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ABSTRACT. In this paper, we study the connection between the Ericksen-Leslie equations
and the Beris-Edwards equations in dimension two. It is shown that the weak solutions
to the Beris-Edwards equations converge to the one to the Ericksen-Leslie equations
as the elastic coefficient tends to zero. Moreover, the limiting weak solutions to the
Ericksen-Leslie equations may have singular points.
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1. INTRODUCTION

Liquid crystals are states of matter between conventional liquid and solid crystal, they
may flow like a liquid, but their molecules may be oriented in a crystal-like way. In physics,
different order parameters are introduced to characterize the anisotropic behavior of liquid
crystals, which lead to different theories. There are several competing mathematical theories
for nematic liquid crystals in the literature, such as the Oseen-Frank theory [37, 10], the
Erickse-Leslie theory [9, 23], the Landau-de Gennes theory [4], and the Doi-Onsager theory
[6, 38]. The Oseen-Frank theory and the Erickse-Leslie theory are vector theories, in which
the average direction of the liquid crystal molecules at a certain point is described by a unit
vector. The Landau-de Gennes theory uses a 3 x 3 symmetric traceless tensor () as the order
parameter to describe the orientation of liquid crystal molecules. The Doi-Onsager theory
is a molecular theory where the molecule has a continuous distribution of orientations. As
these theories are derived from different considerations and are widely used in liquid crystal
studies, it is important to explore the relationships of different theories.

The Ericksen-Leslie equations can be derived from the Doi-Onsager equations by taking
small Deborah number limit in dimension three. This limit was formally derived in [21, 8],
and rigorously justified before the first singular time of the Ericksen-Leslie equations in [46].
It is noted that a new dynamic Q-tensor model was derived from the Doi’s kinetic theory in
[13], and the Ericksen-Leslie model can also be formally derived from this dynamic Q-tensor
model in dimension three, which was later rigorously justified for smooth solutions in [25].
Similarly, in dimension three, a rigorous derivation of the Ericksen-Leslie equations from the
Beris-Edwards model [2] in the Landau-de Gennes framework was given in [45], and similar
result was established in dimension three recently in [26] concerning the connection between
the Ericksen-Leslie equations and the Qian-Sheng model in Landau-de Gennes framework.
It should be noted that all these results have been established under the main assumption
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that the solutions to the Ericksen-Leslie equations are suitable smooth. If one takes no
account of the velocity of the fluid, the Beris-Edwards model becomes the @Q-tensor flows,
and the Ericksen-Leslie system becomes the harmonic map flows. Moreover, in dimension
three, [43] has shown the connection between the solutions to the Q-tensor flows and the
weak solutions to the harmonic map flows which may contain singular points. However, non-
trivial singular weak solutions (with non-trivial velocity) to the Ericksen-Leslie equations
do exist, see [18] for three-dimensional case and [22] for two-dimensional case. Our main
goal in this paper is to study the connections between the solutions to the Beris-Edwards
model and the weak solutions to the Ericksen-Leslie equations in dimension two. Note that
the weak solutions to the Ericksen-Leslie equations may contain singular points.

1.1. Notations. The following convertions will be used. Q7 = (0,7) xR? for 0 < T < +o0,
and

T T
17112, = / 17t e gy s 111112 = / 17 B ey, 1 | zogcary = 1111z e,

for p,q € [1,00]. For any two vectors m = (mi,ma,m3),n = (n1,n9,n3) € R3, m ®
n = [m;n;j]i<ij<3. A- B denotes the usual matrix/vector-matrix/vector product. Einstein
summation is used throughout the paper. A: B = A;;B;; and |A| = VA : A. The divergence
of a tensor is defined by (V - o); = 0;04;, where 0;f = 0., f. (VA® VA);; = 0;A: 0;A
for matrix A and (Vd ® Vd);; = d;d - 9;d for vector d. I denotes the 3 x 3 identity matrix.
S? = {d € R?,|d| = 1}. For simplicity, the subsequences of {(v¢, Q¢)}c>0 and {Q¢}c=o are
still denoted as {(v¢, Q%) }e=0 and {Q¢}eso. Let Qo C M3*3 denote the space of Q-tensors
ie.

Qy={Q e M*3 trQ =0,Qi; = Qji,i,j = 1,2,3}.

Set
D = C(R*,R*) N {¢p = (¢1,¢2, ¢3)" : D191 + Dagpp = 0},
H = closure of D in L*(R%,R?), J = closure of D in H'(R? R?),
and
OF, 9F 0
VE=| 01F, &F, 0 |, VF= ( 21? 32? ) for F: (0,T) x R? — R®.
NFs 9,F5 0 1he i

For any @ € Qy, since @Q;; = 0, it holds that
~ o~ 1 ~ o~ 1
Q=s51(dod- §]I)+32(d®d— §H)’
where s1,s5 € R and d,d € S? are the eigenvectors of @ satisfying d - d = 0. When
s1 = s2 = 0, the nematic liquid crystal is said to be isotropic. When s, so are different and

nonzero, it is said to be biaxial. When s; = s9 # 0 or s1 = 0,89 # 0 or 51 # 0,85 = 0, it is
said to be uniaxial and ) can be rewritten as

-1 _
Q=s(ded-3I, des
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1.2. The Landau-de Gennes theory. Let @Q € Q. For the bulk energy density

Fi(@) = ~210P - s + Sl

one can verify that if ¢ > 0, then F}(Q) is bounded from below([35, Proposition 1]). Note
that a, b and ¢ are material-dependent and temperature-dependent constants. Furthermore,
Iy attains its minimum on the uniaxial Q-tensor with constant order parameter

b+ Vb 4 24ac

5+ 4c
Thus, Fj has a corresponding non-negative bulk energy density F}, defined by
£ (Q) = F(Q) - 5215210 Fy(Q), (1.1)
and
F(Q)=0+=QeN, (1.2)
where

1
N = {Q S QO7Q = S+(d®d— gﬂ),de 82} .
Then we define the following Landau-de Gennes energy functional F as

‘F(Q7VQ) = j:b(Q) + ]:e(viQ)a
where F, and F, are the bulk energy and the elastic energy defined respectively by

(@)= [ FuQs,

1
Fe(@Q,VQ) = 5 / (L1|VQP + L2Qyj i Qi + L3QijkQinj + LaQij Qi iQur ;) da,

R‘n,
with L1, Lo, L3 and L4 being material dependent elastic constants and n = 2, 3.
The Beris-Edwards model in R3 takes the form:

vi+v-Vo = —VP+V-(c°+0"+0%), (1.3)
Vv = 0, (1.4)

1
Qit+v-VQ = fH + R(Vv,Q), (1.5)

where v : (0,7) x R® — R3 is the velocity of the fluid, @ : (0,7) x R3 — Qg is the
macroscopic Q-tensor order parameter, P : (0,T) x R3 — R is the pressure, I is a collective
rotational diffusion constant, D = (Vo+(Vv)T), A = 1(Vo—(Vv)T), 0°, 0% and o¢ are the
symmetric viscous stress, antisymmetric viscous stress, and distortion stress, respectively,
defined by

OF

o*=nD—-Sq(H), 0*=Q-H-H-Q, of=- Qkl,i,
0QkL,;j

So(A) = ¢ A~(Q+%H)+(Q+§H)~A72(Q+éH)Q:A Cfor @ Ae MP3, (16)

where 7 is the viscous coefficient, H is the molecular field given by H(Q) = f%, £ is
a constant depending on the molecular details of a given liquid crystal and measures the
ratio between the tumbling and the aligning effect that a shear flow would exert over the
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liquid crystals directors. R(Vv, @) describes the rotating and stretching effects on the order
parameter @ due to the fluid, R(Vv, Q) is defined by

R(Vv,Q) = 5o(D)+A-Q Q- A.

There have been quite many works on the global existence of solutions to the system (1.3)-
(1.5), see [39, 40, 3, 33, 12, 1, 44] and the references therein. In particular, the first existence
of global weak solutions to the cauchy problem for (1.3)-(1.5) in the dimension two (2D)
and dimension three (3D) is established by Paicu-Zarnescu in [39] under the conditions that
¢ =0and

Lo=Ls=Ly=0, ¢>0, n>0, I'>0, (1.7)
where they also showed the existence of global regular solutions in 2D for suitably regular
initial data, and the condition & = 0 can be relaxed to |¢| being small in [40]. These results
in [39, 40] have been generalized to many interesting cases. In particular, for 2D periodic
initial data, the global well-posedness of strong solutions to (1.3)-(1.5) was obtained in [3]
under just condition (1.7), which was relaxed to allow Lo, L3 and L4 being non-zero with
some other minor conditions recently in [33]; and for initial-boundary value problems for
2D and 3D, the global existence of weak solutions to the system (1.3)-(1.5) has been proved
in [12, 1] under conditions that £ = 0 and (1.7) holds. Similar results have been obtained
in [44], where the bulk potential (1.2) is replaced by Ball-Majumdar type bulk potential.

In this paper, we assume that condition (1.7) holds. Since the elastic constant L is
typically very small compared with a,b and ¢, one can introduce a small parameter €, and
consider the following Landau-de Gennes energy functional:

F(Q,VQ) = /Fb d:c+—/ IVQ|*dz. (1.8)

Thus, we look for a solution (v¢,Q€) to (1.3)-(1.5) which is independent of xz3. Then,
ve = (v5,05,05)T : (0,T) x R? = R? and Q¢ : (0,T) x R? — Qy satisfy

O30 =0, 03Q°=0, O03P°=0. (19)
Then in this case, the system (1.3)-(1.5) is reduced to the following two-dimensional one:
at”U +’U (VU )1] = 78 P+ Z [77.D6 — SQe(He) +QE -H¢— H°¢. QE]Z‘]‘
o _Ll Zk 1ak(vQ6®VQ )Zku i:1727
0§ + 05 (Voe)z; = S5, (0D — Sqe (H) + Q° - HT — H* - Q°l3,, (1.10)

6111% + 82’05 =0, o o o
Q0 VQF = L+ Sq. (D7) + - @ - @ I,

where P¢: (0,T) x R? — R, and
e _ Ve + (Vo)T Ve — (Voe)T

5 , A= 5 ;v = (5, v5)7, (1.11)
H = L1AQ° — @, (1.12)
7@ =8 — —ag-u@* - Gl + dore. (1.13)

with Sqe(H¢) and Sge(D¢) given in (1.6). Note that AQ° in (1.12) is equal to Z?Zl %
due to Q¢ : (0,T) x R? — Q.
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Remark 1.1. Let T! denote the periodic interval with period A > 0 and ' = R? x T*'.
It can be checked that the solution (v, Q) to the system (1.3)-(1.5) is unique when v, VQ €
L>(0,T; L2(Y)) N L2(0,T; HL(Y)) N L>(0,T; Wh(Y')). Then, the condition (1.9) can
be guaranteed by Ozvy = 0 and 03Qf = 0 (v|i=0 = v(, Q=0 = Qf) if there exists a
global smooth solution (v¢,Q°) to the system (1.10) with v¢,VQ¢ € L>(0,T;L*(R?)) N
L?(0,T; HY(R?))NL*>® (0, T; W (R?)), which will be given in our forthcoming paper. Mean-
while, it should be noted that this two-dimensional system (1.10) includes the two-dimensional
system in [39, 40, 3, 33, 12, 1, 44], in which v : (0,T) x R? = R2, Q : (0,7) x R? — Q; and
91 ={Q e M**2,trQ = 0,Q;; = Qji,i,j = 1,2}. Moreover, under conditions (1.7) and ||
being sufficiently small, Paicu-Zarnescu [39] proved the existence of global regular solutions
with sufficiently regular initial data for this two-dimensional problem.

Corresponding to (1.10), the initial data for (v, Q¢) can be taken as
vlimo =0 €J, Qo =05 QF—Q™ € HA(R* Q) (1.14)

where Q™ = s4 (d®*®d>™— %]I) for the constant vector d™ € S2. Then, the energy inequality
of the Beris-Edwards system (1.10) corresponding to the initial data (1.14) is read as:

1 L £ (OF t _ 1
/ <|v€|2+1|VQ52+b(Q)> (~,t)d:v+// (77|D€|2+H€|2>dmdt
R2 2 2 € 0 R2 F

1 L £ (Of
/ <2|v8|2+21|VQ62+ b(EQO)>d:c (1.15)
]R2

for t € (0,T), see [40, Proposition 1] for the detailed derivation of (1.15). It is assumed
further that

FL(O¢
o v PELR), Q5-0% 5 Q- @ '@, 0y, [ T o g
R2 €

as € — 0, where Qf = s4.(dj ® dj — 3I). Note that (1.16) implies that there exists Ey > 0
such that for suitably small and positive ¢, it holds that
1 L E(Qg

/ <2|v5|2+;|m5|2+m”> dr < By, (1.17)

R2

€

1.3. The Ericksen-Leslie theory. The general Ericksen-Leslie system in R?® takes the
form

vu+v-Vo+VP = V.o, (1.18)
Vv = 0, (1.19)
d x (h — ’le — ’}/QD . d) = 07 (1.20)

where v : (0,7) x R? — R3 is the velocity of the fluid, P : (0,7) x R? — R is the pressure,
d: (0,T) x R3 — S? is the macroscopic orientation of the nematic liquid crystal molecules,
and the stress ¢ is modeled by the phenomenological constitutive relation

o=ocl+oF.
ol is the viscous (Leslie) stress given by

ol =a1(d®d: D)d®d+aaN@d+azd@ N +asD+asD - (d@d)+ag(d@d)-D (1.21)



6 ZHOUPING XIN AND XIAOTAO ZHANG*

with

N=di+v-Vd—A-d.
The six viscous coeficients oy, - - , ag are called the Leslie coefficients. oF is the elastic
(Ericksen) stress

OFE

E OF

B = 9 g 1.22
ij adk,j ki ( )
where Eor = Eor(d, Vd) is the Oseen-Frank energy density with the form

k k k:
Eop = 5 (V-d) + S[d- (V x d)* + |d x (V x d)

+

k2 ; M ra(va)? - (v 4)?] .

Here k1, ko, k3 and k4 are the elastic constants. The molecular field h is given by

6E
hi*ﬁ, EOF: Eopdl’.

dd RS

In order to obtain a basic energy law to the system (1.18)-(1.20), one requires the Leslie
coefficients, 71, and -5 to satisfy the following relations:

g + a3 = ag — A, (123)

7= a3 a2, 72 = Qg — Qs, (1.24)
where (1.23) is called Parodi’s relation.

For the system (1.18)-(1.20), the local well-posedness in dimension three has been proved
in [47] under the physical constraints on the Leslie coefficients (1.23)-(1.24), which ensure
that the energy of the system is dissipated. When vs = 0, d3v = 0, d3 = 0 and d3d = 0, the
system (1.18)-(1.20) becomes a two-dimensional one. For this case, the global weak solution
has been shown in [17] under the conditions that (1.23) and (1.24) hold and k1 = kg = k3 =
1,k4 =0 and

2 2
1 > 0, a1+:y)7220’ ayg >0, Oz5+016—?;f220. (1.25)
1 1
Similar results have been obtained in [42] under weaker conditions that (1.23), (1.24), vz =
0,03v =0,03d = 0,610’3{‘1 + 320'3%2 = 0 and min{ky, ko, k3} > 0 and

ﬂ2 20751+262+63 20761 <0or 62 2052/62+ﬁ3 207ﬁ1 Zoa (126)

2%

2
— ot — —
where 81 = an + 7%, 02 = au, B3 = a5 + ag — 2.

For the simplified Ericksen-Leslie system:

vy —vAv+v-Vo+ VP =-AV-(Vdo Vd),
Vov=0, (1.27)
dy +v-Vd = y(Ad + [Vd|*d).

where v : (0,7) x R® + R", d: (0,T) x R" — S%, n = 2,3 and v, \,7 are constants. This
system was proposed first by Lin [27] in 1989. It has been shown in [28, 14] that global
weak solutions to (1.27) in dimension two exist, which are smooth with possible exceptions
of finitely many singular times. Similar results for more general case were obtained in
[16, 17, 42]. For the uniqueness of this kind of weak solutions, we refer to [31, 24]. For
the three dimensional case, global weak solutions with the initial data dy € Si have been
obtained in [32], which are weak limits of sequences of weak solutions to the Ginzburg-
Landau approximate equations of (1.27) (see (1.28) below). Note that the weak solutions to
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(1.27) with smooth initial data may not be smooth. In fact, two examples of weak solutions
of finite time singularity in dimension three have been constructed in [18]. Recently, weak
solutions with finite time singularities in dimension two have been constructed in [22]. For
the blow-up criteria of strong solutions to the Ericksen-Leslie system, we refer to [19, 15]
and the references therein.

It should be noted that there are many studies on the following Ginzburg-Landau type
approximation of the simplified Ericksen-Leslie system,

vE — VAVE 4 0° - Vi + VPE = —AV - (Vd< © Vd°),
Vvt =0, e (1.28)
dy + 0" Ve =y (Ade 4 SR

For (1.28) with fixed € > 0 and the initial data (v¢,d®)|;—0 = (vo,do), vo € L2(R™,R"),dy €
S?,dy — d>* € H'Y(R",R3),n = 2,3, the global existence of weak solutions (even strong
solutions for n = 2) have been established by Lin-Liu [29] (see also the extension to the case
with Leslie stress [30]). Such solutions satisfy the following energy inequality

2

) < Gy

1 17d522 T ldeQdE
,/ <v52+we|2+< | |>)+/ / <|W|2+‘Ade+< de?)
2 n 2¢ 0 n €

with Go = 3 [gn(Jvo|> + [Vdo|?)dz. This then implies that as € — 0%, |[d°| — 1 as e — 0F
a.e., and (v¢,d) is expected to converge to a solution of (1.27). Indeed, this convergence
has been shown in [14, 15] on the time interval where the solution to (1.27) remains regular,
and the methods in [14, 15] depend crucially on the regularity of the strong solutions to
(1.27). However, the extension of this approach in [14, 15] to larger times seems impossible
due to the existence of singular weak solutions to the Ericksen-Leslie equations [18, 22].
In this respect, Kortum [20] proved the convergence of the weak solutions to (1.28) to the
global-in-time weak solutions to (1.27) in two dimensional torus T2. The convergence of
weak solutions to the Ginzburg-Landau approximation of the two dimensional simplified
FEricksen-Leslie equations for both uniaxial and biaxial nematics has been obtained by Du-
Huang-Wang [7].

For a solution (v¢, Q) to (1.10) and (1.14), due to (1.2), the energy inequality (1.15) and
the condition (1.16), one may expect that (v¢, Q) — (v*, Q*) with Q* = s (d* ® d* — 31)
as € — 07, and (v*,d*) is a solution to the Ericksen-Leslie system with the coefficients
satisfying

_20¢si(s+ +2)

ky = ko = k3 = 2L1517 ks=0, v = 2Fs%r7 Yo = 3 ) (1.29)
TE%s% (3 — 254 )(1+2 [¢s4 (2
ay = P& (3= 254) (L + 5+), ay = T — [esy(2+54) (1.30)
3 3
Tés. (2 + APE%(1 — 54)?
GBZFSi_wv a_,ﬁ%&), (1.31)
. F§2s+(;l —se) F£s+(§+ 54) o F523+(; —54) F58+(§+ t)  (1392)

Furthermore, the solution (v*,d*) to the limiting Ericksen-Leslie system must satisfy

83’[)* = 07 &;d* =0 and agp* =0 (133)
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due to (ve, Q°) satisfying (1.9). Thus, as (1.10), (v*,d*) solves the following two-dimensional
system

atvzK + U;(VU*)ij = _81‘P* + ;?:1 (%(E)” - kl lezl al(Vd* O) Vd*)il, 1= 1, 2,
Oy + 05 (Vor)s; = 35, 05(0L)sg,

81'UT + 82’0; =0, L L o

ki1(Ad* + |Vd*|?d*) — y1 N* — o [D* - d* — (D* : d* @ d*)d*] = 0,

(1.34)
where v* : (0,7) x R? — R3, d* : (0,T) x R? — S?, P*: (0,T) x R? — R,
T o (Ton\T _ Tor AT L o
ﬁ:V’U +2(V’U) ’A*:Vv Q(V'U) ,QZ(UT7U;)T,N*:CZI+£Vd*fA*d*,

(1.35)
and

of = a1 (d*®d* : D*)d*@d* +0ao N*@d* +asd* @ N*+ay D* +as D*-(d* @d* ) 4o (d* @d*)-D*.

Note that Ad* in (1.34) is equal to 3.7 P4’ que to d* : (0,7) x R? — S%, and the

i=1 an

corresponding initial data for (v*,d*) can be taken as

Vim0 =i € H, d|—o=d}, d—d>® e H'(R?R?), (1.36)

where v§ and df are given in (1.16). Then, the energy inequality for the limiting Ericksen-
Leslie system (1.34) corresponding to the initial data (1.36) is

1 k t _ 2
/ <|’v*l2+1|Vd*2> (',t)d:c+/ / [a4|D*|2+(a1+72)D* :(d* @ d*)?| dadt
Rz \ 2 2 0 JR2 7

t 2 o 1
+/ / {(% +ag— 2) D7 - d*? + —|d* x h*Z} dadt
0 R2 71 71

1 k
/ <|vg;|2 - 1|Vd32> dz, (1.37)
e \ 2 2
where t € (0,7T), see [42, Proposition 2.1] for the detailed derivation of (1.37).

Remark 1.2. Under conditions (1.29)-(1.32), the system (1.18)-(1.20) can be regarded as
the uniazial limit of the Beris-Edwards system (1.3)-(1.5) by sending € — 0. In dimension
three, this has been shown rigorously by Wang-Zhang-Zhang [45] before the first singular
time of the Ericksen-Leslie system (1.18)-(1.20). Our main goal in this paper is to show that
such an asymptotic convergence holds true for weak solutions to the Beris-Edwards system
(1.3)-(1.5) and the Ericksen-Leslie system (1.18)-(1.20) in the 2-dimensional case specified
by (1.9).

1.4. Main results. We give first the definitions of weak solutions to the system (1.10) and
the limiting weak solutions to the system (1.34).

Weak solutions to (1.10) subject to the initial data (1.14) can be defined as:

Definition 1.3. For0 < T < oo, a pair (v¢, Q°) is a weak solution to the system (1.10) sub-
ject to the initial data (1.14), ifv¢ € L>(0,T; H)NL?(0,T;J) and Q¢ € L>(0,T; H*(R?, Qp))N
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L?(0,T; H*(R?, Qp)) satisfy the energy inequality (1.15) and

/ [0 - ahy — (v - V) - v + D¢ : Vip — LiVQ® © VQ°© : Vi dxdt
Qr

+/ [Q°-H¢— H®-Q° — Sq-(HF)] : Vdzdt = / vo(x) (0, z)dz, (1.38)
Qr R2

1
/ Q¢ — (v - Vo) : Q° — fHe : p|dxdt
Qr

+ / [QF - Ac — A€ - Q° — Sqe(D?)] : pdxdt = / Q5(x) : p(0,2)dz  (1.39)
Qr R?

for every v € C§°([0,T) x R2,R3), 0191 + Oatha = 0, € C5°([0,T) x R%, Qq), where HE is

given in (1.12) and D¢, A<, v¢ are given in (1.11), and Sg<(H®), Sq<(D¢) are given in (1.6).

While weak solutions to (1.34) subject to the initial data (1.36) are defined as:

Definition 1.4. For 0 < T < oo, a pair (v*,d*) is a weak solution to the system (1.34) sub-
ject to the initial data (1.36), if v € L°>°(0,T; H)NL?*(0,T;J) and d*—d> € L*°(0,T; H'(R? R3))
satisfy the energy inequality (1.37) and

/Q [—v* - hy — (v° - V) 0" + auD* : Vi) — 2Ly 57 Vd* © Vd* : Vip|dzdt

T

+/ (a1 (d* @ d* : D*)d* @ d* + aaN* @ d* + azd* @ N* + azD* - (d* @ d*)] : Vipdadt
Qr

+/ ag(d* @ d*) - D* : Vipdwdt = / v (z) - (0, z)dx, (1.40)
Qr Q

; {nl—d - ¢ — @ V) -d* — (A*-d*) - (] +7(D* - d* —d* @ d* : D*d*) - (}dxdt

+2L131/ (6kd*-8k§—|Vd*\2d*-C)dmdt:71/ d(z) - (0, 2)da (1.41)
Qr Q

for every ¢ € Cg°([0,T) x R R?), 0191 + Oata = 0,¢ € C5°([0,T) x R% R3), where
D*, A*, v*, N* are given in (1.35), and 1,72, a1, -, are given in (1.29)-(1.32).

Then, the main results in this paper can be stated as follows.

Theorem 1.5. Assume that & is suitably small, the conditions (1.7), (1.9) and (1.16) hold,
and the parameters a,b, and c satisfy

b>0, b*+27ac>0. (1.42)

Let (v¢,Q°) be weak solutions to the system (1.10) subject to the initial data (1.14), and
v¢ € LPHINLIH2, Q°— Q> € L°H2NL?H2. Then, there exists a convergent subsequence
of {(v¢, Q%) }es0, such that

v = v* in L2(0,T;J), ¢ v* in L®(0,T; H), VQ°=VQ* in L=(0,T;L*(R?, Qy)),
as ¢ — 07, Furthermore, Q* has the form

N | N b+ Vb2 + 24
Q*:S+(d ®d _5]1)7 d 6827 S+:4—cac,
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and (v*,d*) is a weak solution to the Ericksen-Leslie system (1.34) subject to the initial data
(1.36) with the coefficients satisfying (1.29)-(1.32).

Remark 1.6. In the proof of Theorem 1.5, we need only the conditions b > 0 and b*>+24ac >
0. However, to make sure that mingeg, Fy(Q) is achieved at Q = sy (d® d — 3I),d €
S?, one needs the second condition in (1.42). Indeed, as shown in [36, 35|, if Fy(Qm) =
mingeg, F»(Q), then Q,, must be uniazial, i.e. Qn = s(d®d— %H), d € S%. Hence, F,(Qm)
can be rewritten as

a 2b 4

4c
Fb(Qm) = —532 — 278 + 554 = fb(s),

whose critical points are
b+ Vb2 + 24ac b— Vb2 + 24ac
= —--- S_ =—"-".
4c ’ 4c

Therefore, mingeg, Fy(Q) = min{fy(s0), fo(s+), fo(s—)}. Note that fy(s+) = =(—9a —
3
bst) or fp(sy) = %(% —csy) due to —3a — bsy + 2cs% = 0. Then,

e ifb>0 and a >0, one has fp(st+) < fo(s=) < fp(0),

o ifb>0and0>a> —zb—;c, one has fi(s+) < fo(0) < fp(s-),

e ifb>0 and —2%, >a>—L one has fy(si) > f5(0), fs(s_) > f»(0).

24c¢’

so =0, s+

These mean

51115 Fy(Q) = fo(sy), when b >0 and b* + 27ac > 0.
€<o

Remark 1.7. It follows from direct calculations that

2 2 2
a5+a6—7—2 :_SI‘§ (1—s4) <0
" 9
due to (1.29)-(1.32). This, (1.25) and (1.26) imply that only some special cases of Ericksen-
Leslie systems can be derived from the Beris-Edwards system. The weak solutions obtained
in [28, 14, 16, 17, 42] have at most finite number singular times and are smooth away from
the singular times, furthermore, the values of the singular times can be uniquely redefined
by the weak-L? limit through the energy inequalities. Therefore, the uniqueness of the weak
solution between the nearest two singular times implies the uniqueness of the global weak
solutions, and this kind of results are proved in [31, 24]. In this paper, different from [28, 14,
16, 17, 42] where the global weak solution is defined by extending the local strong solution to
the Ericksen-Leslie system, we obtain a global-in-time solution to the Ericksen-Leslie system
as a limit of the global-in-time solutions to the Beris-Edwards system, and the reqularity and

uniqueness of such solution are not clear.

We now make some comments on the main ideas of the proof of Theorem 1.5. As men-
tioned in Remark 1.2, the asymptotic convergence of solutions to the Beris-Edwards system
(1.3)-(1.5) to the regular solutions to the Ericksen-Leslie system (1.18)-(1.20) with the the
coeflicients satisfying (1.29)-(1.32) has been proved in [45]. However, the analysis in [45] is
based on the Hilbert expansion, which depends crucially on the high order differentiability
of the limiting solutions to the Ericksen-Leslie system and thus cannot be applied to the
case that the solutions to the Ericksen-Leslie system have singularities whose existence had
been confirmed in [18, 22]. Here we will establish the asymptotic convergence of these two
systems as € — 07 for weak solutions by analysing the a priori energy inequality (1.15)
for (v¢, Q) and showing that the weak-limit (v*, Q*) of (v, Q) solves the Ericksen-Leslie
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system (1.34) subject to the initial data (1.36) and satisfies the energy inequalities (1.37).
This approach is strongly motivated by studies in [32, 20, 7] where the weak solutions to the
simplified Ericksen-Leslie system are obtained as weak limits of solutions to the Ginzburg-
Landau approximation system by weak convergence methods. Here we outline some major
elements of the proof of Theorem 1.5. First, the existence of the weak *-limit, (v*,Q*), of
the (v, Q) is guaranteed by the basic energy inequality (1.15) and Aubin-Lious Lemma by
a standard argument. The key step of the analysis is passing this weak limit into nonlinear
terms in the systems. Due to the super-critical nonlinear term 21221 A(VdoVd),i=1,2
in the Ericksen-Leslie system (see (1.34)), it turns out that the most difficult part of the
proof of Theorem 1.5 is to show that there exists a subsequence of {Q}.~¢ such that

T T
/ VQ(t,2)oVQ“(t,x) : VY(t, x)dxdt — / VQ*(t,z)oVQ* (t,x) : Vi(t,x)dxdt
0 R2 0 R2

(1.43)
as € — 0T, for each ¢ € C§°([0,T) x R%R3), 9191 + Gatba = 0. As in [32, 20, 7], one can
define a good time t such that

liminf/ |H|?(t, x)dx < oo. (1.44)
R2

e—0t

By the energy inequality (1.15), (1.43) is satisfied as long as

VQ(t,z) ©VQ(t,x) : Vip(t,z)dr — | VQ*(t,z) © VQ*(t,x) : Vip(t,x)dx (1.45)
R2 R2

as € — 01, for each good time and each v € C§°([0,T) x R?,R3), 9111 + Da1p = 0. To prove
(1.45), we can establish the following important claim:

Claim 1.1 (the strong convergence under samll energy condition). At a good time, the local
strong H' convergence of Q¢ can be obtained if the local total energy is suitably small (see
Lemma 3.1).

The proof of this claim is the crucial step in the proof of Theorem 1.5 and the most
technical part in this paper. Once the Claim 1.1 is established, we can prove easily the
convergence (1.45) by modifying the analysis in [20, 7]. Indeed, the Claim 1.1 implies that
VQ5(t,-) ® VQ(t,-) may concentrate on only at a finite number of points at good times.
Based on this fact and

VR OVQ : Vi = < 3(101Q°]* = 10:Q°P) Qe : Q"

Q0@ —3(10Q ~ 10:Q°) ) e

one can rule out the potential isolated concentrate points of VQ©(t, ) ©VQ*(t, -) by studying
the convergence of |91 Q|2 — [02Q¢|? and 9;Q° : D2Q° through a Pohozaev type argument as
in [7] where the method was used to study the compensated compactness property of solu-
tions to the Ginzburg-Landau approximate equations of the simplified Ericksen-Leslie equa-
tions for both uniaxial and biaxial nematics. It should be noted that the convergence (1.45)
can also be proved by combining the Claim 1.1 here with the concentration-cancellation
method in [20] which was developed by DiPerna and Majda [5] for the incompressible Euler
equations. Note also that the method in [32] to rule out the potential concentrate points
of Vd¢ ® Vd° for the Ginzburg-Landau approximate solutions cannot be used here since
it depends crucially on d° € Si which implies d* € Si and that the Liouville theorem of
harmonic maps holds.
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We now make some comments on the proof of the Claim 1.1 above (for more details,
see the proof of Lemma 3.1). Note first that though the corresponding results on the
strong convergence under small energy conditions have been proved for the Ginzburg-Landau
approximate solutions in [20, 7], yet the analysis in [20, 7] depends crucially on the geometric
structure of the Ginzburg-Landau approximation, such as in the case of (1.28) for uniaxial
nematics [20], it holds that

fde) = (f(de)- &;) : é:' =0 (1.46)

with f(d°) = (|d€|?> — 1)d¢. Indeed, one of the key observations in [20] is that (1.46) implies
that the phase function ¥°¢ = % satisfies the following quasi-linear elliptic equation

2 1
A = VU~ g () (147)

with 7¢ = d§ 4+ v - Vd°. Note that the right hand side of (1.47) contains no terms of order
€1, so by the classic theory of elliptic equations, one can obtain the e-independent uniform
bound of HV2¢E||L 4 provided that [[Vd€||r2 is suitably small. This implies the local strong

e Ok |d°| +

H' convergence of d°. For the case of the Ginzburg-Landau approximate equations of the
Ericksen-Leslie equations for both uniaxial and biaxial nematics, similar quasi-linear elliptic
equations as (1.47) were obtained in [7] by using the geometric structure as (1.46), see
the equation (2.9) in [7], which yields the local strong H' convergence under small energy
conditions. Unfortunately, this elegant argument cannot be applied easily to the solutions
(v, Q°) to the Beris-Edwards system due to the structure of the bulk energy density. To

see this, one sets
€

Q= e, e =1Q o =
Q|

It then follows from (1.12) that

1

ELle6

Agt = —\V¢€IQ¢‘—§31¢6651€¢6+ [H—(H* : ¢)¢°]+ [7(QF) = (T(Q) : ¢°)¢7].

(1.48)

Ll@E

However, it can be checked that

T(Q) = (T(Q°) : ¢)o° # 0, (1.49)
and so the right hand side of (1.48) contains a term of order e~!, which makes it difficult
to use the approach in [20, 7] to obtain the local uniform estimate of HV2¢€||L4 even for

small energy. Thus new ideas and techniques are needed to establish the strong cc;nvergence
under small energy conditions for solutions to the Beris-Edwards system. We will prove
this by making use of both the geometric structure of Q¢ and the bulk energy density for
the Beris-Edwards system and some algebraic properties of Q¢ (see Step 3 in the proof of

Lemma 3.1). The main steps and ideas are sketched as follows.

e Step 1 (L* estimate) The aim is to show that there exists a suitably small
constant dy > 0 with the corresponding g such that if

/B - <|VQ52 + Fb(f”) dx < &, (1.50)

dist(Q(x), N') < 65, € Bay, (0). (1.51)

then,
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Since there is no maximum principle for the system (1.5) due to £ # 0, it is difficult
to get the uniform bound for ||Q¢||r~. To overcome this difficulty, we decompose
Bs,, (z0) as the disjoint union of C{ and C§ defined as:

Ci = {z € By, (o) : dist(Q°(z),N) < 63°}, €5 = Bspy(ae) \ Ci-

Let 6* > 0 be the geometric constant depending on the bulk energy density to be
given in Lemma 2.2, and choose g > 0 so that 50%0 < %5*. It then follows from the
continuity of Q¢ that for each y € Cf, there exists 75, > 0 such that dist(Q“(z), N) <
6* for € By (y), which implies |7 (Q°)]* < CFy(Q°) on a neighbourhood of C§
by Lemma 2.2. Using this, (1.12), and (1.50), one can get by a proper scaling and
1
<|x y> i for z,y € Brg(g)

elliptic estimates that
e\ 2
g
— 1
(ﬁ) " Ve

G > Co(6%)%\/€, where C, is independent of e. This

implies that Fb(Qe) cannot decay too fast on a neighbourhood of C{. Then choosing
1
¢ = C3(0*)?/€, one can show by contradiction that dist(Q“(x),N') < &5 for z € Cf
and suitably small &y. This yields that C§ = () so (1.51) holds.
e Step 2 We show that there exists r§ € (rg, 3r9) such that

/ 100(Q°) g
9By (x0) e v

|Q°(z) — Q)| < 1

with y € Cf, furthermore, r

< Co, (1.52)

where () is independent of € and v is the radial direction. Note that

LOR(Q)  J(Q)

Tr — X
= : -VQ*© 1.53
Lon L v, (1.53)
T—x T—x 1 T—x
AQ : (—-VQ) =0y [%6 (R v - Lwgep i
|x — o] |z — o] 2 |z — xo]
(LC — (E(])l 1 2 T — X0
e 0o (=) | Lgoey. . 154
Qz],lej,l k < ‘$—$0| + 2‘ Q | ‘QZ‘—$0| ( )
It follows from (1.50) that there exist r{ € (ro, 370) and 7§ € (2r¢, 3r¢) such that
84 84
€12 0 €12 0
Ve ||L2(8Bri(x0)) < . Ve ||L2(6BT5(370)) < o (1.55)
Due to (1.12), it holds that
/ (L1ags — L9 ey (200 goas — o, (1.56)
Big (#0)\Brs (z0) € |z — o
Using (1.53)-(1.55), (1.44) and (1.50), one can derive from (1.56) that
/ oz Gh@Q)
Bys (w0)\ By (o) 1€ = 20 €

which yields the desired (1.52) immediately.
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e Step 3 Observe that (1.12) implies

€\ 2
By (wo) €

2L 2L, OF,(Q°
= —/ JakQE;akj(QH/ |Hf|2—/ 2L O, (Q°) (1.57)
Br% (10) € B7~§ (120) 8375 (120) € 8”

The last two terms on the right hand side of (1.57) have been estimated by Step
2 and (1.44). The most difficult task is to estimate the first integral on the right
hand side of (1.57). Observe that

1 1 c
S0QOTQ) = - [FONIVQR—ban(Q) Q" + S IVIQ PP
1
- (ma+ 0 + Q) IVQP = i + o, (1.58)

where A{ is the minimum eigenvalue of Q¢. One of the key facts is that J; > 0
provided that b > 0, b? + 24ac > 0 and dist(Q¢, N) is suitably small. This can be
proved by very careful and delicate calculations based on the algebraic structure of
Q¢ and the properties established in Step 1 (for details, see Step 3 in the proof of
Lemma 3.1).

e step 4 It remains to estimate the integral Js. To this end, by using some algebraic
properties of Q¢, (1.51) in Step 1, and the geometric structure of J (Lemma 2.2),
one can obtain easily that | — a + bAS + ¢|Q¢|?| < C|J(Q¢)| with dist(Q¢, V) being
suitably small. It then follows that

1
| favoxis @) v

< [P e
B B

where Holder’s and Ladyzhenskaya’s inequalities have been used. Consequently, we
can obtain the uniform estimate of |[AQ¢||z2(p,.) for small dp by collecting (1.57)-
3

(1.59), which yields the main part of the proof of the Claim 1.1.

2

1]7(Q°)
2 €

VP /B (AQP +VQ),  (159)

r€ r€ €
"3 "3 T3

The rest of this paper is organized as follows: In section 2, some properties of the Q-tensor
and bulk energy density are discussed; In section 3, we proved the strong convergence under
small energy condition at good times; Section 4 is devoted to the proof of the Theorem 1.5.

2. PROPERTIES OF THE Q—TENSOR AND BULK ENERGY DENSITY

2.1. Properties of the Q-tensor. For a matrix Q € N, ToN denotes the tangent space to
N at Q in Qp, (ToN )éo denotes the orthogonal complement of To N in Qp, and Py denotes
the projection operator on A/. We list some important geometric properties of 7 (Q¢)(see
(1.13) for the definition), which will be used later.

Lemma 2.1. [43, Lemma 2.2, Lemma 2.3] Let Q = s4(ds ® d3 — %H) e N, and dy,dy be
unit perpendicular vectors in Vg, = {d+ € S* : d*+ - d3 = 0}. Then, it holds that
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(1)
1 1
TQNSpan{z(d3®d2+d2®d3),2(d3®d1+d1 ®d3)},
(2)
(TN, = San{l(d ©di+d ©dy), = (dy @ dy — dy © do)
QV)Q, P /2 2 1 1 2,\/5 1 1 2 2)s
\/6(1d ©di+ sdy @ d —111)
541 1+ 5l 273 ,

(3) Qo =ToN @ (ToN)35,
(4) For Q € Qo, there exists §* > 0 such that if dist (Q,N) < §*, then

JT(Q) € (Tpy)N))&,-

2.2. The equivalence of bulk energy density. To estimate the term [J7(Q¢), one needs
also the following equivalence of the bulk energy.

Lemma 2.2. [34, 43] There exists 6* > 0 such that if dist(Q,N) < §*, then

%dist(Q,N)Q < B (Q) < Cdist(Q,N)?, (2.1)
SR £ 1T@F < CRQ), (2.2

where C' depends on a,b and c, but independent of @, and
disi(Q,N) = |Q — Pn(Q) = min{|Q — A[}.

3. THE STRONG CONVERGENCE UNDER SMALL ENERGY CONDITION

As discussed in the introduction, in this section, we establish the strong convergence in
H'! under the small energy condition for solutions Q¢ to (1.5), which is crucial to estimate
the set of potential concentration points of VQ° ® VQ°.

Lemma 3.1. For 2o € R?,79 > 0 and Ba,,(79) C R?, let
€
LlAQE — M = IT[E mn B4r0 (l’o), (31)
€
and Q¢ € H3(Byy,(70)). Assume that

(I): there exists small 69 > 0 such that

F €
/ IVQ|? + 5@ 4 5,
Buarg (z0) €

(D) [[H[L2(Bayy (20)) < Coy
(III): b > 0, b* + 24ac > 0,

where &g and Cy are independent of e. Then there exists a subsequence of {Q°}eso such that

J(Q°) F,(Q°)

€ €

Q°— Q7 in Hl(BT0 (z0)), dx — 0,

T, in LBy (x0)), /
B

0 (IU)
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as € = 0, where Q* = s; (d* @ d* — 1I), d* € S? satisfies
LAQ* — J* = H
in the weak sense, with H® — H* in L*(B,,(7o)) and
T* € (To-N)G, a-e. in Byy(xo).

Proof. This will be proved by the following four steps.
Step 1. Claim: dist(Q¢,N) < 5§, for all * € Bs,,(x0). To prove this claim, we
decompose By, (z¢) as a disjoint union of C{ and C§ defined as
C5 = {x € By (wo) : dist(Q(2), M) < 33°},  C5 = Bayy (o) \ C5.
Since £,(Q) = 0 if and only if Q € N, one has
Fy(Q4(x)) > C.6F for all z € CS

with some C, > 0. This and the condition (I) imply that
€
C.
Therefore, C{ is not empty when € is sufficiently small. Let §* be the geometric quantity

cs) < o3
21 = 0"

1
given in Lemma 2.2 and choose § suitably small so that §;° < ié*. Then it follows from
the continuity of Q° that for each y € Cf, there exists rj > 0 such that

dist(Q“(x), N) < 6" for x € Bye (y). (3.2)
For fixed § € C§, 0 < \/e < 1, the rescaled quantity Q°(z) = Q°(7 + \/ex) satisfies
LIAQ - J(Q) = H in B, (0),
where H(x) = eH (j + v/ex) and rg is given in (3.2). It follows from (II), (I), (3.2), and the

structure of N/ that
/ e 2dy = e/ \HE2dz < €Cy
Bree(0) Bre (7)

€2 ?
[ ermen(3) (e
B,/ 2(0) Ve 3

Meanwhile, Lemma 2.2 and condition (I) imply that

/ |T7(Q)dy = / Mdm <C Mdz < C6.
BTB/\E(O)

B € Bue(m) €

and

Then, these and the classic elliptic theory [11, Theorem 9.9] yield

EE

where C' is independent of e. Therefore, one obtains that

(:&)2 +1 (Ix\ky )é in Bye (7) (3.3)

||QE||H2(BT%/\E(0)) <C

?

|Q°(z) — R (y)| < 4
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by the embedding theorem.

Next we show that 7§ > C5(6*)?y/€ for some Cy > 0. If r§ < (0%)?/€ and r§ < $7, one
can find a #* € Bay,(v0) N By (y) such that dist(Q°(z*), N') > 36*. Then, taking y = 7 and
x = x* in the estimate (3.3) leads to

%* <1Q° (") - Q@) < 2C) ('x*\;m)z =20 (%)

which yields

5*\?
rg > <4C1> Ve
Therefore, setting
1 To
Cy =min<dl, —s, ——
: mm{ 11667 2(6*)2}’
one gets that r§ > Cy(5*)%/€.

1
We are now ready to prove that dist(Q°(z),N) < §F for x € C§. If not, there exists

1
x1 € C§ with dist(Q°(x1),N) > §5. Then, using Lemma 2.2 and the estimate (3.3) with
s, = Co(6%)?\/e(rs, is given in (3.2)), one can get that

[ € . 2 1 I I 6§\ﬁ
F(Q°) > Cdist(Q,N)* > 0150 = (30 in Bs_(x1), and §. = I T 1

Note that §. < rg, for suitably small §p. Then,

Fb(QE) 50% 1 R
dr = C30) = CL67,
/Bgf(a:l) € T =2 ﬂlGCﬂCQQ((S*)AL + 1]4 399 +90¢g

which contradicts the assumption that

/ Fy(Q°) <6
Barg(zo) €

for a sufficiently small § > O(for example &y < C%). Thus one has shown that

dist(Q*(x),N) < 65 for z € CX. (3.4)

If C§ is not empty, by the definition of Cf, then dist(Q¢(z),N) = 50%D for z € 9C§. This
contradicts the estimate (3.4) when dy < 1. Consequently, C§ = @). Thus the desired claim
holds.

Step 2. The goal is to show that there exists a r§ € (rg,3rg) such that

10F,(Q¢
/ LOR(QY) 15l < ¢, (3.5)
8B,¢ (xo) € ov

It follows from HVQEH%Q(BMO (zo)) < G0 that for every e > 0, there exist r{ € (ro, 3r¢) and
r§ € (2rg, 3rg) such that

860

. . 8do
HVQ ||%2(6B"f (z0)) < Hv ||VQ ||%2(83,,.§(I0)) < ’

To

(3.6)
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Multiplying (3.1) by =% - VQ° and integrating over By (xo) \ By<(%o), one gets

lz—xo]|
-], (Laq - L) ey (L
By (20)\ By (20) ¢ 2 = o

Now we estimate Iy, Io and I3 respectively as follows.

VQYdzr =1, + I+ Is.  (3.7)

Il = Ll/ AQF : ( R . VQF)d.’E
Brg (20)\ By (a0) |z — o
X — Xoy 1 2 T — o
= —L1/ {Q? Qi; 5k< >—|VQE| V'( )}dl’
By ro\Bg (wo) L7 I o — ol ) 2 |z — o

€ _ 1 — .
+L1/ {aQ( T~ %o .VQE)_|VQ6|2(QC$O)V}dS,
O(Bys (20)\Bys (w0)) L OV |z — o] 2 |z — 0

where v is the external normal vector of Byg(zo) \ Bre(z9). Therefore, the estimate (3.6)
and condition (I) imply that

|I;] < Cy.

VQ“)dx = / v @)

Bys (z0)\By< (w0) | = ol €

JQ) ., x—mo

I, = / . T — X
Bys(0)\Byg (w0) € | — ol

dx.

Tr — X

€ . (
/BTE (20)\ B, (z0) |z — o

13| = VQ)dx| < |IVQ[L2(Bayy (o)) H N L2(Biyg (m0)) < Co-

Substituting the above three estimates into (3.7) yields

/ rom oFH@,,
B

< Cy.
5 (20)\Byg (z0) 1T = ol €

Note that Q¢ € H3(Ba,,(70)). Then VQ© is continuous. Therefore, there exists r§ € (¢, r5)
such that

S ﬁ SCOa
To

/ laﬁb(Qe)ds
o

ng (Io) € 8U

T — x| €

/ T — To va(Qe)ds
9By (z0) |

which gives the desired estimate (3.5).
To obtain the strong convergence, we are going to derive the uniform estimate on |[|AQ€||12(B, . (0))
3

as follows. Multiplying (3.1) by L1AQ° — @ and integrating over By« (zo) lead to

€\ |12
/ (Lf|AQ€|2+‘j(Q) >d:c
By (20) €

2L10F,(Q° 2L
= / \H6|2dx+/ %(Q)ds - 2L 0:Q° 1 0p T (Q)da(3.8)
Br;(xo) 0B7§(Qfg) e€ov Brg(x()) €

Due to condition (IT) and (3.5), the desired uniform estimate on the left hand side of (3.8)
can be achieved once the last integral on the right hand side of (3.8) can be handled.
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To this end, one calculates that

1 1 c
S0QOTQ) = - [FONIVQR - ban(Q) : 0" + SIVIQ PP
1
+- (—a+bA{ +c|Q]) [VQ|? == Jy + Ja, (3.9)

where A{ is the smallest eigenvalue of Q¢. Then our key observation here is that J; has
the favorable sign and the integral involving J; can be bounded uniformly, which will be
derived in Step 3 and Step 4 respectively.

Step 3. we will show that J; is nonnegative, i.e.
Jl(iB) >0 for all x € B3r0 (mo) (310)

To prove this, we will examine the structure of Q¢ in details. Let A{, A5 and A§ be the
eigenvalues of Q¢ with the corresponding eigenvectors dS, d§ and d§ € S? respectively. Then,
Since Q€ is symmetric and with zero trace, Q¢ can be represented as

QFf = A{df ®d] + A5d5 ®d5 +A5d§ ®@d5, AT+ A5+ 25 =0. (3.11)
Without loss of generality, it can be assumed that

A <A < S

Set
3 3 3
o= ldi - Oxds’, Dig=) ldi-0pds, Diy=3) |d5-Opdil’.  (3.12)
k=1 k=1 k=1
Since d§,d§ and d§ form an orthonormal basis to R, it holds that
|Vdi|* = Di, + Dis, |Vds|* = Diy + D33, |Vd5]® = Diz + Ds;. (3.13)
It follows from the structure of Q¢ ((3.11)), (3.12), (3.13) and detailed calculations that
IVQP = [V + VAP + VA2 +2(09)%|Vdi |* + 2(05)* V5 [* + 2(25)*|Vds
—ANAS DSy — AN A5 D — AASAS DS,
= VA + [V + [VAS? + 2(0§ — X5)?|Vds)* + Ef, (3.14)

where
Bf = 6A5(A5 — A{) D3 + 2(A5 — A{)* DS, > 0.
Meanwhile, it holds that
(Q)7 = (A)*di @ df + (A9)*d5 ® d + (A5)*d ® d.
Then, a detailed calculation using (3.11)-(3.13) yields
On(Q)?: 0kQ° = 2X|VAL + 225 VS + 2X5| VAS? + 2(A)°| Vi
+2(05)°|Vds|? + 2(5)°| Vd5|* — 2[(A])* A2 + (A)*A] Di,
—2[(AD)*As + (A5)*A{]Di5 — 2[(A9)*As + (A5)*A5] D5
Due to (3.11) and (3.13) again, 9x(Q¢)? : 9Q° can be rewritten as
O(Q)? : 0RQ° = 2X[[VAL® 4 205 VAS|? + 2X5[VAS [ — 2X$ (A5 — A5)?|Vds|* + E5, (3.15)
where

E5 = 2005 + A5)(A] = A5)7 D5, + 2001 = A)[(AD)? + (A5)* + A{A5] Dy < 0.
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It follows from Step 1 that A < 0,A5 < 0 and A§ > 0 in Bs,,(xo) for suitable small dy.
This and A < A§ < A§ imply that
DXITQ P~ bOR(Q)? £ Q" + elVIQT? > s, (3.16)
where
B5 = ~bA (VAP + [VAS2 +[V52) — AT VAT + 205 [ VAS P + 25 [V A5 )+ £ [VIQ° 2P
Since A{ + A§ + A5 = 0, one has
IVIQ )% = 42XV A + 205V AS + ASVAS 4+ AS V)2
= 4(2A1 + A5)*[VAL® + 8(2X1 + A5)(2A5 + AD VAL - VAG +4(2X5 + AS)? VA%
On the other hand,
—BALVALR + [VASP + [VAS) + (AT [VAL? + 225 VS| + 2A5 VAS )]
= —b[(2X5 — 2X9) VA2 — 2(AS 4 205) VAT - VAS] > 2b(XS + 2X5)VAS - VAS.
Therefore, these together with condition (IIT) imply that
ES > 2¢(2X5 + A9 |VAS)? + 2¢(2X5 + AV S 2
+2[2¢(2A] + AS5) +b] (2A5 + A))VAT - VA >0 (3.17)

for sufficiently small &g, where one has used the expression of sy and the fact that

. . . s . s . 2s 1
i@ (), N = (A4(2) + 2507 + (45(2) + 2507 + (5(2) — 25502 < 6§ @ € By, ).
Substituting the estimate (3.17) into (3.16) yeilds
c .
—bAS|VQ |2 — bOL(Q%)? : 9xQ° + §|V|Q6|2|2 > 0 in Bsy,(z0) (3.18)

for sufficiently small dg, which proves the desired estimate (3.10).

Step 4. We now estimate the integral involving J> in (3.9) and establish finally
the uniform estimate on [[AQ®||2(g . (a,))- Set
T3

g(ALAS) = —a+ AT 4 c|Q|* = —a 4 bAT + 2¢[(X])* + (A5)” + ATAS).
It follows from the definition of s, that g(—35F, 25+) = 0. Then, it holds that

—=,

s 2s S 2s
g(AS,N5) = b (A; + ?) +2csy (Ag - ;) +o <\/|)\§ + ?*P A — 3+|2>

near the point (-, 23+). Note that

2S+

: € € s € S €
dist(Q, V)% = (XS + ?*)2 + (A5 + ?*)2 + (05— 5 )2.

Thus, for suitably small Jy, one has that

S 2s . € €
00291 < €13 + 55 41 - 225 < Cain(@, ) < C1T(@),
where Lemma 2.2 and the estimate (3.4) have been used. Hence

1 < IT@QYIVQT n By, (o). (319)
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It then follows from (3.5), (3.8)-(3.10), and (3.18)-(3.19) that

e\ |2
T
B¢ (w0) €

C
/ (|H62 i |J<Q€>||vczf|2) dx + Co
B¢ (w0) €

"3

/ He|2+1’j(Q€)
Brg(l'o) 2 €

Meanwhile, by Ladyzhenskaya’s inequality, one has

/' |VQ1%x§C&/‘ |VQW%$/‘ (AQP + [VQ|?)da.
BTg (3?0) BTg (x())

rg (2o

IA

2

IN

+ COVQ5|4> dx + Cy.

Since HVQE||%2(B4TO (z9)) < 90 and do can be chosen very small, one can get

/ |AQ62+"7(Q6)
B¢ (o) ¢

where Cy is independent of e. Therefore, there exists a subsequence of {Q°}c~¢ such that

2
) dz < Cy, (3.20)

1
Q= Q" =sp(d* @d* — g]1) in H'(B,,(x0)),d* € S, (3.21)
J(Q° . s
J@) J* in L*(B,,(z0)), (3.22)
as € — 0. Furthermore, by Step 1 and lemma 2.2, one can get
F € €
Bry (z0) € Brg (o) €
e J(Q°
< OllQ° = Qr2(Bry (w0)) H (6 ) -0 (3.23)
L2(Brq (x0))
as € — 0.
Step 5. Finally, we show that
J* € (Tg=N)g, a.e. in B, (o). (3.24)
Recalling (3.14) in Step 3, one has that
IVQ? = [VAT? + VA + VA + 2005 — X5)* V5|

+6A5(AS — AD) D5 + 2(A3 — AD)* DSy > 2(X5 — A)*[Vds|*.
On the other hand, the claim in Step 1 implies that [A§ — A§| > $s; for all z € Bs,,(z0).
Therefore [Vd§|* < 5|VQ*|? holds, which yields that

“+
[IVAs|| Lo (B, (20)) < CHIVQ Lo (Bry (20)), 1< p <00 (3.25)
Note also that (3.20) in Step 4 implies ||Q°[|m2(B,, (zy)) < C- Thus
IVQ||Lr(B,y(z0)) S C, 1<p< o0

by the embedding theorem, which together with (3.25), yields that

ds — d" in C%(Byy(20)),0 < a <1, ase— 0. (3.26)
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Set
€ 1 (dE ®d5 +d5 ®d5) € 1 (de ®d€ +d€ ®d€) € 1 (dE ®d5 +d€ ®d€)
e = —= , €5 = — ,e5 = ,
1 \/i 3 2 2 3 2 \/5 3 1 1 3 3 \/5 2 1 1 2
€ 1 € € € € € 1 € € 1 e e 1
64:ﬁ(d1®d1_ 2®d2)765:\/6(§d1 ®d1+§d2®d2—§ﬂ)7

where df,d5 € Vg (see Lemma 2.1 for the definition of V) and df - d5 = 0. Similarly, ej
and e} can also be defined in a same way as e{ and e§ with d*,d7, d5, where d* is given in
(3.21) and djf,d3 € Vg-,dj - d5 = 0. Obviously, (Tp, (g-)N)g, = Span{e§, €5, e5}. Lemma
2.1 yields that

J(Q°) = ajes + agef + ages,

where a$,a$,a§ € L?(By,(70)). Then, by taking the limit ¢ — 0% and (3.22) and (3.26),
one can get

¢ 2v/6

j(EQ ) (ds@dy +dy@ds) = —T\[agdg dy = J* e} =0in L*(B,,(x0)),
€ 2v/6 .

j(? ) C(ds@dy +dy ®@ds) = —T\[agdg dy = J* ey =0in L*(B,,(20)).

This implies (3.24) by Lemma 2.1.

4. PROOF OF MAIN RESULTS

Proof of Theorem 1.5 Step 1. Convergence of (v¢,Q€). It follows from the energy
inequality (1.15) that there exists a subsequence of {(v¢, Q¢)}¢>0 such that

v So* in L0, T; L2(R?)), v — v* in L?(0,T; H'(R?)), (4.1)

VQ 2 VQ* in L™(0,T; L*(R?), H®— H* in L?*(0,T; L*(R?)), (4.2)
where Q* = s (d* ® d* — £I) a.e. in R? and d* : (0,T) x R? — S2.

For any smooth bounded domain Q ¢ R? and any ) € L2HZ((0,T) x Q,R?), 8111 +dathy =
0, one can derive from (1.38), Holder inequalities, and the Sobolev embedding theorem that

| <ovf, ¢ >|
T JR— PE— PE—
< / / (nD€: Vi) —v° @0 : Vi) — L1VQ° © VQ°© : Vip)dxdt
0 JR2 -
T PE—
+ / / [Q°-H— H®-Q° — Sq-(H®)] : Vipdxdt
0 Jr2
< C (||D€||L2||V1/)||L2 + ol Lgo L2 [[VV||r2|[¥]| L2 + ||VQ6H%§°L£||V1M|L$L§>
+CIH L2 (1QN e s @) + 1QN ge 2 @) IVl 22250 + CIHE| 2]V 2
< ClYllpzms (4.3)
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with D¢ given in (1.11). Therefore, v is uniformly bounded in L2(0,T; H=3(f2)). Similarly,
for any ¢ € L*((0,T) x Q, Qp), one can get from (1.39) that

| < Q§7<p>|
1 . .
= v VQ 5 H 4 So:(D%) + 8% Q° — QA : it
]R2
< Hvel\m @IV llLzllellLs + [[H 2 lollLz + D[ 2]l 22)
O D2 (1Q17s ) + 1@ La@llellza < Cllellrs, (4.4)

where v¢, D¢ and A€ are given in (1.11). This implies that Qf is uniformly bounded in
L3((0,T) x Q) for any smooth bounded domain € C R2. Then, it follows from the energy
inequality (1.15) and Aubin-Lious Lemma that there exists a subsequence of {(v¢, Q%) }e=0
such that )
v¢ = v" in LP(0,T; LP(2)), 2<p <4, (4.5)
Q° — Q" in LU0,T;L9(Q)), 1<q< o0,
where  is any smooth bounded domain in R2.

Then taking the limiting € — 07 in the equality (1.39) for (v¢, Q°) yields:
T
* * * 1 *
/ [-QF 1 pr — (- Vo) : Q _fH s p|dzdt
0o Jr2

T
/ 2[@* A= A QT — S+ (D*)] = pdxdt = /2 Q5(x) = p(0,z)dz, (4.7)
o JR R
where D*, A*, v* are given in (1.35), ¢ € C§°((0,T) x R% Qy), and Sg-(D*) is given in
(1.6). Note that condition (1.16) implies

lim QO (0, z)dx —/ Q5 (0, z)dx, lim vg - (0, z)dz :/ vy - (0, 2)dx.
R2

e—0t e—=01 JRr2

Next, we show that one can pass limit in (1.38) to obtain

/ / *.V) vt + 0D Vi + LVQ* © VQ* : Vbdrdt
R2

/ Q" H* — H* - Q" — So- (H")] : Vordadt / vi(2) - (0, 2)dz, (4.8)
R2 R2
where Sq-(H™) is defined by (1.6). To this end, due to (1.38) for (v, Q) and (4.1)-(4.6), it

suffices to show only that there exists a subsequence of {(v¢, Q°)}c~¢ such that

T T
/ VQ° ©VQ° : Vipdadt — / VQ* ©VQ* : Vidxdt, as € — 0. (4.9)
0 R2 - 0 R2 —
Note that the energy inequality (1.15) for (v¢, Q¢) implies that there exists a subsequence
of {(v¢, Q) }es0 such that
VQ 0 VQ° : Vidadt = VQ* © VQ™ : Vipdadt + K, as € — 0

for a possibly non-vanishing measure k. Our aim is to show that there exists a subsequence
of {(v, Q) }es0 such that k = 0, which implies (4.9). To this end, we observe that

T
/ liminf [ |H¢|?dzdt < Ey
0 R2

e—0t
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by the energy inequality (1.15) and Fatou’s lemma. Set
Loo = {t Sliminf [ |HE(t,-)2dx < oo}.
e—0t JRr2
Then, it holds that
|LOO| =T
Meanwhile, we claim that there exists a set A C (0,T") such that |As| =T and

VQ<(t) — VQ*(t) in L*(R?) (4.10)
for any t € Ay, To prove this claim, one notes that (4.2) implies

T T
lim 0,0°  ¢(2)d(t)dwdt / 0.0 : p(@)d(Bdadt, i=1,2,  (411)
R2 0 R2

e—0+t 0

for any ¢ € Cg°(R%,M>*?) and any ¢ € C§°((0,T)). Since ||[VQ¢|[pp2 is uniformly
bounded, (4.11) holds true for ¢ € L?(R2,M**3) and ¢ € L'((0,T)). For fixed ¢ €
L2(R? M3*3), define

gi (t) = 3Q(t ) : p(x)dr and g; (t) = lim gi(t), i =1,2.

e—0+
Note that g§ and g5 can also be regarded as the weak limits of g§ and g5 in L?((0,7)),1 <
p < oo (|l95llzr(0,1y) and [|g5|[Lr((0, 1)) are uniformly bounded due to the uniformly bound

for [[VQ||pxr2), hence gf and g5 are measurable. Then, taking é =1 into (4.11) yields
that

T T T
lim g; (t)dt = / lim gf(t)dt = / gi(t)dt < o0, i = 1,2,
0 0 e—0+ 0

e—0t

due to the Lebesgue dominated convergence theorem and the energy inequality (1.15). Next,
we prove that there exists a set Ay C (0,T") such that |Ag| =T and

g7 (t) = lim 0:Q(t,x) : p(z)dx = - 0,Q*(t,x) : p(x)dx (4.12)

e—0t R2

for any t € Ap. Since VQ* € L$° L2, one can define the following measurable functions:

6:(t) = g (t /BQ (t,z) : p(z)dx

and ~
) 1, (Sl(t) > 0;
oi(t) =< —1, &(t) <0;
0, others,

i =1,2. Note that ¢; € L*((0,T)),i = 1,2. Then, these and (4.11) yield that

T
/
which implies (4.12). Since L?(R?) is separable, one can find a countable set {¢;}32, such

that {5;}1%2, >, = L*(R?). For every fixed ¢; € {$;}32,,
A; C (0, T) such that |A;| =T and

g7 (t) — - 0;Q*(t,x) : p(z)dx

dt=0,i=1,2,
as in (4.12), one can find a set

lim 0;Q(t,x) : pj(x)dx = 0;Q*(t, ) : pj(x)dx, i =1,2,
RQ

e—0t Jp2



FROM THE LANDAU-DE GENNES THEORY TO THE ERICKSEN-LESLIE THEORY IN DIMENSION TWI3
for any ¢t € A;. Then, let Ao = N32;A;, one has that

lim 0;Q°(t,x) : p(x)dx = 0;Q*(t,x) : p(x)dx, i = 1,2,

e—=0t Jp2 R2
for any t € Ay, and any ¢ € L?(R?,M>3*3). Hence (4.10) is proved.

Therefore, (4.9) holds true provided that there exists a subsequence of {(v¢, Q¢)}eso such
that for t € Loo N Ao,

VQ(t,-) ©VQ(t,-) : VY(t, )dx — VQ*(t,-) ©VQ*(t,-) : Vip(t,-)dx (4.13)
R2 R2
as € — 0T. It should be noted that, for fixed t € Lo, N Ay, there exists a subsequence of
{(v%, Q) }e>o0 such that
VQ(t,-) © VQ(t,-) : VY(t, )dx — VQ*(t,) ©VQ*(t,-) : VY(t, )dx + K1 as € — 0t

for a possibly non-vanishing measure ;. For this subsequence {(v¢, Q°)}cs0, k1 = 0 if there
exists a subsequence {(v,Q%)}32; of {(v,Q)}e>0 such that

VQI(t,) ©VQI(t, ) : Vib(t, )dx — | VQ*(t,-) © VQ*(t,-) : Vib(t, -)dw as ¢; — 0.
R2 R2

For each time tg € Lo, N.Aw, there exists a subsequence of { H¢} .~ such that the L?-norm
of this subsequence is uniformly bounded, i.e. |[H¢||z2(g2) < co. This and Lemma 3.1 imply
that the concentration point yy of VQ ® VQ° at time £y must satisfy

liminf{liminf/B " <|VQE|2 + Fb(EQE)> (to,x)dx} > dp. (4.14)
(Yo

r—0 e—0

Then, this and the energy inequality (1.15) imply that there exist at most finite points where
V@ ® VQ° may concentrate on and the set of these points is denoted as

Blty) = ﬂ{w:hmigf / (IVQ€|2+F”<€Q)> <to,y>dyzao,toecoomm}
e— By ()

>0

= {1‘1(t0),3}2(t0), s ,IL(tO)(to) ttg € Lo N »Aoo} s
where 0 < L(tg) < [%’] + 1 is an integer depending on tg, and Ey is given in (1.17).

Based on this fact, without loss of generality, one can assume that B(t) = {0},t € LooN Ao,
consists of a single point at the origin. Since 0111 4+ J212 = 0, it is easy to see

VR O VQ : VY = (VQ o VQ* — %|VQ€|QI) VY,

where I is the identity matrix in M2*2, Then, direct calculations give

1 $(101Q°* — [02Q°?) 01Q° : 9,Q° >
VQ OVQ - SIVQIPI=( 2 :
Q © Q 2| Q | ( alQe . (92@6 —%(|31Q6|2 _ |52Q6|2)
Therefore, it suffices to show that
[ 10Q -~ 100 )0de — [ (0@ - 020 oo (4.15)
R2 R2
and

01Q° : 02Qpdx — / 01Q" 1 0.Q" ddx (4.16)
R2 R2
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as € — 0 for every ¢ € C§°(R?,R). We prove (4.15) and (4.16) by a Pohozaev type argument.
First, we claim that there exists R > 0 such that

Fy(Qc(t
/ BQD) 1 0 tern Ay, ase— 0. (4.17)
Br(0) €
Note that this claim implies that
Fy(Q(t, 2))

R2 €

due to the assumption that B(t) = {0} for t € Lo N As. By Lemma 3.1, the small energy
condition implies the strong convergence of Fb(Qe) in L1 and Q€ in H". ! Then, this and

dr —0, t€LNAy, ase—0

the energy inequality (1.15) imply that in(Qe) converges strongly to 0 in L}, _(R?\ B(t))
for t € Loo N Aso. Therefore, if (4.17) fails, one can assume that

Fy(Q°)

dz — £16(0), p1 >0, ase—0 (4.18)

in B,(0) for any r > 0, where §(0) is the dirac measure centered at the origin. Recall the
definition of H*:

LIAQE — Q) _ g (4.19)
€
Multiplying (4.19) by ¥ -VQ° and integrating over B,.(0), one gets after integration by parts
that
Q> L Ey(Qe
/ L1 Q _i‘vQEF_ b(Q ) dS
0B,.(0) ov 2 €

= —}/ <2Fb(Q€)—x-VQ€:HE> dz.
r B,.(0) €

Then, integrating above identity from 7 to R yields

R -
1 Fo(Q°
2/ f/ bl )d:cdr
+ T JB,.(0) €

€2 n € R
- —/ L1’8Q —E\VQGF— F(Q) dx+/ 1/ z-VQ° : Hodxdr.
Br(0)\B,(0) v 2 € + T JB.(0

For t € Lo N A, it holds that

1
f/ x-VQ°: Hdx
T JB,(0)

thanks to the energy inequality (1.15) and the definition of L, N As. Therefore,

< CIVQ |2 [[H |2 < CEy

/ / E Q) iy < 2By + CEy(R - 7) (4.20)

forall 0 <7 < R < o0.
On the other hand, it follows from (1.15) and (4.18) that

R r € R I €
lim/ 1/ Md:ﬁdr = / 1 1im/ h(@ )dxdr = ﬁdr =f11n <R>
«=0Jr T JB(0) € r Te20/B o) € T T
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by the Lebesgue dominated convergence theorem, which contradicts (4.20) when 7 is very
small. This proves the claim.

We now verify (4.15). Otherwise, one can assume that there exists a real nonzero number
(B2 such that

(|01Q°)? — 102Q°*)dz — (|01Q*|* — |02Q*|*)dz + B20(0) as € — 0 (4.21)

in B,.(0) for any r > 0. Multiplying (4.19) by #10;Q° and integrating over B,(0), one can
get through integration by parts that

€ 2 21 €
/ (Lmal@f OO D g - TG )> "
(0)

r 2 r2
_ 1/
T JB.(0)

It follows from this and a similar way as for (4.20) that

Moo - oep) - ML

+ZE181QE . HC] .

R Ll
lim/ 7/ (01Q° — |0,Q° ) dadr

e—0

/ / dxdr +2Ey +CEy(R—7) < Ep[2+ C(R—1)] (4.22)
T 64)0 B (0 €

by the Lebesgue dominated convergence theorem, where C is independent of € and 7.

On the other hand, it follows from the energy inequality (1.15) and (4.21) that

R R
lim/ %/ (161Q°J2 — |02Q6\2)dxdr:/ i (161Q°P — |02Q°|?)dewdr
+(0) T

e—0 - r e—0 B7(0)
f1
/T r

by the Lebesgue dominated convergence theorem. Then, let » be small enough such that

/ (101" 102" Py +

r

’/ (0"~ 10p" Py < 121

Therefore, one has

R
: 1 € €
lim / 1 / (101Q° — 0507 2)drdr
e—0 r T BTV(O)

for small R, which contradicts (4.22) when 7 is very small and 0 < 7 << R. This proves
(4.15).

Similarly, we can prove (4.16). Indeed, if (4.16) fails, one can assume that there exists a
real nonzero number 3 such that

1 (7B 1
> - = = — —_
> 2/7 . dr 2|62\(lnR InT)

91Q° : 0:Qdx — 0,Q" : 0Q"dx + B35(0) as € — 0 (4.23)
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in B,.(0) for any r > 0. Multiplying (4.19) by #20,Q° and integrating over B,(0) yield

L L Fp(Q°
/ < 172 5 QF - 8& _ —lmeQ 2 Z1T2 2b(Q )) as
dB.,.(0) ree

r

1
_ 7/ (Li01Q° : 02Q° + 2201 Q° : HE) da
5,(0)

r

As for the derivation of (4.20), one can obtain that as € — 0,

R
L
/ = / O1Q° : 8>Q  dwdr
r T JB.(0)

On the other hand, (1.15) and (4.23) imply that

< 2B+ CEy(R—1). (4.24)

R R
lim/ 7/ 01Q° : hQdxdr = / — lim 01Q° : D2Q°dxdr
=20 T JB,.(0)

R
= [ 2] aQas
r T B,.(0)
by the Lebesgue dominated convergence theorem. Then, let » be small enough such that
[ aeae| <2
B,.(0)

Therefore, one has

R
7/ |ﬂ3| r:%|53|(lanln7)

for small R, which contradicts (4.24) when 7 is very small and 0 < 7 << R. This proves
(4.16) and hence completes the proof of (4.13).

Step 2. We prove that (v*(-,t), Vd*(-,t)) — (vg,Vds) as t — 0 in L?(R?). To
this end, we prove first that

lim/ / 01Q° : :Qdxdr| >

e—0

1 * * 1 * *
5”” (t, NL2ey + Lis3 VA (¢, )] F2re) < 5”’00”%2(]1{2) + Lis3[|Vdg|[72 ey < Eo (4.25)

for all ¢t € [0,T], where Ep is given in (1.17). The uniform estimates (4.3) and (4.4) imply
that v} € L2(0,T; H3(€)) and Q;F € L3 ((0,T) x Q). Therefore, v* is weakly continuous
on H3(Q), thus

filt) = [ v*(t, ) - ¢(x)dx
Q
is continuous in [0, 7] for any ¢ e H3 (Q) Similarly, VQ* and Vd* are weakly continuous

on WH4(Q). Note that |Q;|?> = 252 |d}|? and |[VQ*|? = 252 |Vd*|2. Then, as shown in [41,
Chapter III, Lemma 1.4], v*, VQ* and Vd* € L>(0, T; L*(R?) yield that

v*, VQ* and Vd* are weakly continuous on L?(Q) (4.26)
for any smooth bounded domain Q) c R2. Based on this fact, one has
||U*(t)HL2(Q) < |[v*|lLsere, ||VQ*(t)HL2(Q) <|IVQ|[rperz
for all t € [0,T]. Then, letting Q = B and R — oo yields
0" (OllL2 @2y < |[v*]|pserz,  IVQ™(O)]|L2m2) < [IVQ™||Leer2
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for all ¢ € [0,T]. Meanwhile, similar arguments as for (4.10) imply that
ve(t) = v*(t) and VQ () — VQ*(t) in L*(R*) as e — 0T (4.27)
for any fixed t € Lo, N As. Then, it follows from the energy inequality (1.15) and the lower
semicontinuity that
S0 O1R ey + V@ Ol ey < 051 Bagey + IV QG
for any fixed t € Loo N Ax. Since |Loo N As| =T, one has that

1 % L1 * 1 * Ll *
Sl e + S IVQ 1T 12 < 51061172 (r2) + = [IVQG 72 (r2) -
2 FLE g D) 2

Therefore, one gets the desired (4.25).

Next, We show that v* and Vd* are weakly continuous to the initial data v§ and Vdj as
t — 0 on L?(2). Let

1
¢<t>{ e <

0, t] =1,

and @ = ¢/ [ @(t)dt. Then, it is easy to see that @ is smooth and [, B(t)dt = 1. For
ty € (0,T) and ¢ € D, set

bielt, @) = B(a) ( / oy 1) .

€ €

Note that |fg 1p(2=T)dr — 1| < 1 for all t > 0 and

tq - .
lim [ (2 T)dT—l:{O’ b> b

e—=0+ Jg € € —1, t < ts.

Then, it follows from (4.26) that

i /oT/Rz vi(t,x)-Ope(t, w) = lim ' o jt)/]Rz v*(t,2)-(x) :/ v (t2, 2)-6(x).

=0+ i=0+ Jg € € R2

Using this, taking 1 into (4.8) and sending € — 0% yield that
_/(:2 /RQ[Q* CH* — H* - Q" — Sq-(H")] : Védadt
= [ )b [ it

R2
by (4.1)-(4.2) and the Lebesgue dominated convergence theorem. Therefore, one has that
lim v*(tg, ) - (x)dx = / vi (z) - (z)de,
t2—0 JRp2 R2

which implies that

v* is weakly continuous on L?(2) to the initial data v (4.28)
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by (4.26). Similarly, for ¢ € C§°(R?, Qp), taking we(t,z) = ((2)([] 1p(2T7)dr — 1) into
(4.7) and sending € — 0T, one can get

/ [l Vo g i) / QK — K- Q" — So-(DF)] : ¢
R2 R2
= Q"(t2,2) : C(a)de — | Q5 : ((x)da
R2 R2
by (4.26), (4.1)-(4.2) and the Lebesgue dominated convergence theorem. Therefore,

lim Q (tg, x) : {(z)dx = g Q- ((x)da. (4.29)

to—0
Note that (4.26) implies that d* is weakly continuous on L?(Q). Due to VQ* € L{°L2, one
can take ¢ = (dfj @ dj — I)¢ with ¢ € C§°(R?,R) into (4.29), then

lim [ d*(ty, x) - d(x)Cda = /R zd*(O,x)-dS(x)édx: g (d,

to—0 R2

which implies that d* is weakly continuous on L2(Q) to the initial data dj. Then, this
together with (4.26), implies that

Vd* is weakly continuous on L?(2) to the initial data V. (4.30)
Finally we show that (v*(-,t), Vd*(t,-)) — (v§, Vdg) as t — 0 in L?(R?). If not, there exist
a real number é4 > 0 and a subsequence of {(v ( ), d*(t,+)) }+=0 such that

lim <2|’U (t, ) — UOH%Q(RQ) + LlsiHvd (tv ) - Vd0|%2(]1§2)> > 04 > 0,

t—0t
which yields

1
lim [/ (§|v*|2 + Lys%|Vd*|)dx —/ (v* vy +2L1s3Vd" Vdf;)dm}

R2 R2
1 * *

> 6y — /RQ(§|UO\2 L2V de. (4.31)
It follows from (4.28) and (4.30) that

lim [ (v g + 2002 Vd* : VdS)de = / (052 + 2L152 |V dz|?)da (4.32)

t—0t+ JO I9)

for any smooth bounded domain Q) ¢ R2. Choose suitable big Q such that

* * . 52 04
/R?\Q(|UO|2 + 2L153‘|Vd0‘2)d$ S min { 32.4E‘0’ 4} ’
where Ej is given in (1.17). Based on this fact, it follows from (4.25) that

04

< —.
-2

t—0+

lim / (v vf + 20181 Vd VG da
R2\Q
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Then, substituting the above estimate and (4.32) into (4.31), one has

t—0t JR2

1 1
lim (§|v*|2—|—Llsi|Vd*|)dx2/Rz(§|v§\2+Llsi|Vda‘|)+54

—/ (W + 20082 [V P)de + lim [ (v -of + 20182 V" : Vd5)de
R2\( t—0+ R2\Q

1 ., . )
> [ Glool + List 195D + 52,
R2
which contradicts (4.25). Hence the desired conclusion follows.

Step 3. We prove that the limit (v*,d*) satisfies the equalities (1.40) and
(1.41). We show first that (v*,d*) satisfies the equalities (1.41). To this end, one can show
first that

T T
/ dr - cdzdt = — [ - c(0,)dw — / d* - Cudud. (4.33)
0o Jre R? 0o Jr2
for any ¢ € C§°([0,T) x R?,R?). Note that |[VQ*[* = 2s3 |Vd*|? and |Q}|* = 2s7%|d}|*.
Then, it follows from VQ* € L*L2 and Qf € L3((0,T) x Q) that Vd* € L°L2 and

di € L3 ((0,T) x Q) for any smooth bounded domain Q C R%. By Step 2 in this section,
d* is weakly continuous on L?(€2) to the initial data dj. Therefore, (4.33) holds.

It follows from (4.1)-(4.2) and (4.4) that (4.7) holds for ¢ € L*((0,T) x €, Qo) with any
smooth bounded domain Q ¢ R2. Therefore, one can take ¢ = d* ® [ — (d* - {)d*] + [ —
(d* - ¢)d*] ® d* in (4.7) due to d* € S* and ¢ € C§°([0,T) x R?,R3). Then, one has

T T T
/ Q" : prdxdt = —23+/ dy -(dxdt = 23+/ d*~(tdacdt—|—25+/ dy-¢(0,-)dx
0o Jr? 0 Jr2 0o Jr2 R2

(4.34)
by using (4.33). Note that

[ Qie0de =2 [ Q5: 405 00, — (05 - CONYz =0 (439)

Since 01vf + 020§ = 0 for all € > 0, therefore the limit v* of v¢ satisfies J1vf + Osv5 = 0.
Then, direct calculations yield that

/OT/W(U*.V@):Q*d:vdtz—2s+/OT/R2(v*.Vd*).gdxdt:2s+/OT/RQ(m.vQ.d*(T£;
/OT /Rz(Q* A —AF Q) ¢ pdadt = —2s, /OT /RZ(P.d*) - Cdxdt, (4.37)
T

26(s+ +2)

g DT d (D7 d @ d)d'] - vt (4.38)

/ Sg+(D*) : pdzdt =
0 Jr2
It remains to calculate fOT fRZ H* : pdzxdt. For any fixed t € Lo, N A, recall the definition
of B(t) in Step 1 in this section. For each x;(t) € B(t),1 < i < L(t), define a smooth
function
Xmi(t)( ) _ { 1, [IES Br(t)(xt(t)) ;
r(t) 07 Yy ¢ B2r(t)(xi(t))a
with 0 < Xf(lt()t) <1, |fogt(;)| < Tg). Then, one can choose r(t) small enough such that
Bory(@1(t)), - -+, Bap(r) (2L (t)) are disjoint to each other. Then, it follows from ¢ € TN
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and Lemma 3.1 that

r(t)—0 R2

L(t)
/(H*:go)(t,x)dx: lim H*(t,2) : p(t, x) 1—ijjgt<;) dz
R2 i=1

L(t)
= lim LiAQ*(t, x) : o(t, ) (1 - foft(f)) dz

t)—0
’r‘( )—> R2 i—1

~ oLis, / (Od” - OuC — [V [2d" - O)(t, z)da, (4.39)
R2

where one has used the geometric structure of J*(t,z) for z € R?\ B(t),t € Loo N Awo.
Therefore, it follows from (4.7) and (4.34)-(4.39) that (1.41) holds true.

Next, we prove that (v*,d*) satisfies the equality (1.40). By direct calculations, one has

T T
/ VQ* ®VQ* : Vipdadt = 257 / / (Vd* ® Vd*) : Vipdrdt (4.40)
0 R2 - 0 R2 -
and

= (1-QQ  H — (1 + OH Q" — SCH" +26(Q" - H')(Q" + 31 : 7. (141)

It follows from (4.1)-(4.2), (4.4), (4.26) and (4.29) that the equality (4.7) can be rewritten
as

T T
/ H* : pdzdt = F/ / (QF +0* - VQ*+Q* - A* —A*-Q* — S+ (D*)] : pdxdt, (4.42)
0o Jr2 0o Jr2

where ¢ € L*((0,T) x €, Qp) for any smooth bounded domain Q ¢ R2. Since VQ* € L°L2
and ¢ € C3°([0,T) x R?,R?), d11p1 + Datha = 0, it can be checked that the test function ¢
can be taken as p = %[Q* VY + (V)T - Q* —2(Q* : Vi)I]. Then, one can get that

T T
/ / (Q° - H*) : Vidudt = - / H*: [Q7 -0 + (V)T - Q° — 2(Q* : V) I)duds
0o Jr2 2Jo Jre

T

2 —_— 1 _

:rsi/ /(gd*®N*—§N*®d*):V¢dxdt
0 R2

T 2 1—2 o 2 1— . __
_rg/ / {3*(35”(0* Ld* @ d)d @ dF — S+(98+)D*} - Vodzdt
0 R2

T 9 2 L
—Fg/ /R (Z*d* ®d" - D — %*D* A ® d*) - Vidadt. (4.43)
0 2

where N* = df + v* - Vd* — A* - d*, and one has used the fact that @, H* and D* are
symmetric with zero traces. Similarly, choosing ¢ = L[V - Q* + Q* - (V¢)T —2(Q* : V)1




FROM THE LANDAU-DE GENNES THEORY TO THE ERICKSEN-LESLIE THEORY IN DIMENSION TW33

leads to

9
/ (H* - : Vipdadt = Fs+/ / —fd*®N*+ SN*®d*) : Vipdzdt
]R2 R2 3
-2 N 2 1 — _ _
_T¢ / [W(D* d* @ d)d* @ d* — ‘3*(9‘9*)1)*} - Vdzdt
RZ

—Ff/ /R ( R ?ﬁd* ®d*) - Vepddt. (4.44)
Next, choosing ¢ = [Vt + (V4)T], one can get
/T H* : Vipdxdt = Fs+/ . (d* @ N* + N*@d*) : Vipdzdt
—T¢ / /R 2 [ 252 (D* : d* @ d*)d* @ d* + 2(1;3*)1)*] : Vhdzdt

71“554_/ / (d* @ d* - D*+ D* - d* @ d*) : Vipdadt. (4.45)
0 R2

Finally, choosing ¢ = Q*(Q* + %]I) : V4, one can get

/ /R? Q™ + ]I) Vipdxdt

-9 _
- _zrgs++8+ 5t / /R (D7 d @ d)d" @ d": Vidrdt (4.46)

Then, substituting (4.40)-(4.46) into the equality (4.8), we obtain the equality (1.40).

Step 4. This step is aim to prove that (v*,d*) satisfies the energy inequality
(1.37). By the definition of L, N A in the Step 1 in this section, it follows from the
energy inequality (1.15), (4.27) and the lower semicontinuity that

1 L ¢ _ 1
L (Gere s 2wer) ot [ [ (wDee+ i) asar
R2 0 R2
< Loz - Bvor2 ) d 4.47
S e §|Uo| +7| Qol x (4.47)

for any ¢t € Lo N As. The remaining task is to show that (1. 37) and (4.47) are equivalent
for any t € Lo N Ase. To this end, due to Q* = s; (d* ® d* — 1), it suffices to show that

2
/ |H*(t,x)|2dx:/ [F(a + )|D* d*®d*|2+F(o¢5+a62)D*~d*|2} (t,z)dx
R2 R2 24! 71

+/RQ {W'D*Z +2L3s2 |Ad* + |Vd*2d*|2} (t,z)dx (4.48)
for any t € Loo N Aso
For fixed t € Lo N Ao and x € R?\ B(t), Lemma 3.1 implies that
T (x,t) = ag(z,t)es + as(x, t)eq + as(z, t)es,
where

es = 7(d2®d1+d1®d2) 64—7(d1®d1 dy ® dz),

S
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1 1 1
es = \/6(§d1 ®dy + §d2 ®dy — gﬂ),

and di,ds € S%,dy -dy =0,dy - d* =0,ds - d* = 0. Since di, ds and d* form an orthonormal
basis to R3, one has that

|0kd*|? = |Od" - di|* + |Okd" - do|?, Kk =1,2, (4.49)
|D* - di|? = (D* : dy ® d1)* + (D* : do @ d1)* + (D* : d* @ dy)?, (4.50)
|D* - dy|? = (D* : dy @ d2)* + (D* : dy ® do)* + (D* : d* @ dy)?, (4.51)
|D*-d*|? = (D* : dy @ d*)* + (D* : dy ® d*)?* + (D* : d* @ d*)?, (4.52)

|D*|?> = |D* - di|® + |D* - do|* + |D* - d*|*. (4.53)

For any ¢ € C§°([0,T) x R2,R), one can take ¢ = e3¢ into the equality (4.42) due to
|d1| = |d2| = 1. Then direct calculations yield that

LooNAs JR2\B(t)

/ / [ S (Opd” - dy)(Ord” - da) — = +f£ tdy @ d | @
LooNAoe JR2\B(t)
This means
1
a3 = 2v2L1 54 (Od” - d1)(Opd” - do) — zﬂrgs'*TD* Ldy ® dy

in (Lo NAs) x (R?\ B(t)). Similarly, it holds that

2
a1 =V2L1sy Y (10d” - dif? — [0d” - daf?) — VITEE

k=1

ﬁ:(d1®d1—d2®d2)

and
VBIE(2s% — sy — 1) —
3

in (LooNAso) x (R*\B(t)), where one has used the equality (4.49), T = d1®@d;+da®@da+d* @d*
and D*ii =0in (454) Set

by = —2/2re 2t

= V6Lys, |Vd*> +

D d*®d (4.54)

D* : dy @ dy, b2=—\/§rfs+ D*: (dy @ dy — do @ do),

V6Lé(2s2 — s — 1)

bs = 3

cd*@d*, ¢ =as —by = 2V2L 5, (0pd” - dy)(Opd” - dy),

and

2
Co = Qg — b2 = \@L13+ Z(\@kd* . d1‘2 — |8kd* . d2|2), C3 = a5 — bg = \/6L1$+|Vd*‘2.
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Then, it follows from the definition of Q*, J*,a; (i = 3,4,5), b; and ¢; (j = 1,2,3) and
direct calculations that for (¢,z) € (Lo NAs) x (R?\ B(t)), it holds that
|LIAQ* — T*? = LI(AQ*: AQ*) — 2L (AQ* : T+ (J*: T%)
2
= 2Lis% [ AP+ |Vd*[* +2 > |0pd” - Od*|?
kl=1

—2(ageq + agea + ases) + a% + a% + a%

2
= 2Lys% [ AP+ |V [* +2 > [0kd” - Od*|?
k=1
—(ci+c3+c3)+ b+ b3+ b3
= 2083 (|Ad*|? = |Vd*[*) + b3 + b3 + b3

2
ALY > |Opd” - 0d*? — (¢} + ¢ + 2175 | Vd*[*).
k=1

Using (4.49) and the fact that
Ord* - O d* = (dy - Okd™)(dy - O1d™) + (dg - Opd™)(dz - 0y d™),

one can calculate that

2
ALFsT ) |0kd” - 0ud*|? — (] + 3 + 2L3s% | Vd*[*) = 0.

k=1
Thus, one obtains that on (Lo N As) % (R?\ B(2)),
|LIAQ* — T*|° = 2L1s3(|Ad* | — |Vd*|*) + b + b3 + b3

— 20,52 |Ad" + |V Pd* [ + b2 + 63 + b (4.55)
It remains to calculate b + b3 + b3. It follows from the definitions of b; (i = 1,2) that

2F2€2(1 -5 )2
b2 b2 _ +
1+t03 9

[4(D* 1 dy®d1)? + (D* 1 dy @dy — D* :dy ®ds)?] . (4.56)
Note that direct computations yield that
(D" : dy @ dy — D* : dz ® dy)?
= —(D*:di®d+D* :dy®@dy)? +2(D* : dy @ d1)* +2(D* : dy @ d3)?. (4.57)
Since di ® d1 +ds @ dy + d* @ d* =1 and D*;; = 0, so
D*: (dy®@dy +dy ®dy) = —D* : d* @ d*. (4.58)
(4.57) and (4.58) yield
(D* : dy®dy — D* : dy®dy)? = 2(D* : dy®dy)? +2(D* : dy®@dy)? — (D* : d* @d*)?. (4.59)
On the other hand, (4.50) and (4.51) imply that
(D* :dy ®dy)? + (D" : dy @ dy)? = |D* - dy|* — (D* : d* @ dy)?,

(D* : dy @ dp)? 4 (D* : dy @ do)* = |D* - do|® — (D* : d* @ dy)*.
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These, together (4.59), (4.52) and (4.53), imply that
4D*:dy®dy)*+ (D* : dy @ dy — D* : dy @ do)?
= 2(D*:di®@d1)* +2(D* : dy ®d2)* +4(D* : dy ® dy)? — (D* : d* ® d*)*
= 2(|D*]* = 2|D* - d*|*) + (D* : d* @ d*)*.
This and (4.56) yield that
20287 (1 — s4)?

b3+ b3 = 5 (2|D*|? — 4|D* - d*|? + |D* : d* @ d*|?). (4.60)
Consequently,
4T2€2(1 — L — 8I2¢2(1 — L—
1-—- 2 254 — 54 — 1)? —_
+( 8+) +3(98+ S+ ) 2F2§2(D* - d* ®d*)2
4F2 2 1— 2 2
= w|p*‘2 +T'(as + ag — 7—2)|D* . d*|2
9 M

2

+D(ap + %)(ﬁ Ld* @ d)> (4.61)
1

Therefore, for any ¢t € Lo N A, we have from (4.55) and (4.61) that

/ |H*|2de = / [2L7s% |Ad* + |Vd*|Pd* | + b7 + b3 + b3 dz
R2\B(t) R2\B(t)

2
/ [2L§31|Ad* + V& Pd*? + Doy + 2) D7 d* @ d*“} dx
R2\B(t) it

9
Note fRQ\B(t) |H*?dx = [, |H*[*dz. Thus, the desired (4.48) is proved.

41'\2 2 1— 2 2
+/ [M|D*|2+F(a5+a6— 22 5 .dﬂ d.
R2\B(t) T
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