PROPAGATION OF UNIFORM BOUNDEDNESS OF ENTROPY

AND INHOMOGENEOUS REGULARITIES FOR VISCOUS AND

HEAT CONDUCTIVE GASES WITH FAR FIELD VACUUM IN
THREE DIMENSIONS

JINKAI LI AND ZHOUPING XIN

ABSTRACT. Due to the highly degeneracy and singularities of the entropy equa-
tion, the physical entropy for viscous and heat conductive polytropic gases behave
singularly in the presence of vacuum and it is thus a challenge to study its dy-
namics. It is shown in this paper that the uniform boundedness of the entropy
and the inhomogeneous Sobolev regularities of the velocity and temperature can be
propagated for viscous and heat conductive gases in R?, provided that the initial
vacuum occurs only at far fields with suitably slow decay of the initial density.
Precisely, it is proved that for any strong solution to the Cauchy problem of the
heat conductive compressible Navier-Stokes equations, the corresponding entropy
keeps uniformly bounded and the L? regularities of the velocity and temperature
can be propagated, up to the existing time of the solution, as long as the initial
density vanishes only at far fields with a rate no more than O(ﬁ) The main
tools are some singularly weighted energy estimates and an elaborate De Giorgi
type iteration technique. The De Giorgi type iterations are carried out to different
equations in establishing the lower and upper bounds of the entropy.

1. INTRODUCTION

In this paper, we consider the following heat conductive compressible Navier—Stokes
equations in R3:

Op + div (pu) =0, (1.1)
p(Ou+ (u - V)u) — uAu — (u+ A\)Vdivu + Vp = 0, (1.2)
cop(0,0 +u - VO) + pdivu — kAO = Q(Vu), (1.3)

where the unknowns p € [0,00), u € R3, 6 € [0,00), and p € [0,00), respectively,
represent the density, velocity, temperature, and pressure. Here, ¢, is a positive
constant, p and A are the viscous coefficients, both assumed to be constants and
satisfy the physical constraints

>0, 2u+3X\>0,
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Kk is the heat conductive coefficient, assumed to be a positive constant, and Q(Vu)
is a quadratic term of Vu given as

Q(Vu) = gwu + (Vu)T? + A(divu)?.

System (1.1)—(1.3) is complemented with some constitutive equations. The equa-

tions of state for ideal gases are given by
p= Rpea €= CU9>
for a positive constant R, where e is the specific internal energy. By the Gibbs
equation #Ds = De + pD(l—l)), where s is the specific entropy, it holds that
p = Aewp?

for some positive constant A, where vy — 1 = g. It is clear that v > 1. In terms of p
and 6, the specific entropy s can be expressed as

5=, (10g§+10g9— (7—1)logp> , (1.4)
satisfying

2
p(Ois +u-Vs) — CEAS = k(y — 1)div (%) + % (Q(Vu) + I€|V09| ) . (1.5)

in the region where both p and 6 are positive.

The compressible Navier—Stokes equations have been studied extensively with
many significant results. One of the important issues in this theory is the vacu-
um, which, if occurs, means that the density of the fluid vanishes at some points of
the domain occupied by the fluid or at far fields. Indeed, the possible presence of
vacuum is one of the main difficulties in the theory of global well-posedness of general
solutions to the compressible Navier—Stokes equations, and one of the main reasons is
that system (1.1)—(1.3) changes its types in the sense that it is a hyperbolic-parabolic
coupled system in the non-vacuum region but degenerates to a hyperbolic-elliptic one
near the vacuum region. It is even more difficult to analyze the properties of the en-
tropy in the presence of vacuum, as the governing equation (1.5) for entropy is highly
degenerate and singular in the vacuum region. Due to this, most of the mathematical
studies on the compressible Navier-Stokes equations in the presence of vacuum focus
on system (1.1)—(1.3) regardless of the entropy.

The mathematical theory for the one-dimensional compressible Navier—Stokes e-
quations is satisfactory and in particular the global well-posedness has already been
known. In the absence of vacuum, global well-posedness of strong solutions was es-
tablished by Kazhikov—Shelukin [24] and Kazhikov [25], which were later extended
in the setting of weak solutions, see, e.g., [2, 23, 54, 55]; see Li-Liang [32] for the
large time behavior of solutions with large initial data. In the presence of vacuum,
the corresponding global well-posedness of strong solutions were recently established
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by the first author of this paper in [29, 30], for both heat conductive and non-heat
conductive ideal gases without considering the entropy.

One major difference between the one-dimensional and multidimensional cases for
the compressible Navier—Stokes equations is the possible formation of vacuum. As
shown by Hoff-Smoller [17], in the one-dimensional case, no vacuum can be formed
later in finite time from non-vacuum initial data, while such a result remains open
for the multidimensional case.

Comparing with the one-dimensional case, mathematical theory for the multidi-
mensional compressible Navier—Stokes equations is far from complete and some fun-
damental questions remain challenging, which include the global well-posedness of
smooth solutions and uniqueness of weak solutions. Global existence of finite energy
weak solutions with possible vacuum to the isentropic compressible Navier—Stokes
equations was first proved by Lions [36, 37], later improved by Feireisl-Novotny—
Petzeltova [12], Jiang-Zhang [22], and more recently Bresch—Jabin [1]. For the full
compressible Navier—Stokes equations, global existence of variational weak solutions
was proved by Feireisl [14] under some assumptions on the equations of state. For
suitably regular initial data, the compressible Navier—Stokes equations admit a unique
strong or classic solution, at least in a short time: in the absence of vacuum, this
was proved by Nash [43] and Serrin [45] long time ago, and later developed in many
works, see, e.g., [21, 38, 47, 48, 50]; in the presence of vacuum, this was proved in [5—
7, 46] under some initial compatibility conditions which were removed in [15, 18, 31]
recently. However, global well-posedness of solutions with arbitrary large initial data
is still open. For the time being, global well-posedness was established only under
some additional conditions on the initial data: the case with small perturbed initial
data around non-vacuum equilibriums was achieved by Matsumura—Nishida [39-42],
and later developed in many works, see, e.g., [3, 4, 811, 16, 26, 44, 49]; while the
case with initial data of small energy but allowing large oscillations and vacuum
was proved by Huang-Li—Xin [20] and Li-Xin [33] for the isentropic case, and later
generalized to the full system in [19, 28, 51].

It should be noted that significant differences exist in the mathematical theories for
the compressible Navier—Stokes equations between the vacuum and non-vacuum cases
and new phenomena may occur depending on the locations and states of vacuum.
In the non-vacuum case, one can establish solutions in both the homogeneous and
inhomogeneous spaces depending on the properties of the initial data, and the solution
spaces guarantee the uniform boundedness of the entropy. This fails in general in the
presence of vacuum. Indeed, in the case that the density has compact support, the
solution, no matter locally or globally, can be established only in the homogeneous
spaces, see, e.g., [5-7, 19, 20, 51|, but not in the inhomogeneous spaces, see Li-Wang—
Xin [27], and the global solutions may have unbounded entropy. Further more, the
blowup results of Xin [52] and Xin—Yan [53] imply that the global solutions established
in [19, 28, 51| must have unbounded entropy, if initially there is an isolated mass group
surrounded by the vacuum region. However, it is somewhat surprisingly that if the
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initial density vanishes only at far fields with a rate no more than O(#), then, as
for the non-vacuum case, the solutions can be established in both the homogeneous
and inhomogeneous spaces, and the entropy can be uniformly bounded up to any
finite time, at least in the one-dimensional case, see the recent works by the authors
(34, 35].

Mathematically, since system (1.1)—(1.3) is already closed, one can establish the
corresponding theory for it, regardless of the entropy. However, since the entropy is
one of the fundamental states for describing the status of the fluids, it is physically
important to analyze its dynamical behavior. Unfortunately, the theories developed
previously for system (1.1)—(1.3) do not provide any information about the entropy
near the vacuum region.

Technically, due to the lack of the expression of the entropy in the vacuum region
and the high singularity and degeneracy of the entropy equation near the vacuum
region, in spite of its importance, the mathematical analysis of the entropy for the
viscous compressible fluids in the presence of vacuum was rarely carried out before.
Recently, we have initiated studies on these issues in the one dimensional case in [34,
35]. It was proved in [34, 35] that the one-dimensional compressible Navier—Stokes
equations, with or without heat conducting, can propagate the uniform boundedness
of the entropy locally or globally in time, as long as the initial density vanishes
only at far fields with a rate no more than O(x%) However, the problems in the
multi-dimensional case have not been studied.

In this paper, we continue our studies, initiated in [34, 35|, on the uniform bound-
edness of the entropy and well-posedness of strong solutions in inhomogeneous spaces
for the multi-dimensional full compressible Navier-Stokes equations in the presence
of vacuum. We will focus on the heat conductive flows. Note that for the heat
conductive case one only need to deal with the the far field vacuum, as the heat con-
ductivity makes the temperature strictly positive everywhere after the initial time,
which implies that the entropy becomes unbounded instantaneously if the interior
vacuum occurs initially. It is noted that the problem of the existence of solutions
in the inhomogeneous Sobolev spaces, under some conditions on the initial density
allowing vacuum at the far fields has been studied in [34] for the non-heat conductive
compressible flows in one dimension, but it has not yet been studied either for the
heat conductive flows or in multi dimensions.

We will consider the Cauchy problem only in this paper and, thus, complement
the system with the following initial condition:

(p,u,0)|t=0 = (po, o, bo). (1.6)

The following conventions are used throughout this paper. For 1 < ¢ < oo and
positive integer m, L? = L4(R3) and W™? = W™4(RR3), respectively, are the standard
Lebesgue and Sobolev spaces, and H™ = W™2. D} = D{(R?) and D™ = D™4(RR?)
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are the homogeneous Sobolev spaces defined, respectively, as
D} = {u € L°(R*)|Vu € L*(R?)},
D™ = {y c L, (R*)|V*u € LY(R?),1 < |a| < m}.

For ¢ = 2, D™ is simply denoted as D™. For simplicity, X is used to denote both
the space X itself and its N product space X*. |lul, is the L? norm of u, and

1
|(f1, f2, -+ 5 fo)llx is the sum Zf\;l | fillx or the equivalent norm (Zfil ||fl||_2X> :
The integral of f over R? is abbreviated as [ fdux.

Strong solutions considered in this paper are defined as follows.

Definition 1.1. Given a positive time T' and assume that
0<po€ H'NnW" wye DyND?* 0<6,€ D) D? (1.7)
for some q € (3,6]. A triple (p,u,0) is called a strong solution to system (1.1)—(1.3)
in R3 x (0,T), subject to (1.6), if it has the reqularities
peC(0,T); H n W), p, € C([0,T]; L* N L),
(u,0) € C([0,T]; Dy N D?*) N L*(0, T; D*),
(ut,0;) € L*(0,T; Dg),  /pus, /pbs € L=(0,T; L?),
satisfies equations (1.1)—(1.3) a.e. (x,t) € R3x (0,T), and fulfills the condition (1.6).
Definition 1.2. A triple (p,u,0) is called a global strong solution to system (1.1)-

(1.3), subject to (1.6), if it is a strong solution to the same system in R3 x (0,T), for
any finite time T'.

Before stating the main result of this paper, let us recall the following two theo-
rems on the local and global well-posedness of strong solutions to system (1.1)—(1.3),
subject to (1.6), which are cited from [7] and [28], respectively.

Theorem 1.1 (Local well-posedness, see [7]). Let q € (3,6] and assume in addition
to (1.7) that

—pAug — (p+ A)Vdivug + Vpo = \/pogi, —rkAby — Q(Vug) = /pog2,  (1.8)

for given functions g1, g, € L?, where py = Rpobly. Then, there exists a positive time
T. depending only on the initial data, such that system (1.1)-(1.8), subject to (1.6),
admits a unique strong solution (p,u,0) in R3 x (0,T,).

Theorem 1.2 (Global well-posedness, see [28]). Assume in addition to the conditions
(1.7) and (1.8) that 2;n > X. Then, there is a positive number €y depending only on
R,v,p, A, and k, such that system (1.1)-(1.3), subject to (1.6), has a unique global
strong solution, provided that

A5 = llpollellpolls + 1ol lvpoolI2) (Vuoll3 + [lpolloo | v/Po Eoll2) < o-



6 JINKAI LI AND ZHOUPING XIN

Note that the solutions in Theorem 1.1 and Theorem 1.2 are both in the homoge-
nous Sobolev spaces and, as indicated in [27], the inhomogeneous Sobolev regularities
can not be propagated by the compressible Navier—Stokes equations in general, if the
initial density is compactly supported. Besides, these solutions may have infinite en-
tropy in the vacuum region, if the initial density contains interior vacuum. Therefore,
in order to guarantee the uniform boundedness of the entropy or the inhomogeneous
Sobolev regularities, some additional assumptions on the initial density are required,
as shown in the following main result of this paper.

Theorem 1.3. Assume that in addition to the conditions (1.7) and (1.8), the initial
density po is positive on R® and satisfies

3
Vpo(z)| < Kipi(x), VYo €R?, (H1)
for a positive constants K. Denote
R
S0 = Cy (log— +logby— (v —1) logpo) . So = inf so(z),
A z€R3

So = sup so(x), Fo=—plAug— (u+ N)Vdivug+ RV (poby).

z€R3

Let (p,u, 0) be an arbitrary strong solution to system (1.1)-(1.3) in R®x (0, T), subject
to (1.6), and s the corresponding entropy given by (1.4).

Then, the following statements hold:

(i) The additional regqularity u € L>(0,T; L*) holds, if uy € L.

(11) The additional regularity (\%},9) € L>(0,T; L?) holds, if (%,90 € L2

(111) Assume in addition that

|Apo(a)| < Kapg(),  Va € R’ (H2)

for a positive constant Ko. Then, it holds that

inf  s(x,t) > —oc0 as long as s, > —0o0.
R3%(0,T) (@.%) ’ 945 39

(iv) Assume in addition that (H2) holds, then
sup  s(x,t) < +oo,
R3x(0,T)
1=y _ 1-2 1-2 _x
as long as 3o < +00 and py> ug, py > Vo, py 200, py 2V, py 2F € L2
As a corollary of Theorems 1.1-1.3, we have the following:

Corollary 1.1. Assume that the conditions on the initial data in Theorem 1.3 hold.
Then, there is a positive time T depending only on the initial data but independent of
Ky and Ky in (H1)-(H2), such that system (1.1)-(1.3), subject to (1.6), has a unique
strong solution (p,u,0) in R® x (0,T), and that the corresponding entropy given by
(1.4) is uniformly bounded. If assume in addition that the conditions in Theorem
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1.2 hold, then the corresponding entropy of the solution in Theorem 1.2 is uniformly
bounded up to any finite time.

Remark 1.1 (About the conditions (H1)—(H2)). (i) Assumptions (H1)-(H2) mean
essentially that py decays at a rate no faster than O(#) at far fields. Indeed, for

initial density of the form

K
po(x) = e K € (0,00),0 € [0,00), where (x) =(1+ |x|2)%,
(H1)-(H2) hold if and only if £ < 2. For this reason, (H1)-(H2) will be called slow
decay assumptions. Such conditions have already been introduced and employed in
[34, 35] to deal with the corresponding problem in one dimension.
(1) Set
K (o] 3 A L
Po = W, ug € C°(R?), 0y = R 005

with . . .
> — — = <l<2 Ke(0 .
Y 47 maX{Q("y—l)’z} = 4, E(,OO)
Then, (1.7)-(1.8) and (H1)-(H2) hold. Therefore, the set of the initial data satisfying
conditions in Theorems 1.1-1.3 is not empty.

Remark 1.2 (Propagation of the inhomogeneous regularities). Theorem 1.3 implies
that the inhomogeneous reqularity of the velocity can be propagated by the compress-
ible Navier—Stokes equations in the presence of far field vacuum, as long as the initial
density decays sufficiently slowly. If moreover “—00 € L?, then the propagation of
the inhomogeneous reqularity of the temperature holds also. Notably, this is in sharp
contrast to the case with compactly supported initial density [27], where the inhomo-

geneous reqularity can not be propagated even in a short time.

Remark 1.3 (About the compatibility condition (1.8)). (i) Assumption (1.8) is not
required and condition (1.7) can be relazed in the proof of (iii) of Theorem 1.53. Be-
sides, some weaker reqularities on the strong solutions than those stated in Definition
1.1 are sufficient to justify the arguments. In fact, strong solutions established in [31]
can be chosen to guarantee (iii) of Theorem 1.3.

(i1) The first condition in (1.8) is crucially used in the proof of (iv) of Theorem
1.3, see Proposition 2.5, but the second one in (1.8) is not used. However, since the
second condition in (1.8) is assumed in the local well-posedness result, Theorem 1.1,
we still put this assumption in Theorem 1.3. It is an interesting question to see if
conclusion (iv) of Theorem 1.3 still holds without assuming (1.8).

The main tools of proving Theorem 1.3 are some singularly weighted energy esti-
mates and an elaborate De Giorgi type iteration technique exploited in our previous
works [34, 35|, where the corresponding problems in one dimension were addressed.
Although singular weights chosen in the multidimensional case are exactly the same
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as those in the one-dimensional case, in deriving the low order singular energy esti-
mates; however, in the multi-dimensional case as considered in this paper, singularly
weighted energy estimates for higher order derivatives are also required, which re-
quire elaborately chosen singular weights, see Proposition 2.4 and Proposition 2.5.
Moreover, in the one-dimensional case, the singularly weighted energy estimates for
u, are carried out in the Lagrangian coordinates via the dynamical equation of the
viscous flux GG, as this equation can be clearly written out in the Lagrangian coor-
dinates. However, in higher dimensions, estimates of Vu require the control of both
the effective viscous flux G and the vorticity V x v that are strongly coupled, for
which the Lagrangian formulation has no advantages. Thus, we will work directly
with the momentum equations in the Eulerian coordinates and derive the singular
energy estimates for both Vu and the material derivative %, where we used the idea
of Hoff to apply the material derivative to the momentum to derive the governing
system for 1, see Proposition 2.3 and Proposition 2.5.

The rest of this paper is arranged as follow: in Section 2 and Section 3, we derive
important a priori singular energy estimates and carry out the De Giorgi type iter-
ations with singular weights, respectively, which are used to prove Theorem 1.3 in
Section 4, and the last section is an appendix on some elementary calculations.

2. SINGULARLY WEIGHTED A PRIORI ESTIMATES

This section is devoted to carrying out some a priori energy estimates with singular
weights which will be used in the next section to carry out suitable De Giorgi itera-
tions. Throughout this section, as well as the next one, (p,u, #) is always assumed to
be a strong solution to system (1.1)—(1.3) in R3 x (0, T'), subject to (1.6), for a given
positive time 7". The initial density is assumed to satisfy (H1).

To simplify the notations, we set

o(t) = 1+ [[y/aoul% () + [Vul2.(2), ¢T:3A ot (2.1)

2.1. A transport estimate on p.
Proposition 2.1. It holds that

€00 (1) < () < PV pn(x), W(w,t) € R® x (0,T),
for a positive constant C, depending only on K;.

Proof. Define J = £ Then, (1.1) implies that

OJ +u-VJ+ (divu—i—u-%)J:O.
0

Let X (z,t) be the particle path starting from z, that is,
0 X (x,t) = u(X(z,t),t),
X(z,0) = z.
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Then,
J(X (2, 1), 1) = ¢ o (Avesw 50 ) (X mar

Thanks to this and using the fact that the mapping X(-,¢) : R — R is bijective for
any t € (0,7), one can easily obtain

o fg(Hdiquoo-i-Hu VpOH ) <J< eng(Hdiquoo-l—’u VPOH ) ., on R3 x (O,T),
which leads to the conclusion by the Cauchy inequality and assumption (H1). 0

2.2. Singularly weighted L°>°(L?) estimates.
Proposition 2.2. It holds for any o > 0 that

o T Dt
Sup, O 29)H§+/0 100 ¥ Vo™ VO3t < Cll(po™ wopy 2 60)]2

for a positive constant C' depending only on «, c,, i, A, k, K1, and ®.

Proof. For any fixed 0 < § < 1 set pps = po+9. Choose a nonnegative cut off function
X € C5°(By) satisfying x = 1 on By and set xr(z) = ¢(F) for R > 0.
Multiplying (1.2) with pyffux% and integrating over R? yield

/[p(@tu—i—(u-V)u)—(MAu—l—(,tH—)\)Vdivu)]-po_éauxfzdx = —/Vp-pafuxédx. (2.2)

(1.1) implies that

a 1 —a
[ ot (V) gy =5 [ p(@ul + u- V1) gy e
1 d 2 —a. 2 1 —a, 2 2
=—— [ plulpos xmde — = | pu-V (po(s XR) lul“dz. (2.3)
2dt 2
By (H1), it holds that
W (P&SQX?%” = ‘_O‘P(;(S(QH)VPMX% + 2055QXRVXR‘

< O (p@t a2 4 (R6™) My pl
< Pos PoXR T (R6") Xxrlc,
< (:005 \/%XR (RCSQ)_IXRlcR) , (2.4)

where 1¢, is the characteristic function of the set Cp := Bsr \ Bgr. This and the
Sobolev embedding inequality yields that

‘/pu -V (P8 xh) luldz| < C’/p|u|3 (PosV/PoxF + (R6*) ' xr) dx

< CllVpoullsollv/ppos® uxrlls + C(RO®) ™ lullllv/oull3
< Co(t)lIVpres” uxrlls + C(RO™) ™ [[ulloollv/pull3-
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Substituting this into (2.3) yields
[ oo+ eV piuida

1d _a _a o
> 5= lVPeos” uxallz = CoONIVpos* wxnlls — C(RIY)Hlulloo [l V/pullz- (2.5)
It follows from integrating by parts that
- /Au pofuxgpdr = / IVul? poi xRdr + /@u -ud; (posXF) d. (2.6)

It follows from (2.4), the Holder, Sobolev, and Cauchy inequalities that
‘/@u ud; (posxF) da

¢ [ 1ullFul (o VA + (R5%) ey da
Clloos’ Vuxzllllv/oorss: uxalls + C(RE®) Vel 2y lullsll xrlls
< Zlow Vuxal + Cllv/popest uxlly + C5= [Vl sz Vo,
where ||xr|ls < CR was used. Substituting this into (2.6) yields
- [ du- s = Jlont Vol - Vi wel?
—C6 |Vl ey IVt (2.7)

IA

IN

Similarly, one has

. o 1, —ao _a
— [ Vaivu- pigudds =l divuall - ClVa wl?
—Co™ | Vu| 2cp) || Vull2. (2.8)
Thanks to (2.4), it follows from integrating by parts and the Cauchy inequality that
—/Vp . p&so‘uxf%dx = /p[u -V (p&f‘x%) + div upgf‘XQR} dz

< C / p0 [|divulpos X% + [ul (po5*v/PoxE + (R6*) ' xr)] da

A _a _a _a
< T ldivupg,® xall; + C <|Ipp052 Oxrl3 + |vVPPos® uxRH%)

+C(R6™) " (IVpulls + [IVeol]3)-

Substituting (2.5), (2.7)—(2.8), and the above inequality into (2.2), and by Proposition
2.1, one gets

d _a _a
2 IVPros” uxrll3 + 1.5l pos* Vuxzlls



ENTROPY-BOUNDED SOLUTIONS COMPRESSIBLE NAVIER-STOKES 11

< Co(t)(Ilppos” Oxrlls + IvPpos” uxrll2) + CO~[Vull r2cpy | Vull2
+CO(R™) " (Iv/pullz + [P0z + [lulloo I v/Pull2)- (2.9)
Multiplying (1.3) with popys @x% and integrating over R? yield

/[cvp(a,ﬁ +u - V) — kA0 popys Ox Rdr = /(Q(Vu) — pdiv u)poposOxRdr. (2.10)

By (1.1), one deduces

1
[ P00+ 0 SOppig e =5 [ 00"+ - 9Ot

1d - 1 —a
= 5%”\/%%52 Oxrlls — 2 /pu92V(p0,005 Xr)dz. (2.11)

It follows from direct calculations and (H1) that

—a —a — 1 —«
IV (poposxw)|l = |Vporos X — aﬂopo5(a+ )VPOX?% + 2p0pos XV XR|
3
< C(pg pos X + Popos Xr|VXRI)- (2.12)
Therefore,
‘ / pub®N (popos X da

3
< C / plul0(pd pos X T + pPopos XrIV XR|)dz

< Cllvpoullsollv/PPopos’ Oxrllz + C(RS*) ™ poullss |l v/P0 I3

< Co(t)llvPpopes” Oxrllz + C(RI*) ™ o (t)[Iv/pol3-
Substituting the above inequality into (2.11) gives

1d _a _a
[ o084 w Opuione > 5o oxall — ool Vo bl

—C(R3*) ' o(t)llv/p03- (2.13)
Integration by parts yields

—/A9p0p55a9)<%d$:/|V9|2p0p65a)(%dl‘+/9V9~V(POP85QX?Q)dZL'. (2.14)

It follows from (2.12) and the Cauchy inequality that

’ / OV0 - V(popos Xr)dx

IN

3
C / 01V 0| (08 pos X T + Popos Xr|VXR|)dx

IN

1 _a _a _a
5 Iv/Popos” Voxzllz + Cllpopes” Oxrlls + Cllv/Popes” 0V xrll3
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1 _a —a N —
< SIVPopos” VOxRlls + Cllpopes” Oxalls + C(R*%) M v/pob 3,
which and (2.14) lead to

a 1 -2 -2 o
—/Mpo/)% Oxpdr > 5VPopos VOxzl5 — Cllpopes® Oxrllz — C(R*6%) " [v/pobl3-

Note that the Cauchy inequality yields that (219)
/ Q(Vu) popys OxRd
< C/\VU\zpop(?a“@X?adw < C[Vullwllpgs Vuxzlllposns 0zl
< Elloes’ Vuxall3 + Cot)lpopos’ Oxal (2.16)

and

- / pdiv upopys Oxpde < C / pO|divul popos Ox R

< C|IVullssllvrpopes Oxrlls < Co)lIv/poopes® OXrll3- (2.17)

Substituting (2.13) and (2.15)—(2.17) into (2.10) and by Proposition 2.1, one gets
that

d _a _a
co=llv/PPopos” Oxrll3 + &llv/Popes® VOxXr

E ot Vuxally + Co0)Iy/propay Oxall
+C[(R6%) (1) + (R*0%) ][I V/pob 13- (2.18)
Summing (2.9) with (2.18), it follows from Proposition 2.1 that

IN

11l pos> Vuxrll3 + £llv/popes® VOXEI
d _a _a
- (1v/Ppos” wxalls + eullv/ppopas” Oxrll3)

Cot)(Iv/Ppos* uxrlls + cullv/ppopos’ Oxall3) + CO~ [Vl L2cn) [ Vull2
+C(RO*) " ([lv/pull3 + llullllv/pull3)
+C[(RO*) o (t) + (R*0) " lly/poblll3-

Applying the the Gronwall inequality to the above and noticing that

IN

T
/ |Vull 2| Vul|2dt — 0, as R — oo,
0
(L + [Jullso)[vpPull3 + ¢@)[Iv/p01l3) € L'((0,T)),
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guaranteed by the regularities of (p,u, @), one gets by taking R — oo and by Propo-
sition 2.1 that

o _o t 2 2
(Iv/Popos” ullz + cullpopos 012) () + / (lpos” Vuullz + llv/Popos® VO13)ds

< Cll(n® wo.py 26003

Taking 0 | 0 to the above inequality and by the monotone convergence theorem, the
conclusion follows. 0

Remark 2.1. The basic idea of proving Proposition 2.2 is to choose py“u and p5~*0
as testing functions to (1.2) and (1.83), respectively, in the fashion of integrating by
parts formally on the whole space. This argument is justified rigorously by choosing
Posuxg and popos0xF as testing functions to (1.2) and (1.3), respectively, and taking
the limits as R — oo and 6 — 0, successively, as presented in the proof of Proposition
2.2. For simplicity of presentation, the energy estimates in the remaining part of this
paper are carried out in a brief way, that is, we test the relevant equations by some
singularly weighted functions directly; however, as already indicated in the proof of
Proposition 2.2, due to the assumptions (H1) and (H2), the arguments can be justified
rigorously by adopting similar cutoff, approximations, and taking the limits as R — oo
and 6 — 0.

2.3. Singularly weighted L>°(H') estimates.
Proposition 2.3. It holds that

T - _x
sup oo * Vull3 + / lpo® Buul3dt < Cll (o™ oy *0 po * Vo)1
0

0<t<T

for a positive constant C' depending only on c,, u, A\, k, K1, and ®.

Proof. Multiplying (1.2) with p,"0,u and integrating over R? yield

— /(uAu + (u+ N)Vdivu) - py " Oudx + H\/ﬁpg%@uH%

=— / p(u-V)u- py  Opudr — /Vppaw&gudx. (2.19)
It follows from integrating by parts, the Cauchy inequality, and Proposition 2.1 that
—/Aup(ﬂ@tud:v = ;jtﬂpo 2Vul)3 + /Vu 10 ® Vp, dx
> Lyl — A Lol — Clloy Vul 220
2dt 8u

and, similarly,

1d IVee 0l . 3
- [ Vatiup o = 5l Faival — Sl Val. (221)
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The Cauchy inequality and Proposition 2.1 yield
_ 1 -1 _
- /p(u V) py " duude < 2|1V/ppo * dully + Cllvpoulllpe * Vullz. (2.22)
Substituting (2.20)—(2.22) into (2.19) leads to
d -3 2 ~3 2y O -3 2
E(N”Po Va3 + (1 + Al po > divullz) + ZH\/EPO Orull3
< C¢(t)|]pa%VuH§ — Q/pOVVp - Qpude. (2.23)

Let G be the effective viscous flux, i.e.,
G = (2p+ N)divu — p. (2.24)
By the Cauchy inequality and Proposition 2.1, it follows

- / po Vp-Owudr = / p(Vpy " - O+ py divoyu)da

d
= = po divupdz + /(pra7 O — py 'divudyp)dx
d
< pr po 'divupdr — / po 'divud;pdx
X 1-2
+nllv/peg ? deullz + Cyllog 013 (2.25)

for any n > 0. Note that

1 1
— | ,7di dr — — — -
/Po ivudypdx STeTESY R

It follows from (1.1), (1.3), and the equation of state that
—0p = div(up — k(y — 1)VO) + (v — 1)(divup — Q(Vu)).

Thanks to this and using Proposition 2.1, one deduces

—/pawG&gpdx = /pvadiv(up—/{(v— 1)VO)dx

d, -2 _
EHP()QpH%_ /po”Gc?tpd:r' (2.26)

+r=1) [ 2 Gldivp - Q(Vu)ds
= /[(7 —1)rVO —up| - (p,"VG + Vp, 'G)dz
=1 [ 5 Gldivup — Q(Vu)ds

< € [(VOl+ plullo” IV + g (V] + pub)lds
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c / o2 (IVul + pob)?|Vulda

< 77||P0 = VG||2+C HPO V9”2
+CO() (loo 2013+ llpo * Vul2) (2.27)

for any positive 1, where |G| < C(|Vu| + pof) has been used.
It follows from (2.23)—(2.27) that

d
dt

s 3 -1
—2—/p0 Tdivupdx + —||\/ﬁ,00 20pul|3

— 1-2 2
< lloy * VGIE+Culloy™ VOIR+Cot)ll(on 20,007 Vu)l} (228)

(1allon * Wl + g+ Nl *divalF + =—— I *p11)

1
2+ A

for any positive 7.

ot
It remains to estimate ||p, E VG||%. Denote & = dyu+ (u- V)u. Then (1.2) yields
that

AG = div (pu).
Multiplying the above equation by ,0 VG and integrating over R? yield

- / AGp, " MGde = — / div(p) pg " Gda. (2.29)
Integrating by parts and using (H1) and the Cauchy inequality lead to
- [ a6y Gds = Ty ¥ VGIE - Clloy G (2.30)
Similarly, one has by Proposition 2.1 that
/dlv(pu) O Gd

/ piv- (p "TIVGE + Vo, G da

_ _a et § _x
< Clvep *Owullz + [[v/poullollpg * Vull2)([lpg 2 VG2 + [lpg *Gll2)
2 1-2
< CL+ |Ivpoull%)(lleo > Vullz + [lpy *01l3)
1 _att _a
+1lleo VG5 + Cllvppy * deull3-

This, together with (2.29) and (2.30), leads to

_otl 2 2 1—-2
lpo * VGIIz < Cliv/ppg * el + Co(t)llpg * Vullz + llpg *6113)- (2.31)
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Then, (2.28) and (2.31) yield

d _a 1 _a
& (sl G Ml Pl + 1R + v ol

d ~7di 5 2 1-2 1112 -3 5
< 22 [ py"divapde + Cllpe® V0I5 + Co@)(lpg 2015 + llog * Vull3).
Note that Proposition 2.2 together with Proposition 2.1 yield

2 7 2
<CH( uo, py 2 00)I3-

-3
Po

sup ‘
0<t<T

Thanks to the above two and using the Gronwall inequality, the conclusion follows
by applying Propositions 2.1 and 2.2 and the Cauchy inequality. U

Proposition 2.4. It holds that

T
1—2 - _a 1-2
OiltlgTHpo 2V9||§+/ 1907 012 < Cll(po7 wos Py 200, 5 2 Vg, py 2 V)2
SUS 0

for a positive constant C' depending only on c,, u, A\, k, K1, and ®r.

Proof. Multiplying (1.3) with p@*”ate and integrating the resultant over R3, one can
get from the Cauchy inequality and Proposition 2.1 that

—K/Aepg'yﬁtﬁdx + CUH\/ﬁpé_%atHHg
= /(Q(Vu) — pdivu)pg_ﬂfat@dm — ¢y /pu . Vepg_wﬁtﬁdx

Cy 1-2 1-2
< lvoey 206l + Colt M(po® Vo po® 0.0 2 V).
Similar to (2.20), one has

1-2 1-2 1-2

—r [ 80500 = 50 E V0 - ey P00l - Clloy F VS

Therefore,

d 1-2 1-2
rlloo 2 VOl +cllVppy 20015 < Colt (oo™ Ve po™ 6.5 2 VO],

from which, by the Gronwall inequality and Propositions 2.1, 2.2, and 2.3, the con-
clusion follows. 0

2.4. Singularly weighted L°°(L?) estimate for .
Proposition 2.5. Recall @ = Oyu + (u - V)u. Then, it holds that

T
1-7 .
s 19y Hilli+ [ log” Vil
0<t<T



ENTROPY-BOUNDED SOLUTIONS COMPRESSIBLE NAVIER-STOKES 17

< oo™ w0 py 200,00 Vo, oy V0, 2 )
for a positive constant C' depending only on c,, pu, A\, k, K1, and &7, where
o = pAug + (1 + A)Vdivug — RV (poby).
)+ div (u - ) to (1.2), noticing that

O(pu;) + div (upiy; p(0pt; + u - V),

Proof. Taking the operator J;( -
)
00y div u + div (ud;divu) = 0Oidiva + div (ud;div u) — 9idiv ((u - V)u), (2.32)
)
)

OiAu; + div (uAw;) = Ad; + div (ulAw,;) — A(u - V), (2.33)
0:0ip + div (u0;p) = 0O;(pt + div (up)) — div (O;up)
= RO;(ph) — div (d;up),

and applying Lemma 5.1 in the Appendix to the terms div (ud;div u) — d;div ((u-V)u)
and div (uAw;) — A(u - Vu;) in (2.32) and (2.33), respectively, one obtains

POt + (u - V)i) — ,uéu — (p+ A)Vdiva
= div ((Vu)'p) — RV (pf) + pdiv (Vu(divul — Vu — (Vu)T))
+(p+ N div [(diva)? — Vu : (Vu)))T — divu(Vu)'].

Multiplying the above with péﬂu and integrating by parts, one gets from the Cauchy
inequality, (H1), and Proposition 2.1 that

/ p(Ots + (u - V) - py Viudx — / (A6 + (u -+ \)Vdiva] - py idz
- / div [(Vu)Tp — RpbI + ,u(Vu(div wl — Vu — (vu)T))] A ad

+(p+ A) /div(((div u)® — Vu: (Vu)")I - divu(Vu)T> - po Mida
< C/(|VU|2 + [Vulpof + p|9!)(pé*”|w| + IVpé*”Hu\)dx

e -
< lloe® Vill3 + Clloy™ 013+ Co0ll(p® Veupo® 0.0y 23 (2.34)
Using (1.1) and (H1), one deduces

/p(@tu + (u-V)a) - py idz
1d

1 VR
_ th oo il — / o Vb2 de

1y 1y
5%!!\//%2 ill; = Cllv/poullocllvopo® lls- (2.35)

v
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Integrating by parts, it follows from (H1) and the Cauchy inequality that
—/Au po ludx = HpJ%VuH% + /vu 1 Vpo ! ® ddx
3, 2.
= Z”Po 2VU||2 OHPO U||2 (2.36)

and, similarly,
- [ wdivi gy i = Sy divil - Cllgy il
Substituting the above three inequalities into (2.34) and using (H1) yield
%Hmﬁ’ il + lloy® Vil

< CHPO at9|’2+0¢( )H(Po VU /00 VQ Po 8 Po 2)||§a

from which, by the Gronwall inequality and applying Propositions 2.1-2.4, the con-
clusion follows. O

4

2.5. A singularly weighted elliptic estimate.
Proposition 2.6. It holds that
_a 1_2 _a
IV (po 2 U)HG +1lpo 2Vu||6 < CH(PO uOva HO»PO *Vug, py *Vbo, py 2%)”3

for a positive constant C' depending only on c,, u, \, k, Ky, and &7, where A 1is
defined in Proposition 2.5.

Proof. Note that
potAu = Alpy u) —div(u® Vpy?) — Vu-Vp, 2,
pa%Vdivu = Vdiv(pa%u) —V(u- Vpa%) — divqua%,
po Vo = Vi(py*p) = Vp *p
Therefore, it follows from (1.2) that
_ _
1A (po *u) + (p+ A)Vdiv(p, *u)
= pg%pu + div </LU ® Vp(:% + L+ Nu - Vpo_%f + po_%pl>
+(pVu + (p+ N)divul — p])Vpg%
It follows from the elliptic estimates, (H1), and Proposition 2.1 that
V(oo *u)lle < Cllpg ?pit + (uVu + (u + Ndivul —pI)Vp, * |2
_ _ _
+C Huu ®Vpy® + (p+Nu-Vpy * I+ py 2p1H6
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< Oy Fipo® uapy® Ol + 110" wapp 2O)lls). (2:37)
By the Sobolev inequality and (H1), one can get

oo ulls < Clloy™ Vulla + V6,7 ull2) < Cllloy” Vaullz + [l *ull2)
and, similarly,

1-3 1-5 B
lpo *0lle < C(llpo >Vl +[lpo* ll2)-
Substituting the above two inequalities into (2.37) yields

-3 -2, L 1-2 1— 3=y
Hv(/’02u>||630”<,00 “u,pg? Vu,py *VO,py *u,py? 9)||2=

w2

and further

~

lpo * Vulle = HV<P02 u) — Vﬂo UH6<HV(p0 F0)lls + Cllp™ ull

_x 3=
CH(PO u po VU Po veapo *u, 0% 0)|2-
Combining the above two inequalities and applying Propositions 2.1-2.5, the conclu-
sion follows. O

IN

3. THE DE GIORGI ITERATIONS

This section is devoted to carrying out suitable De Giorgi iterations, which are
preparations for proving the lower and upper bounds of the entropy in the next
section. Due to the presence of vacuum at the far fields, which causes the degeneracy
of the system, the De Giorgi iterations performed in this section are of singular type,
that is, some singular weights are introduced in the testing functions chosen in the
iterations. Moreover, the iterations are applied to different equations in establishing
the lower and upper bounds of the entropy: in dealing with the lower bound, a De
Giorgi iteration is applied to the entropy equation itself, while in dealing with the
upper bound, it is applied to the temperature equation. The singularly weighted
energy estimates established in the previous section play essential roles in the De
Giorgi iteration applied to the temperature equation to deal with the upper bound
of the entropy, but not in dealing with the lower bound of the entropy.

Set
K(y—1
My = %e@%[u + |y = 2K} + Ko, (3.1)
where C, is the positive constant stated in Proposition 2.1 and ®r is given by (2.1).
The following De Giorgi type iteration will be used to get the uniform lower bound

of the entropy in the next section.

Proposition 3.1. Let My be given by (3.1) and define
R
s=logl— (v —1)logpo + Mpt, 3,= S _ logZ.
Cy

Then, the following statements hold:
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(Z) For any 4 S SO;

w1600+ [ [T

for a positive constant C' depending only on c,, u, )\, K, Kl, T, O, and the initial data.
(i1) Set

dt<C

T
Vo= V(T) = sup [[(5—0_|2+ / IV — 0)_|2dt, Ve <3,
0

0<t<T
where f_ = —min{f,0}. Then,

¢
(m —£)?

for a positive constant C' depending only on c,, u, A\, k, K1, and ®.

3
y@S y77217 V€<m§§0,

Proof. 1t follows from (1.5) and definition of § that
cop(O1S +u-VS) — kAS = ¢,Mrp+ k(v —1)Alog py — Rpu - Vlog po
Wk v
Vo, ey
0 0

—Rpdivu + K

Multiplying the above with —% yields
Co / p(0i5+u - V3)py ' (5 — 0)_dx + /f/Aé’pgl(E —0)_dx
< - /[CUMT/J +r(y = 1)Alog polpy (5 — ) —da

+ R/pu -V log popy H (5 — €)_dx + R/pdivupgl(é —0)_dx
=:I1(t) + Io(t) + I3(1). (3.2)
In the similar ways as (2.35) and (2.36), one can get

—c, /p(@tfé +u-V8)py (5 —0)_dx

_ / DG =) +u-V(GE—0) g (5—0)_da
S |-

/A§p01(§—€)d:c - —/vg[polwg—z)+vp01(§—£)]dx

—C||\/_UI|oo||( 013 (3.3)

and
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_ /V(§ ) [0 V(G =)+ V55— 1) de

2

> 3P - ons- o (3.4

By assumptions (H1)-(H2), Proposition 2.1, and recalling the definition of My in
(3.1), one deduces that

coMrp + K(y — 1)Alog pg

A V pol?
= /o (cvMTﬁ + Ry — 1) =2 — (- 1)—| pf’ )
Po Po Po

> po (cve’C*‘I’TMT — k(v = 1)Ky — k(y — 1)K12)
= oor(y =Dy —2|K} >0
and, thus,

I =- /[cUMTp +r(y = 1)Alog polpy ' (5 = £)-dz < 0.

Thanks to this, substituting (3.3) and (3. ) into (3.2) yields

2

a V(§—10)_
_ + 1.5k || ———
dt H PO Vo 2

< O+ H\/_UHW)H(S —0)-|z +2(I2 + I). (3.5)
(i) By assumption (H1), it follows from Propositions 2.1-2.3 that
L+ 15 < C(vpulls + [[Vull3 + 15 = 0)-[13) < CA+ 15 = O)-13),
which together with (3.5) yields
V(E—0)_ |

d 0. 2 .
Cp— —(§—0)_ < C(1+ ull (5= 0)_|12 + C.
AT | <o G - oI

Since §|;—¢ > s, it is clear that (s — ¢)_|;—o = 0 for any ¢ < s,. Thanks to this,
applying the Gronwall inequality to the above inequality, and by Proposition 2.1, one
gets the first conclusion.

(ii) It follows from Proposition 2.1, assumption (H1), and the Cauchy inequality
that

+ 1.5k

Az 1) < C [(Va] + V(s — 0)-dy
Clly/Aoull2. + [Vl )G — 0|2 + C / 1dr.  (3.6)

{5<t}

IN
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2

Substituting (3.6) into (3.5) leads to
V(s—10)

Co— |4/ — (B =10)
dt H Po Vo 2

C(llv/poull, + ||VUI|§O)II(§—€)—||§+C/ ldz. (3.7)

{5<¢}

+/<;

One can check easily that, for any m > /,
13%, on {5 < €} C {5 <m}.

Therefore, it follows from the Gagliardo-Nirenberg inequality that

/ ldz < /
{5<¢} {5<t}
<
{s<m}

C .
m“(s -
which, substituted into (3.7), gives

“ai H\ﬁ - N

< 01+||\/_UHQ +||VU\|2)||(§—E)—II§
15— m)I3119(5 — m)_[13.

B=m)- 3 dx

m — /¢

(§—m)_

m— /¢

. 2
+/{ V(s—10)_

2

+—

(m —£)?
Recalling that §|;—9 > 5, applying the Gronwall inequality to the above, and using
Proposition 2.1, one obtains the second conclusion. O

To derive a uniform upper bound for the entropy, we need the following De Giorgi
type iteration.
Proposition 3.2. Let My be given by (3.1) and define

_ A s
So= e, fi=0— M WEER

T, o
2y =2(T) = sup ||Pé‘”(96)+||3+/ lpg 'V (0e)+3dt, V> Sy,
0<t<T 0

where fy = max{f,0}.
Then, there is a positive constant C' depending only on c,, v, i, A\, k, Ky, Ko, T,
D1, and the initial data, such that

Z, < CM*+1), VL>8,,
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cerr s
Z Zg, Y>m>S
= (¢ —m)3 m 0
Proof. Direct calculations show that
cop(Oiy +u- V) — kA0, = —c leMpu -Vl — Rp(0, + LMt p] ™M divu

4-LeMrt (/{Apg_l — CUMTpg_lp) + Q(Vu).
Multiplying the above with p(l)_27(9g)+ and integrating the resultant over R? yield

Cy /p(&ﬁg +u- V) py 7 (0y)pdx — K/Aegpé%(&ghdx
= —eter" [ pu Ty ol PO s = R [ phidiv (600
—RéeMTt/ppgvdiV w(fp)ydx + EeMTt/ (/ﬂApg_l - cvMTpg_lp) Y2 (0)) 4 dx

+ / Q(Vu)py (0))ydx =: Iy + ITy + IIs + I 14 + IT5. (3.8)

In the similar ways as in (2.35) and (2.36), one can get

“ / p(Du0s + - V0)py " (0r) 1 dx

1
> ||\/_Po 1(00)+113 = Cllvpoullllvees ™ (00)+113 (3.9)
2 dt
and
/ DOl O0) e > 2Npd V004 E = Cl O3 (3.10)
By (H1)-(H2), (3.1), and Proposition 2.1, one deduces

kAPY T — cvMTpg_lp = Py ( (v — 1)% +r(y = 1)(y—2) W@OF - cvMTﬁ)
03 Po Po
< A3 (hly = DK + w(y = Dly = 2/KF = e Mye™ @)
= —k(y = DpgKi <0
and, thus,

II, = éeMTt/ (kAPy ™ = coMrpd ™' p) po 27 (0¢)dx < 0. (3.11)
Thanks to (3.9)—(3.11), one gets from (3.8) and Proposition 2.1 that
d 1_ 1_
co gz IVPPs " (Oe) I3 + 155V (00) 41

< O+ Iypull)lyoed " 0013+ 2011 + IL + [y + 11). (3.12)
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(i) By Proposition 2.1 and using (H1), it follows from the Holder and Cauchy
inequalities that

1L+ 11+ 115+ 115
< Cllly/poullzllps (0e)+llz + ClIVallclloh ™ (6e)+ 13
+CVullallpy ™ (004112 + Cllog 2 Vull2llob ™ (0) 1
< CP|poul3 + CIVull} + llpo * Vull)

FO(+ [ Vullao) Vo086 113
Due to Propositions 2.2, 2.3, and 2.6, one gets by the Young inequality that

X X X
Ivpoull2 + [IVullz + lpg * Vulls < C(1+ llpg > Vull3 + [lpg * Vullg) < C

Therefore,

IL + Iy + Iz + Iy < C(C + 1) + C(1L+ [ Vulloo) IVeps (00113,
from which and (3.12) one gets

d 1 1_
co Ve "(00)+ 115+ 1550V (00) 1113

< O+ IVpoullse + IVullso) Ivpos (04113 + C (€2 + 1).

Applying the Gronwall inequality to the above inequality, by Proposition 2.1, and
noticing that (6y),|;=0 = 0, for any ¢ > Sy, the first conclusion follows.
(ii) Using (H1) and Proposition 2.1, one can obtain

I+ 1t < Ot [ (plulgf ™ 60)s + [Vuloh ™ 6r))ds
< Ul + [Vule) [ o570

< cp /{ | 1 Ol + I9ulod 00
>

II; < C|Vullslpg " (0)+]3

As for 115, by Proposition 2.6, one can deduce from the Holder and Sobolev inequal-
ities that

II; = /Q (V) py 27 (6y) pda < C/\pOQVu] po " (00) 1 dx

1
Clo Tuldles "6l ([ 100
{9g>0}

¢ (10575 ba+ 1od " 00l) ([ 1ae)
{0,>0}

IN

IN
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K, 1o -
< glles "V (00)+ 13+ Cllpy " (Be)+[13+ C ldz,
{9@>0}

where the following has been used
oo (0 +lls < ClIV (oo () )ll2 < (0 "V (0e) 4 ll2 + 1V (0)41l2)
3_
< C (I V)4l + o3 04 l12)

Thanks to the estimates on ;i = 1,2,--- |5, it follows from (3.12) that

d %_'V 0 2 %_7 0 2
o llVpps (Oe)+ ]2+ wllog V(0e)+ ]

< C(1+II\/fTOUI|§o+IIVUIlio)IIpé_”(HMIIS+C€2/ lde. — (3.13)

{0,>0}
Since M7 > 0, one can check that for any ¢ > m, it holds that
1< e’MT’t,o(l)ﬂi < péﬂi on {6, > 0} C {6,, > 0}.
- {—m — {—m’ -

Thanks to this, it follows from the Gagliardo-Nirenberg inequality and (H1) that

/ ldx < /
{6,>0} {6,>0}

3
C _ 3 _ 3
dx < m”ﬁé G5V (oo O3

1_
Qo 70:72

{—m

C _ 3 _ _ 3
< —(g_mg\lpcl) 05112 (1ps VOl + Vo 70, ]12) 2

C _ 3 _ _ 3
< —(g_my,\lpcl) 05113 (lpo VO 2 + [lpg 70 112)2.

Substituting this into (3.13) gives

d 1_ 1_
coIVpps Y0041+ kllpg V(004113

Ce? _ 3 - 3
< oyl Ol oo™ Vel + lloy0rl2)?

O+ [lvpoull3, + [VullZ) oo (0e)+ 13-

Note that (0)1|=0 = 0, for any ¢ > So. The second conclusion follows from the

above inequality by the Gronwall inequality and Proposition 2.1.

4. UNIFORM BOUNDEDNESS OF ENTROPY: PROOF OF THEOREM 1.3

Let us first recall the following lemma cited from [35].

0
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Lemma 4.1 ([35]). Let mg € [0,00) be given and f be a nonnegative non-increasing
function on [mg, 00) satisfying

flf) < %Jw(m), VL > m > m,

for some nonnegative constants My, a, 3, and o, with 0 < a <  and o > 1. Then,

f(mo + d) = O,

where

1
2a+26+1+ B +2a+5+1] B—a

d=[2f7(mo)(mo+ My +2) = "2 +2.

Then, we can prove Theorem 1.3 as follows.

Proof of Theorem 1.3. (i) and (ii) are direct corollaries of Proposition 2.2, by choosing
a =1 and a = 2, respectively.

(iii) Let 3,3y, and )Y, be defined as in Proposition 3.1. By Proposition 3.1, )y is
finitely valued for ¢ < 5, and

Ve <

Njw

Vi, VYVl <m <35, (4.1)

3

1
(m —0)?
for a positive constant C; depending only on ¢,, i, A, k, K7, and ®7. Define f(¢) :=
YVs,—¢- Noticing that ), is nonnegative and nondecreasing with respect to £, it is

clear that f(¢) is nonnegative and non-increasing with respect to ¢ € [0,00). Then,
it follows from (4.1) that
4 3

f(g) < mfi(m), Vi >m >0,

from which, by Lemma 4.1, it follows that f(di) = V5,4, = 0, for a positive constant
dy depending only on C; and f(0) = Vs . With the aid of this and recalling the
definition of )y, one gets (5 — 5, + d;)_ = 0 a.e.in R x (0,7, and, consequently,

inf S(x,t) > 3, — di.
(2,1)ER3 X (0,T)

Therefore, recalling the definition of § and using Proposition 2.1, one deduces

. . R . Po
5 > e f log = —1)1 f —
s(a,t) 2 ¢ (@) RS (0.) Tealsg (7= 1)log ((x,t)elng%x(o;r) p)

R
> ¢, (50 —dy + log Z) —(y=1DCPp, V(z,t) € R3 x (0,7),

for a positive constant C' depending only on K. This proves the first conclusion.
(iv) Let ¥4, So, and Z; be defined as in Proposition 3.2. It follows from Proposition
3.2 that Z, is finitely valued for any ¢ > Sy and
0262 %

Zy < mzm; vVl >m > S,
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for a positive constant Cy depending only on c¢,, 7y, u, A\, k, K1, T, @7, and the initial
data. Then, by Lemma 4.1, there is a positive constant dy depending only on C5 and
Zs,, such that Zg ., = 0. Thanks to this and recalling the definition of Z,, one gets

0(z,t) < (So + do)pl " (2), V(z,t) € R® x (0,T),

from which, since 6 = %ei p"~! and by Proposition 2.1, it follows

s < ¢, log |:§(§0 + dQ)} + Rlog@ < ¢, log [E
P

yi (So + dQ)} + RC®r,

for a positive constant C' depending only on K, which yields the second conclusion.
Thus, Theorem 1.3 is proved. 0

5. APPENDIX

In this appendix, we prove the following lemma which has already been used in
the proof of Proposition 2.5.

Lemma 5.1. The following two identities hold

div(Au®@ u) — A((u - V)u ) U(Vu(dwu] Vu — (Vu)b),
div (Vdivu @ u) — Vdiv((u- V)u) = div|((divu)? — u: (Vu))I — divu(Vu)t].

Proof. By direct calculations,

div (uAw;) — Au - Vuy)
= div(udiu;) — OF(u - Vuy)
= div (Og(u0ku;) — Oudku;) — Ox(u - VOgu;) — O (Oku - V)
= Ok(u - VOgpu; + divudgu;) — div (Opudyu;)
—Ok(u - VOpu;) — Ok(Oru - Vuy)
= O(divudyu; — Ogu - Vu,) — div (Opudgu;),
the first conclusion follows. One deduces
div (u0;divu) — Oydiv ((u - V)u)
= div0;(udivu) — div (Qudivu) — 0;(u - Vdivu + Vuy, - Opu)
= 0i(u- Vdivu + (divu)?) — div (Qudiv u)
—0;(u - Vdivu + Vuy - Oxu)
= 0;((divu)* — Vuy, - Opu) — div (Qudiv u),

the second conclusion follows. O
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