euler system
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where u = (u1,u2,u3)t, p,p are the velocity, the density and pressure respectively, e = e(p, p)
represents the internal energy. Here we consider only the polytropic gas, therefore p =
A(S)p”, where A(S) = ae® and v € (1,3),a are positive constants, e = o= L ny,- Denote the

_1
5, and c(p, A) = VAyp T,

Bernoulli’s function and the local sonic speed by B = %|u?+
respectively.
Introduce the cylindrical coordinates (r, 6, x3)

T2
r=/x% + 23, G—arctanm—, T3 = I3
1

and decompose the velocity as u = Uye, + Usey + Uses with

cos 6 —ginf 0
e.= | sinf | ,eg=1| cosf |,e3= |0
0 0 1

Then the system (1.1) can be rewritten as

0, (pU1) + +0(pU2) + +pUr + 93(pUs) = 0,

(U0, + L2085 + Usd3)U7 + l&p )

(010, + Y205 + Usd3)Us + 50pp + U1U2 =0, (1.2)
(U10, + L2209 + U305)U3 + 183p 0,

(U190, + 220y + U305)A =

In the cylindrical coordinates, the vorticity has the form curl u = w,e, + wyey + wses,
where

1 1 1
Wy = ;89(]3 - 83U2, wp = 83U1 — 8TU3, w3 = ;OT(TUQ) — ;agUl. (1.3)

Courant and Friedrichs in [9, Section 104] had used the hodograph method to obtain
some special planar radially symmetric flows including circulatory flows, purely radial flows
and their superimposing (spiral flows). Circulatory flows and purely radial flows are radially
symmetric flows with only angular and radial velocity, respectively. These radial symmetrical
flows can be regarded as cylindrical symmetric flows in three-dimensional setting. It had
been proved in [9] that spiral flows can take place only outside a limiting circular cylinder
where the Jacobian of the hodograph transformation is zero and may change smoothly from



subsonic to supersonic or vice verse. We study the cylindrical symmetric smooth solutions
in [37] by considering one side boundary value problem to the steady Euler system in a
cylinder and analyze the dependence of the solutions on the boundary data, which suits
our purpose for the investigation of structural stability of this special transonic flows in
this paper. Here we deal with structural stability of a special class of smooth cylindrically
symmetric, irrotational transonic spiral flows moving from the outer into the inner cylinders.
More precisely, the background flow is described by smooth functions of the form u(x) =
Ui(r)e, + Ua(r)eg, p(z) = p(r) and p(z) = p(r), A(z) = A(r), solving the following system

2 (pUn) + 3pU1 =0, 0<ro<r<ry,
U2
U1U{+%C%p—72:0, O<rg<r<ry, (1.4)
U U, + Y2 =, 0<ro<r<r1,
U A" =0, O<ro<r<mr
with the boundary conditions at the outer cylinder r = rq:
p(r1) =po >0, Ui(r1) =Up <0, Us(ry) = Uz # 0, A(r1) = Ag > 0. (1.5)

Let By = 3(Ufy + U3) + %Aopg_l and denote the Mach numbers by

Up (1) _ Ua(r)
c(pp, Ao)’ Mia{r) = c(pv, Ao)

The following proposition had been established in [37].

My (r) = , My(r) = (Myi(r), Mg (r))".

Proposition 1.1. Suppose that the incoming flow is subsonic, i.e. Aofypg_l > Uz, + U3,.
Then there exist constants 0 < r¥ < r. < 11, where r¥ depends only on 71, v and the incoming
flow at 1,

1
(v + V(1 + K3p2) (2(7 - 1)Bo) 71

Te = ) =\ , k1 =r1polro, k2 = riUzo,

c \/ 20 — 1)Bop? Pe (7 + D)y Ao 1 1poV10, K2 1Y20

such that if * < 19 < re, there exists a unique smooth irrotational transonic spiral flow
(Up1, Upz, py, Ao) to (1.4)-(1.5) in [ro,r1] with all sonic points located at the cylinder r = e,
which moves from the outer cylinder to the inner one. The total Mach number |My(r)]
monotonically increases as r decreases from ry to ro, and |My(r)| < 1 for any r € (r¢,r1] and
|My(r)| > 1 for any r € [ro,7c), but the radial Mach number |Mi(r)| is always less than 1 for
any r € [ro,r1]. Moreover, all the sonic points are nonexceptional and noncharacteristically
degenerate.

In particular, if Ujg = 0, then Uy = 0, A(r) = Ag, Us(r) = 2 and

1 1
y— 1yt K3\ 7 § 2]
p(r) ( Aoy ) < 2r2> T ek,

All the sonic points locate at the cylinder r = r, = ﬁ“‘ﬂ- Also if Ujg < 0, then

Ui(r) < 0 for any r € [rg,r1]. Fix 79 € (rf,r.), we call this smooth transonic spiral flow




constructed in Proposition 1.1 on [rg, r1] to be the background flow. Note that the background
flow is always irrotational.

Our main concern in this paper is the structural stability of this background flow under
suitable perturbations of the boundary data. Note that the existence and stability of subsonic
circulatory flows outside a smooth profile have been studied extensively by [2, 3, 10, 11, 30].
Yet due to the degeneracy, the existence and structural stability of smooth transonic flows are
substantially difficult. Following the definition by Bers [3], a sonic point in a C? transonic flow
is exceptional if and only if the velocity is orthogonal to the sonic curve at this point. Due to
the nonzero angular velocity, all the sonic points of the background flow are nonexceptional
and noncharacteristically degenerate. This is quite different from the recent important results
obtained by Wang and Xin in [31, 33, 34|, where the existence and uniqueness of smooth
transonic flow of Meyer type in de Laval nozzles are proved and all the sonic points on the
throat are exceptional and characteristically degenerate. In this paper, we will examine the
structural stability of this kind of background flows by prescribing some physically acceptable
boundary conditions at the entrance and exit and establish the existence and uniqueness of
two classes of smooth transonic spiral flows with small nonzero vorticity, whose sonic points
are all nonexceptional and noncharacteristic.

It seems quite difficult to analyze the structural stability of the background flow under
generic three dimensional perturbations. Therefore, we consider here two classes of per-
turbations with special symmetries. First we investigate the structural stability under a
perturbation which is independent of 3. Thus we will identify a class of physical acceptable
boundary conditions at the circular cylinders respectively, and establish the existence and
uniqueness of a class of smooth transonic spiral flows with small nonzero vorticity which
are independent of the symmetry axis and close to the background flow. More precisely, we
are looking for solutions to (1.2) with the form (Ui (r, @), Usx(r,0),Us(r,8) =0, p(r,0), p(r,0))
satisfying

Oy (pUL) + L0p(pUs) + LpUy =0,

2
(U107« + %89)[]1 + %6749 - % =Y,
(U180, + B20p)Us + ;505 + B2 = 0,
(

U10, + 2095)A =0

(1.6)

with
B(rl,G) :B0+631(0), (17)
A(r1,0) = Ao+ eA1(6), (1.8)
Ul(TQ, (9) — loUg(TD, 9) =ag + 690(9), (19)
Ug(?“l, 9) = a1+ €g1 (9), (1.10)

where By, A1, g0 and g are given periodic functions with period 2. [y is a constant in a
suitable range to be specified later and

ag = Upi(ro) — loUp2(r0), a1 = Uso.

Since the Bernoulli’s quantity and the entropy satisfy transport equations, it is natural
to prescribe the boundary conditions (1.7) and (1.8) at the entrance. We prescribe some



restrictions on the flow angles (1.9) and (1.10) at the entrance and exit, which are physically
acceptable and experimentally controllable. The flow angle restrictions (1.9) and (1.10) are
also admissible for the linearized mixed type potential equation from the mathematical point
of view (see Lemma 3.5), and are helpful to yield the important basic energy estimates.

Clearly, due to the independence of x3, the problem can be reduced to the stability theory
for the background flow in the annulus Q = {(r,0) : 7o < r < r1,0 € [0, 27]}.

Notation. |- || will denote the norm in the Sobolev space H*(Q) for k = 1,2,3,4. ||-||z»
will be the norm in LP(Q2) for any 1 < p < co. Note that the estimate ||uv||; < C||ul|2|lv]1 is
true if u € H%(Q), v € H'(Q). T2, denotes the 1-d torus with period 27.

Then the first main result can be stated as follows.

Theorem 1.2. Assume that v € (1,3). Let a background flow with nonzero radial velocity
Up1 # 0 be given such that

— (3 =) My (ro)> > 0. (1.11)

Then for any constant ly with

M, M M M M M 21
l0¢< b1 (r0) Mp2(ro) — /| Mp(r0)] b1 (r0) Mp2(ro) + /| Mp(r0)] >’ (1.12)

1= M, (ro) 1 — M (ro)

and any boundary data go € H*(Tar), g1 € C*%(Ter) and (B, A1) € (CH%(Tax))? for some

€ (0,1), there exists a small constant ey depending on the background flow, ly and boundary
datum go, g1, B1, A1, such that for any 0 < € < €, the problem (1.6) has a unique smooth
transonic solution with possible nonzero vorticity (Uy, Uz, B, A) € (H3(Q))?x (H*())2, which
satisfies the boundary conditions (1.7)-(1.10) and the estimate

U1 = Up1ll3 + [[U2 — Upa|ls + || B — Boll4 + [|A — Aolla < Ce, (1.13)

for some constant C' depending only on the background flow and the boundary datum.
Moreover, all the sonic points form a closed arc with a parametric representation r =
5(0) € C1(Tax). The sonic curve is closed to the background sonic circle in the sense that

[5(0) = rellor(r,,) < Ce. (1.14)

Remark 1.3. In fact, in the uniformly subsonic flow region s, the regularity of the transonic
flows can be improved to be (Uy,Us, B, A) € (C3%(Qys))? x (CH¥(Qus))?, where Qs = {(r,0) :
re+mno <r<ry,0 € Tor}t forany 0 <mng < ry—re.

Remark 1.4. Compared with the existence results of continuous subsonic-sonic or smooth
transonic flows obtained in [31, 33, 84/, the flow constructed in Theorem 1.2 can have a
small nonzero vorticity. As far as we know, this is the first result about the existence of
nontrivial smooth transonic flows with nonzero vorticity.

Remark 1.5. In the case |My(rg)|? > ,Y,
decreasing as r increases, there e:msts a 7o € (ro,m1) such that ﬁ > |My(7o)]? > 1 >

since the total Mach number |My(r)|? is strictly

M2 (7). One may focus on the transonic flow region Q:={fo<r<r,be [0,27]}. The
extension of flow from Q to Q can be obtained by the well-developed theory for hyperbolic
equations since the flow is purely supersonic in the subregion {(r,0) : 7o < r < To}. The
restriction (1.11) is acceptable in this sense. If one considers further the case with vy > 3, the
condition (1.11) is automatically satisfied.



Remark 1.6. The requirement that the background flow should have a nonzero radial velocity
can be removed if one considers only perturbations within the class of irrotational flows, i.e.
Bi1(0) = A1(0) = 0. In that case, there is no hyperbolicity in subsonic regions. Furthermore,
the regularity assumptions on the boundary datum are weaken to be (go, g1) € (H3())?. See
Theorem 3.1 for more details.

Remark 1.7. There is a loss of derivatives in estimating the mized type first order partial
differential equations. To recover it, we introduce the stream function and observe that the
reqularity of the transonic flows in the uniformly subsonic region can be improved if the bound-
ary datum at the entrance have better reqularity. See Section 3.2 for detailed explanations.

Remark 1.8. There exists also a class of smooth irrotational transonic flows moving from
the inner cylinder to the outer one (see [37]). The speed of these flows decelerates smoothly
from supersonic to subsonic. Such a transonic flow is also structurally stable under the same
perturbations as in (1.9)-(1.10) within the class of irrotational flows. However, it seems
difficult to improve the reqularity of the flow in the uniformly supersonic region near the
entrance. Therefore the loss of derivatives can not be recovered by the way developed in
Section 3.2 and it is not clear whether Theorem 1.2 holds or not for this kind of transonic
flows.

Next we examine the structural stability of the background flow under suitable axisym-
metric perturbations, therefore the problem simplifies to find axi-symmetric transonic flows
in a concentric cylinder D = (rg,r1) x R satisfying suitable boundary conditions on the inner
and outer cylinder respectively. Assume that the velocity and the density are of the form

u(z) = Ui(r, z3)er + Ua(r,z3)eg + Us(r,z3)es, p(z) = p(r,a3), Alz) = A(r,z3), (1.15)
then the system (1.2) reduces to

- (pUr) + £ pUs + 03(pUs) = 0,
2
(U18 + Ugag)U1 + larp — & =0,

(Ulé? + U383)U2 + U1U2 = 0 (1.16)
(U100, + Us03)Us + 33]? =0,
(Ul(? + U363)A

The system (1.16) is an elliptic-hyperbolic coupled system, in which rUs, A and B satisfy
the transport equations. So it is reasonable to prescribe the following boundary conditions
on the outer cylinder {(r1,z3) : 23 € R}:

{Ug(n, z3) = Uso + €q2(z3), Us(r1,x3) = €qs(x3) (1.17)

A(ry,23) = Ay + €Ay (23), B(ri,23) = By + eBi(x3),

with qi(23), g2(x3), A1(x3), Bi(z3) € C**(R) and € small enough. The boundary condition
posed on the inner cylinder {(rg,z3) : 3 € R} is

Ul(T'o,xg) = Ubl (7’0) + eq1 (.%3), (1.18)

with g3(r3) € C*%(R). For simplicity, we also assume that gy, k = 1,2,3 and Bi, Ay have
compact supports. It is expected that the flow will tend to the background state as x3 — £oo:

lim (Ul,UQ,Ug,P, A)(’I“, .’Eg) = (Ubl(T),UbQ(T),O,Po,Ao). (119)

xr3—Foo



Then the following theorem on the existence and uniqueness of smooth axi-symmetric
transonic spiral flows with small nonzero vorticity holds.

Theorem 1.9. Given any background flow with nonzero radial velocity Uy # 0, for any
smooth C*%(R) functions Bi, Ay and qi,, k = 1,2, 3 with compact supports, there exists a small
constant €y depending only the background flow and boundary datum, such that if 0 < € < ¢,
there exists a unique smooth transonic flow with nonzero vorticity

u = Ui (r,z3)e, + Us(r,z3)eg + Us(r,z3)es, A(x) = A(r,x3), B(x)= B(r,x3)

to (1.16) with (1.17),(1.18) and (1.19), and the following estimate holds
2
> NU; = Usjllcze) + 1Usllc2em) + 1B = Bollczem) + 14 = Aollc2.amy < Ce,  (1.20)
j=1

for some constant C depending only on the background solution and the boundary datum.

Moreover, all the sonic points form an axisymmetric surface with a parametric represen-
tation r = x(x3) € CY(R) estending from —oo to oo. The sonic surface is closed to the
background sonic cylinder in the sense that

[x(z3) = rellcrm) < Ce (1.21)
and
i x(z3) = re. (1.22)

Remark 1.10. Similar results can be obtained if one prescribes the vertical velocity Us and the
pressure P at the inner and outer cylinder respectively, instead of the radial velocity Uy and
the vertical velocity Us in (1.17)-(1.18).

Remark 1.11. The requirement that the background flow has a monzero radial velocity can
be removed for perturbations within the classes of axi-symmetric transonic irrotational flows,
i.€. q2 = A1 = Bl =0.

Remark 1.12. There may exist another class of smooth irrotational transonic flow u(x) =
Orp(r,x3)€; + “2€9 + O2y¢(r, x3)e3 With a nonzero constant rkz, which is not adjacent to
the background transonic flow. The potential function ¢ will satisfy a second order mixed
type differential equation with coefficients depending not only on |V¢|? but also on the space
variable r. Some new difficulties arise from applying the Bernstein’s method to get a fine
gradient estimate. This will be reported in a forthcoming paper.

The theory of transonic fluid flows is closely related to the studies of the well-posedness
theory for the mixed type partial differential equations. There are several classical mixed
type PDEs which are closely related to the transonic fluid flows, such as Tricomi’s equation,
Keldysh’s equation and the Von Karman equation, one may refer to [24, 25, 27, 28, 29]
and the references therein for more details. Morawetz [22, 23] proved the nonexistence of
a smooth solution to the perturbation for flow with a local supersonic region over a solid
airfoil. Friedrichs [12] initiated a general and powerful theory of positive symmetric systems
of first order and there are many important further development and applications to boundary
value problems of equations of mixed type [14, 17, 21, 26]. Kuzmin [16] had investigated the



nonlinear perturbation problem of an accelerating smooth transonic irrotational basic flow
with some artificial boundary conditions in the potential and stream function plane. However,
the existence of such a basic flow to the Chaplygin equation was not shown and the physical
meaning of the boundary conditions was also not clear.

The existence of subsonic-sonic weak solutions to the 2-D steady potential equation were
proved in [6, 38, 39] by utilizing the compensated compactness and later on the authors
[7, 15] examined the subsonic-sonic limit for multidimensional potential flows and steady
Euler flows. However, the solutions obtained by the subsonic-sonic limit only satisfy the
equations in the sense of distribution and there is no information about the regularity and
degeneracy properties near sonic points and their distribution in flow region. Recently, in a
series of papers [31, 32, 33, 34], Wang and Xin have established the existence and uniqueness
of Lipschitz continuous subsonic-sonic flows and smooth transonic flows of Meyer type in De
Laval nozzles with a detailed description of sonic curve. In particular, under the assumption
that the nozzle is suitably flat at its throat, they showed the existence and uniqueness of
smooth transonic irrotational flows of Meyer type. The sonic points can locate only at the
throat of the nozzle and the points on the nozzle wall with positive curvature. The sonic points
at the throat are exceptional and strongly degenerate in the sense that all the characteristics
from sonic points coincide with the sonic line and can not approach the supersonic region.

We make some comments on the key ingredients in our mathematical analysis for Theorem
1.2 and 1.9. The authors in [31, 32, 33, 34] employed the Chaplygin equations in the plane of
the velocity potential and the stream function and used the comparison principle as a main
tool to analyze the subsonic-sonic flows. However, due to the nonzero angular velocity, the
sonic points in our case are expected to be nonexceptional and the transformed sonic curve
in the potential-stream functions plane is not a straight line in general, which is different
from the cases studied by Wang and Xin, it seems quite difficult to adapt their methods to
our case. We need to find a different approach to deal with the flow with nontrivial vorticity.
The steady Euler system is elliptic-hyperbolic mixed in subsonic regions and degenerates at
sonic points. To circumvent this obstacle, we utilize the deformation-curl decomposition for
the steady Euler system established by the first two authors in [35, 36] to effectively decouple
the hyperbolic and elliptic modes. This decomposition is based on a simple observation that
one can rewrite the density equation as a Frobenius inner product of a symmetric matrix and
the deformation matrix by using the Bernoulli’s law. The vorticity is resolved by an algebraic
equation of the Bernoulli’s function and the entropy.

To explain the key ideas clearly, we first investigate the well-posedness theory to the lin-
earized mixed type second order equation within the class of irrotational flows. By exploring
some key properties of the background flows, we are able to find a class of multipliers and
identify a class of admissible boundary conditions for the linearized problem, and this helps to
yield the basic energy estimate and the high order derivatives estimates. Galerkin’s method
with Fourier series will be used for the construction of the approximated solutions and a
simple contraction mapping argument will yield the solution to the nonlinear problem.

To further treat the rotational flows, note that the basic energy estimate for the linearized
mixed type potential equation only helps to gain one order derivative regularity (see the H'
estimate in Lemma 3.5), so that the iteration designed by the first two authors in [35] for
purely subsonic flows does not work in this case. We will choose some appropriate function
spaces to design an elaborate two-layer iteration scheme to find the fixed point to the nonlinear
problem. By requiring one order higher regularity of the boundary datum for the Bernoull’s



function and the entropy than those of the flow angles, we gain one more order derivatives
estimates for the Bernoulli’s function and the entropy than the velocity with the help of the
stream function and the higher regularity of the flows in subsonic region. This is crucial for
us to close the energy estimates.

The analysis of axi-symmetric transonic flows turns out to be simpler than those of the
cylindrical transonic spiral flows. Again using the deformation-curl decomposition for the
steady Euler equations in [35, 36], it will be shown that U; and Us satisfy a first order elliptic
system when linearized around the background transonic flows. The quantities rUs, B and
S are conserved along the particle trajectory. The maximum principle and some suitable
barrier functions are employed to obtain some uniform estimates to the second order elliptic
equation. The far field behavior will be examined by a blow-up argument.

This paper will be arranged as follows. In Section 2, we state some key properties of
the background flows which will play an important role in searching for an appropriate mul-
tiplier to the linearized mixed type potential equation. In Section 3, we first establish the
basic and higher order energy estimates to the linearized mixed potential equations and con-
struct approximated solutions by a Galerkin method. Then we employ the deformation-curl
decomposition for the steady Euler system and design a two-layer iteration to demonstrate
the existence of smooth transonic rotational flows. In Section 4, we consider the structural
stability of the background flows within the class of axi-symmetric flows.

2 Some properties of the background flow

In the following, we derive some special properties of the background flow, which plays
a key role in establishing the basic energy estimate for the linearized mixed type potential
equation. It follows from (1.4) that

py(r) = 7(%51%%)%

Up(r) = (i“ﬁfg)Um, Uty (r) = —LUsa,
(M)'(r) = iy (2 (= DM + (v + M),
R = M (o (9 + (- 0
(M) (r) = % (2+ (v = DIM,2) .

Thus the total Mach number of the background flow monotonically increases as r decreases
since M (r) < 1 for any r € [ro, r1].
For later use, we define

() + Up 4 (y+ D+ Mp) U2 _ (v = 1DU
r r(l—Mz) "
2(1 = M) + (v — 1)| M ? UblUb2
1-— szl r2

ei(r) =

>0, Vr € [ro,71],

ea(r) =



and

Mbleg(T) dr 1
- T - -
f(’r) Mle(T) T Y b33(’r) 1 - Mle(,r_))
1 — | My (r)?
k
2 = a1 ag ()
ko (r) = €1 _ 1+ MZ +2MZ + (v + 1) ME M2/ (1 — M)
T () - U r(1— M) ’

e(r)f'(r) + ea(r)
c2(pv) — U1;21 '

Proposition 2.1. Let (Uy, Upz, py, Ao) be the background transonic flow, then the following
identities hold for any r € [ro,m1]

kbg(T) = f”(T) +

kpa(r) =0, (2.1)
M? + M2
2k ka2 + Ky (r) = 3(1171_7]\421)33 <4 — (3= )(Mg; + Mb22)>a (2.2)
2+ 2Mp) + (v — 1) MG M |?
2kp1kp3z + kb33( ) = (1 — M2 ) > 0. (2.3)
Proof. To simplify notations, we denote Ap11(r) = c2(pp) — Ule and Apa(r) = —%UblUbg.
Then f'(r) = ﬁ’;m Direct calculations show that ky = A§ , where
b1l
I = —e1Apo+ Apiea — ApiAys + Api2 Ay
_ Unl [ 4T DO ME) (- DU
r T r(l— Mb21) bl
A 2(1 — MZ) + (v — 1)|My > Uy Upo ~ UnUsp n Ui Upz + U Uy,
blL 1— Mb21 r2 r2 r
—Api2{ (v + DU Uy + (v — DUpUpo }
YU Uy
= Bl 40— () + UR) + Am)
= 0.
Moreover, one can calculate that
)~ 20 =MLY 201 = [MUP) ME R = M) + (5+ )M
R TR (S VA (L= 113
n 1 M [*(2 + (v — 1)|M,[?)
AU-DEE (-8
(= DM+ 4M? 2~ 2ME (1= ML) 2(y + DMA M1 — M%)
S0 AU

10



Therefore

2(1 — | M, |2 + 1) M?2 M, |?
kalkb22+ké22: ( ‘ b| ) (’y ) b1| b| )

(1 — M3)3 1— M3
+(’y — 1)|Mp|* +4|Mp |2 — 2 — 2MZ (1 — M ?)  2(y + 1) ME M 2(1 — M, |?)

r3(1 —szl)?’ r3(1 —Mle)4

M 2
- 7”3(1‘ _%ﬁ <4 8- ”)M”F)'

<1 + MZ + My |* +

On the other hand, we have

M2
kpss(r) = ol E {2+ (v = D)Mj + (v + 1) M, }

_r(l — M1721
and

2kp1kpzs + Kisz = . + MG ? + M) (1 — M) + (v + 1) Mg M |*}

2
e
M )M+ (7 + DM
r(l— Mb1)3
24 2M2 + (v — 1)ME|M,?
- r(1— Mle)3 ’

Thus the proposition is proved.

3 Smooth cylindrical transonic flows with nonzero vorticity

Since the background flow changes smoothly from subsonic at the outer circular cylinder
to supersonic at the inner one, the linearized potential equation is of mixed type in €.
We would concentrate on searching for an appropriate multiplier and identifying suitable
boundary conditions for the linearized mixed type potential equation. To illustrate the main
ideas, we start with the potential flows.

3.1 Irrotational flows

For a potential flow, the vorticity being free implies that, in terms of the polar coordinates,

1 1
;6T(TU2) — ;agUl = 0, in Q (31)
and
1 11 1 11
T\ 2 23\ 7
= By — = . 2
e R ) (3.2

11



Therefore (1.6) is reduced to the following boundary value problem in :

Or(rpU1) + 0p(pU2) = 0,

10, (rUs) — 20pU7 = 0,

Ui(ro, 0) — loUz(r0,0) = ag + €go(0),
Us(r1,0) = a1 + €g1(0).

(3.3)

Recall that [y is a constant in a suitable range to be specified and
ap = Up (ro) — loUp2(r0), a1 = Uso.
The existence and uniqueness of smooth irrotational transonic flows can written as follows.

Theorem 3.1. Let the background flow and lg be given as in Theorem 1.2 except the assump-
tion Upy # 0. Assume that go, g1 € H3(Ta,). Then there exists a small constant ¢y depending
on the background flow, ly and go, g1, such that for any 0 < € < €y, the problem (3.3) has a
unique smooth transonic irrotational solution (Uy,Us) € H3(Q) C C*(Q) with the estimate

U1 = Up1|l3 + [|[U2 — Upzl|3 < C. (3.4)

Moreover, all the sonic points form a closed arc with a parametric representation r = s(0) €
CY(Tay) with any a € (0,1). The sonic curve is closed to the background sonic circle in the
sense that

15(0) = rellor(r,,) < Ce. (3.5)

Remark 3.2. Compared with Theorem 1.2, the assumption that the background solution should
have a nonzero radial velocity Uy # 0 is removed for potential flows here, since there is no
need to solve the transport equations for the Bernoulli’s function and the entropy in this case.

Remark 3.3. All the sonic points to the transonic irrotational solution obtained in Theorem
3.1 are nonexceptional and noncharacteristically degenerate.

Remark 3.4. The cylindrically symmetric smooth transonic flows where the fluid moves from
the inner to the outer circle are also structurally stable under the same perturbations as in
(3.3) within the class of irrotational flows.

Since €2 is non simply connected and the background flow has a nonzero circulation, the
potential function corresponding to the background flow is ¢p(r,0) = f:l Up1(s)ds + r1Usb,
which is not periodic in #. To avoid the trouble, we denote the difference between the flow
and the background flow by

Uy =Uy —Up, Us=Us—Up, p=p—pp (3.6)
then U and p satisfy

Or (T(PbU1 + (Up1 + Ul)ﬁ)) + 0y (pr2 + (Upz + U2)ﬁ> =0,
10, (rUs) — L9yUh = 0,

Ur(ro,0) — loUs(r0,0) = ego(6),

Ug(rl, 0) = eq1(6).

12



Define the potential function
r 0
o(r, 6) :/ Uq (T, 0)d7+/ (r1Us(r1,7) + do)dT,
1 0

r 0
_ / 01 (r, 0)dr + / (er1g1(7) + do)dr,
0

T1

where dp is introduced so that ¢(r,0) = ¢(r,0 + 27). Indeed, dy = —er1g1 with g1 =
% OQW g1(7)dr. Then ¢ is periodic in 6 with period 27 and satisfy

Orp = [71, Opp = ’I”UQ + dp. (3.8)
Substituting (3.8) into (3.7) yields that ¢ satisfies a second order mixed type equation

LQb A1182¢ + AZQang + (A12 + A21)8 egb + (31( ) r¢ + 62("”)89¢ — F(Ul, UQ),
0rd(r0,0) — o750 (r0, 0) = €go(6) — Lo do,

(3.9)
Opp(r1,0) = do + r1egi(0),
d)(rlao) = Oa
where
2 2 CQ(P) - U22
A (U1, Usz) = c(p) = Ui, AU, Uz) = FORE
U, U-
App(Ur,Uz) = A (Uy,Us) = — 1r 2
+1 S 1 3
F(Ul,UQ) = 62(71)(10"_(/7 Ubl 7[]}31)(]12"‘(7 5 Uél 727, Ubl)Uz
(p) + U3 = (py) — Ub22U
1.

r

3.1.1 Linearized problem

Denote the function space

X ={p e HY(Q), [¢lla < &},
where dy > 0 will be specified later. For any function ¢ € X, define

_ - d
U =Up + 0,9, Uz =Up + 39¢—£

We will construct an operator 7: ¢ € X — ¢ € X, where ¢ will be obtained by solving
the following linear mixed-type second-order partial differential equation

(Lo = A11 (U1, 02)026¢ + Aga(Uy, U2) 026 + 2A12(Uy, Ua) 02y
+e1(r)dr¢ + ea(r)0p¢p = F (U1, Ua),

0r$(r0,0) — 2990 (ro,0) = ego(0) — L2dy = O(e), (3.10)
9pd(r1,0) = do + r1€g1(6) = O(e),
¢(r1,0) =0,



with the coefficients satisfying the following estimates

N < C
{HA’L]( 1;U2) Al](UblanQ)H?’—COéO’ b5 1,2, (3.11)

|1F (U1, Ts)ll3 < Co(e + &)

Here and in the following the constant Cy depends only the background flow, the boundary
datum and /g and may change from line to line.
Define a new coordinate (y1,y2) as

yr=r, y2=f(r)+80,
where

" Apa(T)
ro Ab11(7)

dr — " Mble2(T)d77'.

1) N ro 1 —szl(T) T

Set the function ¢(y1,y2) = ¢(y1,y2 — f(y1)). Then (3.10) can be written as

2 2 -~ =
A n o F(Uy,Uy) PO
Lo = kid2 o+ Y kidy,od=—2 = F(U,0),
¢ ijzl J yzyjqb Zzl yz¢ All(Ul, UQ) ( 1 2)
708y, (10, y2) + (rof'(r0) — 10) By (10, y2) = g2(¥2), (3.12)

By, d(r1, y2) = g3(12),

A~

¢(r1, f(r1)) =0,

where (y1,y2) € (ro,71) X Tor and

Am(Uh UQ) + A11<Ula UQ)f/(yl)

kin =1, kio(U1,Uz) = ka1(U1, Uz) =

o o A11(Uy, Us) ’
(01, ) = SRS I 1 (7 )
(00,02 = 5 S (0,0 = ) + AL o),

g2(y2) = roego(y2) — lodo, 93(y2) = do + r1eg1(y2 — f(r1))-

Then it follows from the definitions in Section 2 and the facts that Ap1o(y1)+Ap11(y1)f (y1) =
0 and kp2(y1) = 0 in Proposition 2.1 that the following important estimates hold

{||k12(U1, Ua) s + |lk22(Ux, Us) — kpaa(y1)]l3 < Codo, (3.13)

[k (U1, Uz) — ko1 (1) I3 + [|k2(U1, Uz)]3 < Codo.
To simplify the notation, we still use ¢ instead of ¢ in the following.

3.1.2 Enmnergy estimates for the linearized problem

In this subsection, we will derive the energy estimate to (3.12) under the assumptions

that kij, ki(i,j = 1,2) € C*°(2) and g2, g3 € C°°(T2,) and (3.13) holds.
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Lemma 3.5. Suppose that (1.11) and (1.12) hold. There exists two constants o, > 0,0, > 0
depending only on the background flow, and ly, such that if 0 < 69 < 04 in (3.13), the solution
to (3.12) satisfies the following basic energy estimate

Cy . -
¢l < —=(1E 1l 22(0) + > gillz2eran)s (3.14)
* §=0,1

where the constant Cy depends only on the H3(Y) norms of the coefficients kij, k; for i,j =
1,2.

Proof. We employ the basic idea of positive operator theory developed by Friedrichs [12] and
some key properties of the background flow to find a multiplier and identify a class of admissi-
ble boundary conditions at the inner and outer circle, which yields the basic energy estimate.
Let 11(y1) and l2(y1) be smooth functions of y; in [rg,71] to be determined. Integration by
parts leads to

/ /Q B ()06 + La(51),,6)dyrdys

T1

1 2 l2 2 l?
== 1,0 —=0 —kooly + 2kyoly — -2 | (8,,0)d
2/0 <\/71 y1¢+ \/H y2¢> + ( 2901 + 1202 ll) ( y2¢) Y2

Yi1=ro

1
+ // <l1k1 - 51/1 - llay2k12> (01 0)* + (k1la — 1y + l1ko — 110y, k22) Oy, $0y, &
Q

1 1
+ (28y1 (llkgg) — 5128y2 koo — 8y1 (lgkm) + lzkz) (8y2q5)2dy1dy2. (315)

To get an energy estimate, we will show that there exist smooth functions {1 (y1) and l3(y1)
such that if dp in (3.13) is small enough, the following inequalities hold

l1k1 — %lll — llay2k12 > 0y, V(az,y) € Q,
%ayl (lleQ) — %lgakaQQ — 8y1 (lgklg) + loksy > oy, V(x,y) € Q,
”k‘llg — l/2 + l1ko — llakaQQHLoo(Q) < Cydo,
2
(k‘2251 + % - 2]€1212) (ro,y2) >0, Vyz € Tor,

(3.16)

where o, > 0 is a constant depending only on the background flow.
Choose I (y1) such that I3 (y1)kp (y1) — 301 (y1) = o1 > 0, where o7 € (0,1) is a small
positive constant to be determined later. Therefore

Y1 T
L(y) = elro Hn(m)dn <11(r0) — 20, / e Iro kal(mdﬁdn) , (3.17)

70

N[ =

where l1(rg) =1+ 2 f:ol e I kal(TQ)dTQdTl. Then 14 (y1) > 0 for any y; € [ro,r1] if o1 <
Recall the identity (2.2) from Proposition 2.1, we have

(Likpa2) (11) = Ukeaz + ke = L (2kp1 Koz + Kjoo) — 201 k2o

| M| ( 2 1— M, |°
4—(3—7)Mp|* |l1(y1) — 201 :
yr(1 — Mp)? yi(1 — M)?

15



Since ﬁ\l\/lﬂ2 < 0 for any r > rg, then if |[My(ro)|? < ﬁ, it holds that |M(y1)|? < ﬁ
for any y; € [ro,7r1]. Set op = % — |My(ro)|?. There exist positive constants oy and o3

depending only on the background flow such that if 0 < 01 < o9, then

1 | M, |2 9
(hkp2) (y1) > 57— {(3 — y)oo—————11(y1) — 201 (1 — | M,
- M) a1 — aagy o) — 21 = IV
1 M2 91 kg, (r1)dm
> (3 =")oo———5relo T l1(ro
yi(l— Mz?l)?{ yi(1— Mg) (ro)
Y1 T
—201/ e I 2kb1(72)d72d7'1> —201(1 — |Mb|2)}
o

> o3, Yy € [ro,m].

Set 01 = o9 in (3.17). It follows from (3.13) that for dy small enough, one has
L, L,
1k, — §l1 — l18y2k12 =liky — 5l1 + 1 (k’1 — kbl) — 118y2k12

> oo — [[li(k1 — kb1)|| e — 110y, k12||Le > 02 >0, V(z,y) € Q, (3.18)

N | =

due to the Sobolev embedding H?(Q2) C C1*(Q2) with a € (0,1).
Set

ZQ(yl) = <f/(?”0) — 0) ll(?“o)efro kp1(T)d ’

To

where [ is a constant to be chosen such that

2
Kp2a(ro) + <f/(?“o) - f};) > 0, (3.19)

which is equivalent to (1.12) in Theorem 1.2.
Therefore l2(y1) satisfies l2(y1)kp1(y1) — I5(y1) = 0 and one should note that

V/11(ro)

<\/l718y1‘15 + \l/%ayzgf)) (ro,y2) = (T08y1¢ + (TOf/(TO) - lO)ayzﬁb) (ro,y2)
— ll(ro)gg(yz). (3.20)

To

Since kp22(r1) > 0, if Jp is small enough, then

12
i(rlv y2) + kaa(r1, y2)l1(r1) — 2k12(r1, y2)l2(r1)
1
) (I3 + kpool?) (r1) + (ka2 — ku22) (r1, y2)l1(r1) — 2k12(r1, y2)|l2(r1))]
1
> ey (I3 + kool?) (r1) — ||ka2 — kpoo|| ooty (1) — 2||K12] oo L2 (r1)]
1
> 12 + kyool?)(r1) > 0 3.91
= 2[1(T1)( 2 b22 1)( 1) ( )



and

Z (10, y2) + ka22(r0, y2)l1(r0) — 2k12(70, y2)l2(70)
= Ii(ro) (%22(7“0) + (f'(ro) — 7{(()))2> + (k22 — kp22) (10, y2)l1(r0) — 2k12(70, Y2)l2(70)

> li(ro) (kb22(7"0) (o) - lf))) sz — Rl el (ro) — 2lbrall e E2(ro)]
> %ll(ro) <I{7b22(7°0) + (f/(T'()) — 7{?))2> > 0. (3.22)

With l3(y1) fixed, if dp is chosen small enough, then

1 1
§8y1(l1k?22) - §l28y2k22 — 0y, (I2k12) + laks

= %(hk‘bm)/(m) + %3y1(l1(/€22 — kp22)) — %l28y2k22 — Oy, (l2k12) + 2k

> 03 — |10y, (l (k22 — kp22)) [ Lo — 1120y, Kozl oo — 110y, (l2ki12) [ Lo — [ll2ka ||
> ;03, V(y1,92) € Q,

|kily — Iy 4+ like — 110y, koo oo = ||la(k1 — k1) — 110y, koo + lika|| Lo < Cidp.

Hence the inequalities in (3.16) are proved for o, = 3 min{os, o3}
With the help of (3.16) and (3.21)-(3.22), one can conclude from (3.15) that

/ (10,0 + 10,10 e

2m l 2
+/O <\/an1¢ + 2ay2¢> (rlng) + (8y2¢)2(r0’ yQ)dy2

T
<// 1F(y1,92)] dyldyz+2/ 195 (y2)] dyz)
Since ¢(y1,y2) = r1 quﬁ(T y2)dT + f (1)dr, thus
C . 3 2
ol < 0*( | P inan+ 3 | rgj<y2>12dy2).
We have finished the proof of Lemma 3.5. O

Lemma 3.6. Under the assumptions of Lemma 3.5, the following high order derivatives
estimate holds:

Cs, 2
19lla < —=(IElls + llgolls + llgnlla)- (3.23)

*
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Proof. Let v = 0,,¢. Then v satisfies

Z kzj ” y kl + 28y2k12)8y11) + (kg + 6y2k22)8
i,j=1
= 0y, F' = 0y, 10y, ¢ — 0y, k20, ¢, (3.24)
700y, v(70, Y2) + (Tof'(ro) — 10) 0y, v(r0, y2) = g5(¥2),
3yzv(7“1, Y2) = (y2)

Multiplying the equation in (3.24) by l1(y1)0y,v + l2(y1)0y,v and integrating over €2, after
integration by parts, one can get

1
//g; <llk1 — illl + l18y2/€12> ’8y11)|2 + (kllg — 1/2 + koli + 2l28y2/€12)8y11)(9y21)
1
+ <28y1 (l1ka2) + §l28y2/€22 — ayl (lok12) + le‘Q) |8y2v\2dy1dy2
1 Iy ? 5 2
+3 A Vv + ﬁaygv + ( —ko2l1 + 2k12l2 — n |0y, v]“dy2

= /Q 8y2F — 8y2 k18y1¢ — 8y2k28y2¢)(11(y1)8y10 + lz(y1)8y2v)dy1dy2

(3.25)

T1

Yi1=ro

The coefficients in the quadratic term are slightly different from the ones in (3.15). However
similar argument still works in this case, which yields the following estimate

//Q (102,61 + |02, 62 >dy1dy2<( // EP + (0, F) dyldmgug]m)

where the constant C, depends only on the H3-norms of the coefficients k;;, k; for i,j = 1,2
It follows from (3.12) that

02 ¢ = F — k02, ¢ — 2k1202, .6 — K10y, & — k20, &,
which yields

(3.26)
2 2 C* 2 [\ 2 2 2
J[[ 10 oPanan < S ([ [ 152+ @ Py + 1l + 3.
Hence,
1618 < = (1F1: + 10 FIE + laalf + Il ) (3.27)
Rewrite the system (3.24) a

Lv = Z kija?iij + k10y,v + k20y,v = Fi,
i1

100y, v(10,Y2) + (To.f'(10) — 10) Dy v(70, Y2) = g5(y2),
Dy v(11,92) = g5(y2),

18



where Fy := 9y, F' — 20,,k120,,0 — Oy, k220, 0 — 8y, k10, & — Oy 2Oy .
Applying the estimate (3.27) to v leads to

C
10015 < — (BT + 9213 + llgs2)
/. -
< <||F||§ + 1|0yo k220, 011 + 110y, k1205, 6113 + 10y k10y, 611

*

-w%@%w?ww@ﬂ@ﬁ)

IN

C L
- (HFH§ + 1|y, ko2 131105, ST + 10y k12131105, 4, 0117 + 10y, 51113110y, 117

w%@@@wmﬂm@+mﬁ)

IN

C N
(118 + d0ys 13 + Sl + ol + ] ),
*
which implies
Cy .\~
18,0113 < 7(\|F|!§ + (92115 + lg3[13)- (3.28)
*

It follows from (3.26) that

851¢ = 81111[%—]{3223111 y2¢ 2k¢12 [ Oys — k‘1 (O — ko y1y2¢ (3.29)
_ayl k226§2¢ - 282!1 k128§1y2¢ - 8y1 k16y1¢ - ay1k2ay2¢7

which together with (3.27) and (3.28) yields

1613 < SEQUEI + a3 + lgsl3): (3.30)

O«

. 2 .
Since 9y, ¢ solves the following problem

2

z(ai‘b) = Z kijayiyj (652(25) + k18y1a§2¢ + k20 Yo y2¢ Fy,
ig=1

100y, (05,9) (10, y2) + (rof'(ro) — 10)8y, (02, 0) (ro, y2) = g5 (y2),

Dy (82,0) (11, y2) = g5 (142),

where

2 2
By = 050 =" (200k02,, 000 + 02 kij0y,0) — > (20,,ki02,,0 + 0%,kidy,0)
=1

ij=1

19



It follows from the derivation of (3.27) that
C
165,113 S;(II&H% + llg2l13 + llgsll3)
*
C 2
<E(IFIB+ 2 (100805, 0013 + 10 102, 017)
. ij=1

2
+ > (10,05, 0117 + 1105, k:0y, 117) + llg213 + H93|§>
1=1

C ~
= <HF||§ + 1105, ka2 lI31102, 0113 + 105, k12151102, ,, 2115 + 1105, k1[I 110y, 8115
*
+ 1105, k2171100113 + 10y, ka2l 151105, 2117 + 10y, kr2ll5 1195, By, 6117

+ 10y k1 [131105,, 0117 + 10y, k21131195, 6117 + llg213 + H93H§>7

C* s
< (WE1E + a0l + 804,05, 013 + Bl + el + ol ).

*

where we have used the 2-D Sobolev embedding in the second and third inequalities.
This together with (3.30) implies

Cs, 2
195,012 < —= (1113 + 0010,.0, 115 + llgall3 + llgsll3).
*

for suitably small dg.
(3.29) implies that

Oy, 08 & = 02, ), F — ko0, 05 & — 2k1202 02,0 — 0y, k2O, & — 20y, k120,02, ¢

Y2~y Y1y2 Y1 Y2
_892 k228yl 8§2¢ - 281/2 k128731 8y2¢ - 851@’2 k22a§2¢ - 2851@’2 kl?aglyzqs
2 2
- Z (ayz kiasiylgﬁ + kiayi8§1y2 ¢) - Z (ay1 kiayiw(b + 851312 kiayi ¢) )
=1 =1

from which one can derive that

Cs, 2
10505, 0172 < —=(I1E 115 + d0ll0y 0y, 615 + llg25 + llgs 3)-

*

Thus
C* -
18,85, 61172 < ;(HFH% + llg2113 + llgsll3)

for suitably small dg.
It remains to estimate a;lgb. Since aﬁlqﬁ = 851 (F—k228§2¢—2k128§1y2¢—k18y1¢—k28y2 ?),

it holds that

Cx

—(

*

4
16,0117 <

1113 + 192113 + 1gs]13)-

In summary, we obtain

C .
617 < —=(IFI3 + llgall3 + lgsll5)-

*
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3.1.3 Proof of Theorem 3.1

We then turn to the proof of Theorem 3.1. Inspired by Kuzmin[16], we use Galerkin’s
method to construct approximate solutions and a simple contraction mapping argument yields
the solution to the nonlinear problem. Slightly different from the case in [16], the coefficient
of 8§2¢ in (3.12) changes sign, not that of 6§1¢, it is not necessary to add a third order
dissipative term to (3.12) to construct the approximate solutions.

Since the solution is periodic in yo, it is natural to use the Fourier series to construct
the approximate solution to the linearized problem. Note that the H*(Q) energy estimate is
obtained only for the linearized problem with smooth coefficients, one needs to mollify the
coefficients in (3.12).

Since ki, koo, k1, k2, F € H3, there exists sequences of smooth functions {k]5}, {kds
{]?717}7 {]f;]}v {FTI} such that Hk7l72_k12”3 — 0, Hk;’2_k22H3 — 0, ”k717_k1”3 — 0, Hkg_kQH?) — 0,
| — F'||3 — 0 as 7 — 0. Consider the linear boundary value problem

(

Ing = Z kL0y . &+ K10y, 6 + k0,0 = F7,
3,j=1
700y, ¢(r0, y2) + (ro.f'(r0) — 10) 0y, @(70, y2) = ga(y2), (3.31)
0y, d(r1,y2) = g3(y2),
¢(r1, f(r1)) = 0.

Note that fOQW gg (y2)dya = 0, so one may assume that g3 = 0, otherwise consider the
function ¢ — f t)dt. Thus the boundary condition on y; = 71 becomes ¢(r1,y2) = 0 for
any yo € To. Choose the standard orthonormal basis {h; (yg) ©, of L?(T2,), where for each
positive integer m € N:

hi(y2) = \/12?, hom(y2) = \/17? sin(mysa), homy1(y2) = \/17?008(77192), “e

and we construct approximate solutions to (3.31) of the form

2N+1

SNy ) = > AN (y1)h(w),

j=1

where A;-V’"(yl) are determined by the system of 2N 4 1 second-order ordinary differential
equations supplemented with 2(2N + 1) boundary conditions:

2”@%“ — EMhp(y2)dys =0, m=1,2,..,2N + 1,
2T 100y, &N (1o, y2) + (r0.f"(10) — 10)Dya N (70, y2)) o (y2)dyz = [T ga(y2) hom (y2) dya,
f027r ¢Nn(7"17?42))hm(y2)d312 - 07 m = 17 27 ceey 2N + 1.
(3.32)

Define

2
il = [ Rl 1 (02) + K. )y () ),
2 2
b / (K31 () + I 2) o (32) s i = / W, () o (92 .
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Then the system (3.32) reduces to

d2 2N+1 2N+1 o
dy QAN” (y1) Z sy, AN”(yl) + Z bj‘\;’tnAé‘V’n(yl) :/0 F o (1y2)dyo,
j=1
2N+1 o
d (3.33)
TOTMA%’U<TO> (Tof TO lO Z ij — /0\ 92(y2)hm(y2)dy27
AN (r) =0, m=1,- ,2N—|—1.

Using the functions l1(y1),l2(y1) defined in Section 3.1.2, multiplying the first equatlon

the (2m)"" equation and the (2m + 1) equation in (3.33) by ll(yl)dyl AN ll(yl)dy1 AJ
777

mlg(yl)Angrl and ll(yl)%AZmH + mlg(yl)A2m respectively, summing from 1 to 2N + 1,
one can get after integrating over [rg,r1]| that

// (LN — F)(12 (y1)Dyy @™ + Lo (1), 6™ ") dyrdys = 0. (3.34)
Q
Similar argument as in Lemma 3.5 yields
lo™ 1y < 7(HF77”L2 + > llgjllzcrsn)- (3.35)
7=2,3

The following higher order derivatives estimate can be derived similarly as in Lemma 3.6:

O* ka
16774 < —=(IF"lls + llgalls + llgslls). (3.36)

This estimate implies the uniqueness of the solution to Problem (3.33). By Fredholm
alternative theorem for second order elliptic systems, the uniqueness ensures the existence
of the solution to (3.33). Since the coefficients of the (3.33) are smooth, so the solutions
&N are smooth. It should be emphasized that the estimates obtained in Section 3.1.2 only
involves the H? norm of the coefficients, therefore the bound on the right hand side of (3.36)
is uniformly in N,n. For any fixed n > 0, by the weak compactness of a bounded set in
H*(), there exists a subsequence {qﬁNJ’”}?‘;l that converges weakly to ¢”7 in H* and the
convergence is strong in H3({2). Therefore ¢" will be the unique solution to (3.31). The
estimate (3.36) also holds for ¢" with a constant C, independent of 7, from which we can
find a subsequence {¢" }7°, converging weakly to a function ¢ in H 4(Q). In conclusion, we
have proved that the problem (3.12) has a unique solution ¢ € H* with the estimate

Ci, 2
19lla < —=(I1Els + llg2lls + llgslls) < Cle + 35)- (3.37)

Hence the mapping 7 is well-defined in X" for sufficiently small 6y = y/e. It remains to
show that the mapping T is contractive in a low order norm for sufficiently small d3. Suppose
that ¢ = 7o (i = 1,2) for any (1), ¢ € X. Then for k = 1,2,

L® k) = Z’%(Uf'“)f 0y, +Z’f Na,eW = FOP,TP),
ij=1

700y, 6™ (10, y2) + (rof'(10) — 1) Dy, o* (Toayz) = g2(y2),

8y2¢(k) (Tlv y2) = 93(y2)7

") (ry, f(r1)) = 0.
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Thus

LW — o) = PO, ,
70(9y, 0 — 8y, 6@) (ro, y2) + (ro.f'(r0) — 10) (D, ¢!
((b(l) - ¢(2))(r17 92) = 07

|
&
<
—
)
N—
—~
=
o
<
N
SN—
I
=

which implies
176D =Ty = 6@ — 6@y < CIE@Y. 03") — B0, 0;7) = (LD ~ L®)o
_ _ 1 _ _
< Cudol| 8 = 6211 < Sl16Y — 621,

since T¢®), (), ¢ € X, and F(Uy,Uy), kio(Us, Us), kao(Ur, Us), ki(U1,Us), i@ = 1,2 are
smooth functions of (Uy, Uz), and one can choose dg small enough such that 7 is a contractive
mapping in H'-norm. Then there exists a unique ¢ € X to T¢ = ¢.

In conclusion, we have shown that there exists a small ¢g > 0 such that for any 0 < € < €,
the problem (3.9) has a unique solution in H*(Q) with the estimate ||¢||4 < Cye. That is, the
background transonic flow is structurally stable within irrotational flows under perturbations
of the flow angles at the inner and outer circular cylinder.

Finally, we examine the location of all the sonic points which satisfy |M(r,0)> = 1,
where M = (M, M)t = (%, %)t. It follows from (3.4) and the Sobolev embedding

H3(Q) — Cb*(Q) for any o € (0,1) that
IV — [V | ooy < 1M = [Mp[*[|5 < Cue.
Note that

d
M (ro)* > 1, [My(r1)> <1, sup —[My(r)]* <O0.
r€[ro,r1] dr

Thus for sufficiently small €, [M(ro, 0)|> > 1, [M(r1,0)|? < 1 for any § € Ta, and %H\/I(r, 9)? <
0 for any (r,0) € Q. Therefore for each 6 € Ty, there exists a unique s(6) € (rg,r1) such
that |[M(s(6),0)|> = 1. Also by the implicit function theorem, the function s € C*(Ta,).
Furthermore, since

IM(s(0)> — My (ro) 2] = [M(s(0)]> — [M(5(0). 0)
< IIMP — My Pl < e,

one can deduce that |s(6)—r.| < Cye for any § € Ta,. Differentiating the identity [M(s(8), 6)|* =
1 with respect to 0 yields

~1
$(0) = - (G IMEs(0).0))  IME(s(0).0)

and the estimate (3.5) holds.
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3.2 Proof of Theorem 1.2

We now turn to the general case that the flow may be rotational and prove Theorem
1.2. It is well-known that the steady Euler system is coupled elliptic-hyperbolic in subsonic
region and changes type when the flow changes from subsonic to supersonic. There are several
different decompositions developed by different authors for different purposes [4, 5, 8, 19, 20,
40]. We will employ the deformation-curl decomposition developed in [35, 36] to deal with
the elliptic-hyperbolic coupled structure in the steady Euler equations. The Bernoulli’s law
yields

:HWWJL@:(iQHB—;UW>73 (3.38)

As discussed in [35, 36], one can show that if a smooth flow does not contain the vacuum and
the stagnation points, the steady Euler system (1.6) is equivalent to the following system

@—me+@—@VWb4MMMMH%MH%%1
(ma+@%m3+()(ma+Ug@m

LU (801 — 0, (rU)) = P39, 4 — 9,8, (3.39)

(U10, + 205)B = 0,

(U190, + 220p)A = 0,

where the first equation in (3.39) is derived by substituting (3.38) into the density equation.
Define U; and Us as in (3.6) and set B = B — By and A = A — Ap. Then U, B and A
satisfy

A110, U1 + 1A20pUs + 1A120,Uz + An19pU1 + e1(r)Uy + éx(r)Us = Fi(U, B, A),
L0901 — £0,(rUs) = Fy(U, B, A),

- 3.40
(U190, + 2205)B = (3.40)
(U10, + L205)A =
where
A1 (U, B) = (B, [UP) = Uf, A»(U,B) = 5(*(B,|U]") - Us),
Ay = Ay = B2 A(B,[UP) = (v - 1)(B - §[U]%),
2
er(r) = —ﬂﬂi+W+nﬁﬁa%,”2“,
Sy L (mD(+ME) 1 M, 2
éx(r) = o) Un = ;UnUp2(1+ (v — 1)%)’ (3.41)

F\(U,B,A) = w—%wa<<—mé L03) - 10U, (r)
+U1U2Ub2( ) — ?(’Y— 1)( 1U1 - le)Ubl
(Ula +U2186)B+( A (U13 +U2 39)A
BGLRA%:mé—%gJ&A—&B)

Ub1Ub2_

Note that e;(r) is same as the one defined in Section 2 and éx(r) = rea(r) — =24
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The boundary conditions in (1.7)-(1.10) reduce to

B(r1,0) = eB1(0), A(r1,0) = €A (0),
Ui (ro,0) — loUs(r0,0) = €go(0),
02(7“1,9) = €g1(0).

Remark 3.7. Note that the first two equations in (3.40) will be regarded as first order mized
type equations for Uy and U, the energy estimates in previous section indicate that the
reqularity of the solutions Uy, Us would be at best the same as the source terms on the right
hand side. Hence if one looks for the solution (U,B,A) in (H3(Q))*, then Fy(U, B, A)
belongs only to H?(Y) and there appears a loss of derivatives. Similar issue occurs for the
structural stability of 1-D supersonic flows to the steady Fuler-Poisson system [1]. However,
the approach in [1] can not be adapted directly here, since one can not prescribe the boundary
data for all the flow quantities at the entrance in this case. To overcome this difficulty,
besides introducing the stream function to solve the transport equations, we also observe that
the regularity of the flows in the subsonic region can be improved if the data at the entrance
have better regularity. Thus we will choose some appropriate functional spaces and design an
elaborate two-layer iteration scheme to prove Theorem 1.2.

Define Qe = {(r,0) : rc + 3r1 <r < 71,0 € [0,27]} and

3 1
Qe = {(r,0) : =re+ —r1 <7 < 1,0 € (0,27},

4 4
= 7 1
Qe = {(1,0) : gretgrn<r<r,fe [0, 27]}.

Then Qe C Qe C Qlue- Set
X ={U(r,0) € (H*(2))* : |U| 30 < b0},
Xy ={(B(r,6), A(r,0)) € (H'(2))* N (C**(Que))? N (CH(Que))? :
1By AVl + 1B, Dll sy + 1By Dl ey < 61}

with positive constants dg,d; > 0 to be specified later. For fixed (B,A) € Xy and for
any function U € X;, we first construct an operator TEA., U e X — U € X, where
U = U, + U is obtained by resolving the following boundary value problem

A1 (U, B, A)o,U +rA22(fI, , D)0pUs + 1A12(0)8,Us + Ag1 (V)0pU,

+e1(r\Uy + é3(r)Uy = F1(U, B, A),
%anl 10,(rls) = FQ(U,B,A), (3.42)
Uy (ro,0) — loUs(r0,0) = €go(6),

[72(7“1,9) = €q1(0).

Note that the equations in (3.42) form a linear first order mixed type system with coefficients
given in (3.41).
Since B, A € X», U € X, there holds that

1F1(U, B, A) |50y < Co(01 +65),  [1F2(U, B, A)ll sy < Codr.
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Let ¢1(r,0) be the unique solution to the following problem

(02 + 10, + 50261 = F»(U, B, A) € H3 (),
¢1(ro,0) = ¢1(r1,0) = 0.

Then ¢y (r,0) € H(2) and satisfies the estimate
I¢1]l 50y < Coll F2(U, B, A)|| g3y < Codi.
Define V; = U1 — 78(9(1)1 and Vo = U2 + 0,¢1. Then

( 411(U, B, A)9, Vi + 1 A2 (U, B, A)0p V2 + 1 A12(U)0, Va + A2 (U)0p V4

+e1(r)Vh + éa(r)Vo = F3(U1, Us, B, A),

10pV1 — 10,(rV2) =0, (3.43)
Vi(ro,0) — loVa(ro, 0) = ego(8) — 0661 (r0,0) — lodr¢1(r0,0),

(Va(r1,0) = €g1(0) + Or 1 (71, 0),

where

, A)o ( Dp1) + A2 (U, B, A)0%d1
)

g1 + Ex(r)0rdy € H?(Q),
and
1F3(0, B, A)|| 30y < Co(01 + 63).

Introduce the potential function

r 0 B
Go(r, 0) = / Vi(r.0)dr + /O rL(Va(rn, 8) + do)dr,

where dy = - 02” [€91(0)+0rp1(r1,0)]do is introduced to guarantee that ¢a(r, 0) = ¢a2(r, 6+

27). Then ¢9 is periodic in 6§ with period 27 and satisfies
Orda(r,0) = Vi(r,0), Opepa(r,0) = rVa(r,0) + rido. (3.44)

Substituting (3.44) into (3.43) leads to the following boundary value problem for a second-
order linear mixed type equation

All(ﬁ,B,A) qbz +A22(U )8
+eq(r ) Or g2 + EQ(G)@ (]52

Orpa(r0,0) — L0p¢a(ro, ) = Go

Opp2(r1, )_91(0), $2(r1,0)

$2 + (A12 + A21)(U)9% 0o
(U7 B? A)7

Do

(3.45)
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where

PO B.A) = B0 B, )+ (- 52 + 2 ) ndy e 1
Fy(0) = éa(r) B A12(U) _ éa(r) N U1U27

r r r r2

J 1 lor1 -
§0(0) = €90(0) — D61 (r0,0) — lod,1(ro, ) — =" d,

31(0) = er191(0) + 110,61(r1,0) + r1dy

and
_ 1 -
1E2(U) — e2(r) || 30y = ||772(U1U2 = UnUs2) | g3(02) < Codo.

The problem (3.45) is only different slightly from (3.9), one can adapt the same ideas in
previous section to show the existence and uniqueness of a smooth solution ¢o € H*(Q) to
(3.45) with the estimate

¢2ll oy < CUFL(T, B, Al sy + D, 1351 13(rsr)) < Cole + 61+ 63). (3.46)
j=0,1

Therefore, T(B.A) is well-defined if one sets 50 = Ve + 01 and selects e + 91 < ﬁ

It remains to show that the iteration mapping T(B:4) ig contractive in a low order norm
for sufficiently small € + 6;. Set U® = TED(WH)(; = 1,2) for any U, 0% € &y and
denote U](l) — U]@) by Vi, j = 1,2, U](l) — UJ@ by Vj, j = 1,2. Then, it follows from (3.42)
that
AR Vi + 1 AR 9V + AR 0, Va + AR Vi + er(r)Vi + Ex(r)Va
= }F(fj(l)’ U@ B, A),
10pV1 — 10,(rV2) = F,(UW, B, A) — F,(UP), B, A),
Vl(?“o,g) — l()Vé(?“(], 9) = O,
Va(r1,0) =0,

where AZ(;-C) = Aij([_Jk, B, A) for any i,7,k = 1,2 and
F(OM, TP, B, 4) = F1(TW, B, A) — F,(T?, B, 4) — (A} — 410,05
1 2 ~ (2 2 ~ (2 2 (2
A5~ AT — Y - 40,05 - (A A0

As above, decompose V7 and V5 as

1 21

1 1 r
Vi=—0p3+ Orps, Vo= —0rds+ —Opy — —dy, dy=—— r¢3(r1, 6)do,
r r r 27 Jo

where ¢3 and ¢4 solve the following boundary value problems respectively:

(02 + 10, + £03)¢3 = FL(UW, B, A) — [,(UP, B, A), in Q,
¢3(r0,0) = ¢1(r1,0) =0, 0 € Top,
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and

AR 0264+ 1AL o + (AL + AL))0204 + e1(r)0, 04 + En(U 1))30d>4
=FﬂW%W%B¢U—N) 0r (L0003) + r AR50 + rAY 0265 — A 30,
2005 + (a(r) — AR (Or65 + ),
Br9a(r0,0) — lo75-Bpa(ro, 0) = =T — L O3 (r0, 0) — lodr3(r0, ),
%39@%)4(7“1, (9) =d + 87«(;53(7“1, 9).

Then combining the H?(£2) estimate of ¢3 and the H'(Q) estimate of ¢4 leads to
Ve, V2)ll L2y < C1(do + 61) (V1 Va)ll (e (3.47)

Choose §y = v/€ + 01 small enough such that
1 -
1V, V2)llz2(0) < 511(V1, V2)ll 20

Then 7(5:4) is a contractive mapping in L?(2)-norm and there exists a unique fixed point
Ue X1 to T(B7A).

In summary, we have shown that, for any fixed (B, A) € Xs, the following problem has a
unique solution U € X7,

(*(B,[U]?) = U})0,U1 + (*(B,|U|?) — U3) 95Uy
—UlUg(a U2 + agUl) + ICQ(B U
i

—(U10, + Us209) B + © “(-DA (3.4
108501 — 0,(rTs)) = 221", 4 - 5,B

_ _ Y
Ui(ro,0) — lgUs(r0,0) = Upy (10) — loUpa(10) + €go(8) € H3(T2y),
Ua(r1,0) = Uzg + €g1(0) € C3(Tay).

Note that when € + §; is suitably small, one may regard (3.48) as a uniformly first order
elliptic system in Qye. Since U € Xy and B, A € X,, so the coefficients in (3.48) belong to
H3(Q) c 0H1(Q) for each ag € (0,1), the terms on the right hand side belong to H3()
and Us(r1,0) € C3%(Ty,). Thus by standard interior and boundary regularity estimates
to elliptic systems, one can improve the regularity of U € H*(Que) C C%*(Qye). This,
together with the assumption (B, A) € C3%(Q.), implies that the terms on the right hand
side belong to C%%(Q,.). The interior and boundary Schauder estimates to elliptic systems
in Q. yield that U € C3*(Qy.). In particular, (p(U, B, A)Uq)(r1,-) € C3%(Tay).

Next, for any (B, A) € X», we construct an operator P: (B, A) € Xy — (B, A) € As,
where (B, A) = (By + B, Ay + A) solves the following transport equations

p(U, B, A)(rU10, + Us8) B

p(U, ,A)(rUla + Usyp) A (3.49)
B(n,60) = <>cwma

Ary )—dmmc“®w
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here U € H3(Q) N C%%(Qe) N C3(Qye) is the unique fixed point of TEA | that is, U is
the unique solution to (3.48). By (3.48), it holds

87”(Tp(-[_-]’ B)A)Ul) + a@(p({j, B, A)UQ) = 07

which enables one to define the stream function on [rg,r1] x R as

0 L T L
1/)(7‘79):/0 Tl(p(U,B,A)Ul)(rl,T)dT—/ (p(U, B, A)Us)(T,0)dr.

T1

Note that the function 1 defined above may not be periodic in 8. However, it holds true that

0ri(r,0) = —(p(U, B, A)Us)(r, 0) € H*(Q) N C**(Qpue) N C*¥(Que),
091 (r,0) = r(p(U, B, A)Up)(r,0) € H3(2) N C>%(Qpye) N C3¥(Qye),
¥(r,0) € HH(Q) N C3*(Que) N CH¥(Qye).

Since the background transonic flow is symmetric in r with Uy; < 0, and U € &y, 9p9)(71,0) =
r1(p(U, B, A)U;)(r1,0) < 0, the inverse function of 1(ry,-): 0 € R = t € R is well-defined
and is denoted by w,fllz teR— 0 eR.

Define the functions

B(r,0) = eBy (4, ((r,0))), A(r,0) = €Ay (¢, (¥(r,0))). (3.50)

We claim that B and A defined in (3.50) are periodic in € with period 27. Indeed, it follows
from the definition that B(r,042n) = B, (1, orp(r, 0+2m)) and B(r,0) = eB, (v tow(r, 0)).
Denote 5y = wrl ot(r,0) and B = ¥t o(r,0 4 2m). It suffices to show that Sy + 2 = Bi.
Since p(U, B, A)(Uy,Uz) is periodic in 6 with period 2,

0427 o
Un(Br) = G0+ 2m) = (r.0) + /9 p(0, B, &)y (ry, 7)dr

I
3
=

= wrl(ﬁg)—l—/ p(U, B, A)Uy(r1, 7)dT

and noting that ¢, (81) = [ p (U, B, A)Uy(r1, 7)dr, thus

B1 o
U (Bo) = ¥ (B1) — /ﬁ p(0, B, D)0y (r1, 7)dr =y, (51 — 21).

1—27

By monotonicity of ¢, (-), B1 — 27 = Bo. It is easy to verify that the functions defined
in (3.50) yield the unique solution to (3.49). Since (p(U, B, A)U1)(r1,-) € C3%(Ta,), then
Yt € CH*(R) and one has

1B, Dllarsiey + 1B, Dll sy + 1B, Al sy < Cae.
Therefore, P is well-defined if one selects §; = /€ and /e < C%

It remains to show that the mapping P is contractive in a low order norm for suitably
small . Let (BW, A®W) = P(B®, AW)(i = 1,2) for any (BW,AW) € Xy, (i = 1,2) and
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denote BY — B@ by By, AV — A® by A;, B — B@ by By and AY — A@) by A,
respectively. Then, it follows from (3.50) that

{B<i>(r9)—eBlo( Dy ow( 0),
AD(r,0) = eAy o () 0@ (r,0),

where

6 . —_ . —_— —_ N T — —_ p—
@ (r,0) = / r1(p(CD, BO, AO)YGTD(ry, r)dr — / (p(TY, BD, AT (7,0)dr,
0

T1

( ﬁ?)*l: t € R+ 6 € R is the inverse function of Y@ (ry,): R —t € R and U is the
unique fixed point of 7—(3(1),14(1))7 1 =1,2. Thus,

|Bal = |BY — B®)| < €| Bi| oo (,,,) |81 (1, 6) = 57 (1, 0)]

where S (r,8) = (wﬁ?)*l o @ (r,0) € [0,27]. It follows from the definitions that

B (r,0) - B B )
/(2)( : T‘l(p(U(l)’ B(1)7 A(l))Ul(l))(Tla T)dT _ ¢(1)(T, 9) _ 77[)(2) (T‘, 9)
B2)(r,0

._Ammmwm{mU“%BﬂxAﬂnupt_MU@%BQLA@nUf@thmT
which implies
mM D (r,0) — 5(r,0)|
<M (r,0) — @ (r,0)] + 1, /0 p(CY, BO AT — p(0®, B, A0 (ry, 7)dr

with m@ = r| minge(o 2q](— (I_J() B(),fl(i))Ufi))(rl,O) > 0. Noting that By(r1,0) =
Aq(r1,0) =0, one has

1Bl oo <03e(||<U<” 0, By, 49|y + | (0" I‘J<2>><r1,->\|p<m)-

Since

10, Ba| =€| B{(BY)(r,0))08"(r,0) — B (B (r,0))0,8%(r,0)|
=e[(By(8Y(r,0)) — BL(BD(r,0)))0,8Y + B8 (r,0)) (8,8 — 9,62

1
<e||BY || o (1) |BY (., 0) — B (r, 9)\m|lv¢(l)(h 0)| Lo ()

IV (7, 6) | 1o )
O ®

(p(T, B, AT (1, 0 M)

+ €[| BY || oo (1)

- (p(ﬂ(2)> B(Q) ) A(Q))Ul(2))(r17 7/1(2))

v (r,0) — VP (r,0)|,

+€||Bl||L°° (T2r) 2
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and similar computations are valid for 0ypBy. Then one has
IV Ballz2(@) < cse(uﬁ(” — U, By, A)ll @) + 1T = TP, ->Hmﬂ>)
with C3 independent of I_J(i), B@W A ;=1 2. Same estimate holds for A4. Therefore,

1(Ba, Ad) | 1 ey < cse(uwm — 0%, By, Ag) | 20y + (T = TP, ->HL2<M)-

(3.51)
We further claim that
—(1) (2 —(1) (2 =
1O =Tz + IO =T 1, )z < Call (B Ad) ey (352)
Indeed, set U ;1) — Uj@) by Uy for j = 1,2 respectively. It follows from (3.48) that
A (O, BM)0,Ugy + 1A (0D, BTy + rA12(TUWY, B, Ugy
+A21(U(1), B(l))é)@Udl + e (T’)Udl + éQ(T)UdQ = Ry,
L(0pUa1 — 0, (rUg2)) = Ra, (3.53)
Ua1(ro,0) — loUaa(r0,0) = 0,
Ud?(rla 9) — 07

where Ry and Ry are two quantities which satisfy

1Rl < O 1Bas Ad) L2y + 50| (O - U”’)HLzm)),

I1Ra | 120y < C [ 1(Bas Ad)ll g1y + 611 (T = U@))Hm)).
Similar arguments as for (3.47) yield
10D T ey < C (H(Bd, Aa)ll ey + (o + 60)]| (T — U<2>>HL2<Q>).

Since (3.53) is uniformly elliptic in €., the interior and boundary H' estimates for elliptic
systems yield that

10 = T oy < s (1B Aoy + (o + AT = Tz ),
which further implies, by the trace Theorem, that
IO — T2 (1, )l p2r,y < @(H(Bd, Ad) | ey + (B0 + 81)[|(TY - I_J(Z))IIL2(Q)>-

Choosing g + 01 = Ve + 1 + 01 = /€ + € + /€ small enough such that Cy(dp + 1) < 1/2,
one obtains (3.52).
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Combining (3.51) and (3.52), we obtain finally that

. 1
1(Ba, Aa)ll 1) < Csell(Ba, Aa) 1) < 511(Bas Aa) | 10

provided that 0 < € < ﬁ Hence P is a contractive mapping in H!(€)-norm and there exists
a unique fixed point (B, A) € X,. Denote the fixed point of the mapping 754 in &} by U,
then (U, B, A) is a solution to the 2-D steady Euler system (1.6) with boundary conditions
(1.7)-(1.10), which also satisfies the estimate (1.13). The uniqueness can be proved by a
similar argument as for the contraction of the two mappings 724 and P. The properties of
the sonic surface can be proved as in Theorem 3.1. The proof of Theorem 1.2 is completed.

4 Smooth axi-symmetric transonic flows with small nonzero
vorticity

In this section, we prove Theorem 1.9. As in the proof of Theorem 1.2, we employ the
deformation-curl decomposition in [35, 36] and rewrite the system (1.2) as

(Ul& + U333)(7‘U2) = 0,

U1(0,Us = 03U1) = =03 B + Uad3Us + 1197 2 A,
(U10, + Usd3)B = 0,

(U108, + Usd3)A = 0,

with boundary conditions on r = ry:
Us = eq3(x3), Us = Upy +€qa2(w3), B = By +eBi(x3), A= Ag+eAi(x3), (4.2)
and on r = rq:
Uy = Uy + eq1(x3). (4.3)

Here, ¢;, i = 1,2,3, By, A, € C**(R).
As before, set

Ui =U — Uy, Uy=Us—Up, U3=Us, B=B—By,, A=A— A,.
Then U, B and A satisfy

Ap10:U1 + Apzad3Us + e (r)U7 = G1(U, B, A),

0,.Us — 93U, = Go(U, B, A),

(U180, 4 Usds)(rlUs) = 0, (4.4)
(Ular + U383) 0,

B =
(U190, + Usd3)A = 0,
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where e1(r) is given as Section 2, Ap11(r) = *(pp) — UZ, Apss(r) = (pp) and

Gl(U B A) = —( — 1)(Uél + lUbl)(B — l[A]??) + <( - 1)Ub1Ub2 + 2 UblUb2>U

(7+1Ub1 + 5 Ubl)Ul (’Y_lUbl + 45 Ubl)U2 - *(C + U2 - Cb UbQ)U
(c _Ul —cb+Ub1)8 U1 (C —Cb U3)83U3+U1U3(8 U3+83U1)

1
G2(U,B,A) = U, < — 938 + U030, + 5 P7_133A>

(4.5)

In contracts to the mixed type system (3.40), the left hand side of the system (4.4) is a
decoupled hyperbolic-elliptic system, rUs, B and A satisfy hyperbolic equations, while Uy
and Us satisfy a first order elliptic system. By resolving the hyperbolic quantities first, it is
easy to see that Uy, B and A are of same order as O(e). The terms involving derivatives VU
for j = 1,3 in G contain also a small factor, thus the left hand side of the first two equations
in (4.4) are the principal part.

Now we start to prove Theorem 1.9. Define the solution space as

r3—+00

X = {(U,B,A)(T, $3) c CQ,Q(E) : H(ﬁ,B )||02a ) < 50, lim (ﬁ,B,A)(T, :L’3) = O},

with 69 > 0 to be specified later. For any (U,B,A) € X, we will construct an operator 7
(U,B,A) € X — (U, B, A) € X, with (U, B, A) to be obtained by the following steps.
First one obtains (Us, B, A) by solving the following hyperbolic problems:

{(U18T+U383)(TU2,B,/1) =0, <4 6)
(Us, B, A)(r1, 23) = (eqa(x3), eBi(x3), €Ay (x3)). '

Since U € X and U; > 0 and HUgHCQ,a(ﬁ) < dp, the above transport equations can be solved
by the characteristics method with the following estimates

N

||(UQ7Ba A)Hcmx@) < Cge, (4.7)

where Cg depends only on the background solution and the boundary datum. Moreover, since
(g2, B1, A1) has compact support, it is easy to see that (Usa, B, A) also has compact support
and

lim (Uy, B, A)(r,x3) =0, lim V,.,(Us, B, A)(r,z3) = 0. (4.8)

x3—>:i:oo

Next we will solve the following boundary value problem for a linear first order elliptic
system to obtain (Uy, Us).

Ap1(r)0:U1 + Apaz(r)93Us + e1(r)Uy = G1(U1, Us, Us, B, A),
0,Us — 83Uy = Go(Uy, Us, Us, B, A),
Ui(ro, z3) = equ(3), (4.9)
03(7‘17333) = 6Q3($3)7
lim Ul(r, x3) = 0.

\ £3—+00
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With the formula of G; and G2 in (4.5) and the estimates (4.7), it can be verified directly
that

HGI(Ula U27 U37 Ba A)”cl,a(ﬁ) < 06(6 + 63)7

HGZ(UlvU27U3vaA)||Clya(ﬁ) < Cge., (4.10)
lim Gl(Ul,UQ,ﬁg,B,A) :O, lim Gz(Ul,UQ,(j;J,,B,A):O.
r3—Fo0 r3—Fo0

It is easy to show that there exists a unique solution ¢1 (7, x3) to the following problem

(0% + 93)¢1 = Ga2(Uy, Uy, Us, B, A) € CH(D),

¢1(7’0,CL’3) = ar¢1(7’1,$3) = 07 (411)
lim 83¢1 (’l“, ZL‘3) =0.
r3—Fo0

Moreover, ¢1(r,x3) € C3%(D) with the property that

101 .05y < C||G2(Uy, Us, U3aBaA)”CLQ(ﬁ) < Cge, (4.12)
i (V61,2 00)(r23) = 0 (113)

Define V4 = Uy + 95¢1 and V3 = Us — 8,¢1. Then

((Ap11 (7). Vi + Apaz(r)83Vs + e1(r)Vi = Ga(Uy, Us, Us, B, A),
0, V3 — 03V1 =0,
Vi(ro, 3) = eqi(x3), (4.14)
Va(r1, 23) = eq3(x3),
lim Vi(r,z3) =0,

\ £3—F00

where
G3(U1,Uz,Us, B, A) = G1(U1,Us, Us, B, A) — U§(r) 02,61 + e1(r)O3¢1.

The second equation in (4.14) implies that there exists a potential function ¢(r, x3) such
that Vi = 0,¢, V3 = J3¢ and ¢ should satisfy the following second-order elliptic equation in
D:

Ap11(r)02¢ + Apss(r)93¢ + e1(r)0r¢ = G3(Uy,Us, Us, B, A), in D,

Ord(ro, x3) = eqi(x3), Vs € R,

d39(r1,23) = €g3(x3), V3 € R,
lim 0,¢(r,x3) =0, ¢(r1,0) =0.

$3—>:t00

(4.15)

To prove the existence and uniqueness of smooth solution to (4.15), one may first consider
the problem in a truncated domain

Ap11(r)02¢y + Apsz(r)036n + e1(r)0rpn = G3,  in Dy, := (ro,71) X (—=n,n),
Ordn(ro, 23) = €q1(w3), Vg € [-n,n]

On(r1,m3) = efogc3 q3(s)ds, Vxs € [—n,n], (4.16)
On(r,n) = efgL q3(s)ds, Vr € (ro,r1),

on(r,—n) = efofn qs(s)ds, Vr € (ro,m1).
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By Theorem 1 in [18] and the remark after that theorem, there exists a unique solution
én € C*(Dy) NC(Dy,) to (4.16). It remains to derive some uniform estimates in n and take
a limit to obtain a solution to (4.15). Define a barrier function v(r,z3) = mi(||Gs|lL~ +
€|lq1||zoe )7, with constant m; to be specified. Then ¢,, — v satisfies

Ap1 (1) 0% (dy, — v) + Apg3(r)03(¢pn — v) + e1(r)dy (¢pn — v)
= G3 —mie(||GsllL= + €llq1 ] L<),
Or(dn — v)(ro, 3) = €q1(w3) — m1(||Gsl[z= + €l[q1]| L),

k (4.17)
(fn — (7’1796'3) o q3(s)ds —mar1([|GsllL= + ellq1] L),
(pn —v)(r,n 6f0 q3(s)ds — m1(||Gs| L + €llqi| L),
(¢n —v)(T, —n) =€ [y " q3(s)ds — mi(||Gsll L~ + €l|lq1]| Lo )7

Since eq(r) > 0 for all r € [rg,r1], one may choose m; < 0 independent of n such that
G3*m161(||G3||Loo+6Hq1||Loo) >0, V(’r‘,l’g) € Qu;
eq1(z3) — m1(||Gsllre + €llq1||p=) > 0, Vs € [—n,n].

Therefore, the maximum principle shows that ¢, —v attains its maximum only on its boundary
except {(ro,x3) : 3 € [-n,n]} and thus

bn < Co([|GsllLe + €llqrllL= + €llasll 1 (r)),

where Cj is a positive constant independent of n. Similarly, we can derive a lower bound for
¢n. Thus the following uniform L°° estimate holds:

6nll oo, < CollGallrom,) +€ > llgjllze + ellgsl i my). (4.18)
j=1,3

Utilizing Theorem 6.6 and Theorem 6.30 in [13], for any compact domain K € [rg, 1] X R,
we have for any large n

énllczexy < ColllGallamy +€ D lajlcra + ellaslloim)), (4.19)
j=1,3

where C' is independent of n. By a diagonal argument, one can extract a subsequence
{Pn, }72, such that

Gn, — @ in 02’B(K) for any compact subregion K € D and any 0 < 3 < a. (4.20)

Hence ¢ admits the following estimate

18l @) < Co(lGallcam) + D lajllorem) + ellaslLiz))- (4.21)
7j=13

Moreover, ¢ solves the following problem
Ap11(r)92¢ + Apsz(r)03¢ + e1(r)0r¢ = G3(Ur,Us, Us, B, A), inD,

0r¢(r0, x3) = €q1(x3), Vs € R, (4.22)
o(r1,x3) =€ [ q3(s)ds, Vs € R.
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The asymptotic behavior of ¢ can be derived by a blowup argument. Define the functions
Un(r,z3) = ¢(r,x3 — n) for any (r,x3) € [ro,m1] X R. Then for any compact domain K C
[ro,71] X R, it follows from (4.21) that

[nllczay < Mii=Co(|Gsllgam) + Y Iglloram + ellaslie)-
j=1,3

Then it follows from Arzela-Ascoli theorem and a diagonal argument that there exists a
subsequence 1, such that

Y, = as ng — oo in CPP(K),

for any compact domain K and any § € (0, ). Therefore ¢ is bounded by M in [rg,r1] X R.
Note that G3(Uy,Us, Uz, B, A) — 0 as w3 — +00. Then v should solve

Ap11 ()92 + Aps3(r)93¢ + er(r)opp =0, (r,x3) € D,
O (ro, x3) = 0, Vas € R, (4.23)
¢(Tlax3) = 6f()oo Q3(8)d8, ng c R.

We now prove 1 = € [(* g3(s)ds. Set Vo= — € [y as(s)ds. For each n > 0, choose a

barrier function as b(r,z3) = nz3 — un(r — r1), where p is any fixed constant larger than
24
sup L(T) Then for large enough m, it holds that
refrory)  €1(r)

~ ~

Ap11 ()02 — b) 4 Apsz(r)d3(1h — b) + e ()9, (¢ — b)
)

= n(per(r) — 2Ap33(r)) > 0, (r,23) € (ro,71) X (=m,m),
Or (Y — b)(rg, z3) = pun > 0, Vas € [—m,m], (4.24)
(4 = b)(r1, 23) = —nz3 <0, Vg € [-m,m],
() — b)(r, £m) < My —nm? + pn(r —r1) <0, Vr € (ro,r1).

It follows from maximum principle that
—b(’l", .’Eg) < 772(717 $3) < b(T’, .’Eg), V(T’, $3) S [7’0,7“1] X [_m7 m]

For any fixed point (r,z3), letting 7 — 0 shows that ¢ = 0. Thus ¢(r,z3) = € fo" as(s)ds,
which implies that

Vibn, =0 as ng — oo in CHP(K).

Therefore Vo(r,x3) — 0 as 3 — +oo. Similarly, one can show that V¢(r,z3) — 0 as
x3 — —oo. The existence and uniqueness of ¢; to (4.11) can be proved in a similar way.
Hence, one has shown that

H(Ulv U3)||c2,a(ﬁ) = H(aMb - 83le7 83¢ + argbl)HC?»&(ﬁ) < 06(6 + 5(2))7 (425)
lim (U, Us)(r,x3) = 0. (4.26)

x3—>:|:oo

Set §p = 2C,e and select a 0 < ¢¢ < ﬁ small enough such that Cg(e + 5(2]) < §g. Thus one
1
has obtained a mapping T from X to itself. By a similar argument, one can prove that 7T is
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a contraction mapping in a weak norm. Thus there exists a unique fixed point (U, B, A) € X
to 7, which is the desired solution. The information about the sonic surface to the solution
(U, B, A) € X can be obtained in the same way as in Theorem 3.1. The proof is completed.
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