EXISTENCE OF MULTI-DIMENSIONAL CONTACT DISCONTINUITIES
FOR THE IDEAL COMPRESSIBLE MAGNETOHYDRODYNAMICS

YANJIN WANG AND ZHOUPING XIN

ABSTRACT. In this paper, we establish the local existence and uniqueness of multi-dimensional
contact discontinuities for the ideal compressible magnetohydrodynamics (MHD) in Sobolev
spaces, which are most typical interfacial waves for astrophysical plasmas and prototypical
fundamental waves for hyperbolic systems of conservation laws. Such waves are characteristic
discontinuities for which there is no flow across the discontinuity surface while the magnetic
field crosses transversely, which lead to a two-phase free boundary problem where the pressure,
velocity and magnetic field are continuous across the interface whereas the entropy and density
may have jumps. To overcome the difficulties of possible nonlinear Rayleigh—Taylor instability
and loss of derivatives, here we use crucially the Lagrangian formulation and the Cauchy formula
(1882) for the magnetic field. This enables us to capture the boundary regularizing effect
of the transversal magnetic field on the flow map, and on the other hand, it allows us to
define a special good unknown of the magnetic field to get around the troublesome boundary
integrals due to the transversality of the magnetic field. In particular, our result removes the
additional assumption of the Rayleigh—Taylor sign condition required by Morando, Tarkhinin
and Trebeschi (J. Differential Equations 258 (2015), no. 7, 2531-2571; Arch. Ration. Mech.
Anal. 228 (2018), no. 2, 697-742) and holds for both 2D and 3D and hence gives a complete
answer to the two open questions raised therein. Moreover, there is no loss of derivatives in
our well-posedness theory. The solution is constructed as the inviscid limit of solutions to well-
chosen nonlinear approximate problems for the two-phase compressible viscous non-resistive
MHD.

1. INTRODUCTION

1.1. Eulerian formulation. Consider the equations for the ideal compressible magnetohydro-
dynamics (MHD):
(0,0 + div(ou) =0
I (ou) +div(ou ® u — B® B) + V(P + 3|B|?) =0
OB —curl(u x B) =0 (1.1)
divB =0
| 0:(05) + div(ouS) =0,

where ¢ denotes the density of the plasma, u the velocity, B the magnetic field, S the entropy
and P the pressure given by the state equation:

P = Ag"e® with constants A >0, v > 1. (1.2)

The fourth equation in (1.1) should be transformed to be the initial constraint, which follows
from the third equation. Note that (1.1) is hyperbolic if o > 0.

Let 3(t) be a surface of strong discontinuity for (1.1) and consider solutions that are smooth
on either side of ¥(¢). According to the classification of strong discontinuities in MHD [14], for
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contact discontinuities there is no flow across the discontinuity and the magnetic field is nowhere
tangent to the discontinuity. In such case, the Rankine-Hugoniot jump conditions across ()
for (1.1) are equivalent to (see [14, 12])

V=uy v, Ppr=P., uy=u_, By=DB_onX(t), (1.3)

where V' denotes the normal velocity of ¥(t), f+ := f|q, ) for Q+(¢) the two domains separated
by %(t) and v is the unit normal to ¥(¢) pointing to 2_(¢). Note that in (1.3) the entropy S
and the density o may have jumps. The normal part of the last jump condition, By -v = B_ -v
on X(t), should be also transformed to be the initial constraint. The boundary conditions (1.3)
are most typical for astrophysical plasmas where magnetic fields originate in a planet, star, or
other rotating object, with a dynamo operating inside, but intersect the surface [12].

The first condition in (1.3) states that contact discontinuities are characteristic discontinuities
for (1.1), which are characteristic free boundaries. There is another type of characteristic discon-
tinuities, tangential discontinuities, for which the magnetic field is tangent to the discontinuity.
In such case, the Rankine-Hugoniot jump conditions are equivalent to (see [14, 12])

1 1
V=ug-v, By-v=0, P,+ §|B+|2 =P + 5]342 on X(t). (1.4)

Note that in (1.4) the tangential velocity, tangential magnetic field and pressure may also
have jumps. The boundary conditions (1.4) usually occur in laboratory plasmas aimed at
thermonuclear energy production [12].

In this paper, we are concerned with the existence of MHD contact discontinuities for (1.1).
For simplicity, we consider (1.1) in the horizontally periodic flat slab = T? x (—1,1) for
T = R/Z and assume that the interface of discontinuity X (¢) extends to infinity in every
horizontal direction and does not intersect the upper and lower boundaries Y. := T? x {#1}.
Y+ are assumed to be impermeable and perfectly conducting, so

u-e3=0, Exe3=0onX4, (1.5)

where £ = u x B is the electric field and e3 = (0,0,1). If B-e3 # 0 on X4, then (1.5) is
equivalent to (see also [30])
u=0on X4. (1.6)
To complete the statement of the problem, one must specify the initial data. Suppose that
the initial interface of discontinuity X (0) is given, which does not intersect ¥y. This yields
the open sets €24.(0) on which the initial density o(0) = go : 24+(0) — R4, the initial velocity
u(0) = ug : Q4(0) — R3, the initial magnetic field B(0) = By : 2+(0) — R3 and the initial
entropy S(0) = Sp : 24(0) — R are specified.

1.2. Related works. Contact discontinuities (vortex sheets and entropy waves), along with
shocks and rarefaction waves, are fundamental waves in the entropy solutions to multidimen-
sional hyperbolic systems of conservation laws.

Contact discontinuities of the Euler equations are subject to both the Kelvin—Helmholtz in-
stability and the Rayleigh—Taylor instability, see Ebin [10] for the ill-posedness of incompressible
Kelvin—Helmholtz and Rayleigh—Taylor problems and Guo and Tice [13] for the ill-posedness
of the compressible Rayleigh—Taylor problem. It was shown by the normal mode analysis that
supersonic vortex sheets in 2D of the compressible Euler equations are neutrally linearly stable,
while subsonic vortex sheets in 2D and vortex sheets in 3D are violently unstable, see Syrovatskij
[26], Miles [16], Fejer and Miles [11]. Coulombel and Secchi [7, 8] proved the nonlinear stability
of 2D supersonic vortex sheets for the compressible isentropic Euler equations, and the non-
isentropic case was proved by Morando and Trebeschi [19] and Morando, Trebeschi and Wang
[20]. Note that owing to the regularizing effect for the interface of discontinuity induced by the
supersonic condition, the nonlinear Rayleigh—Taylor instability is also absent in 2D supersonic
vortex sheets [7, 8, 19, 20]. It is known that the surface tension has the stabilizing effect on
the Kelvin—Helmholtz and Rayleigh—Taylor instabilities, see Cheng, Coutand and Shkoller [5]
and Shatah and Zeng [21, 22| for the local well-posedness of the two-phase incompressible Euler
equations with surface tension and Stevens [23] for the compressible case.
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Chen and Wang [4] and Trakhinin [27, 28] proved the existence of MHD tangential discontinu-
ities (current-vortex sheets) under some stability condition when the tangential magnetic fields
on the two sides of the interface of discontinuity are non-colinear. Recall that one has the Sy-
rovatskij stability criterion for the incompressible current-vortex sheets [25], and one may refer
to Coulombel, Morando, Secchi and Trebeschi [6] for the a priori estimates under a stronger sta-
bility condition and Sun, Wang and Zhang [24] for the existence under the Syrovatskij stability
condition. These works show the strong stabilizing effect of tangential magnetic fields.

Although MHD contact discontinuities are neutrally linearly stable, see Blokhin and Trakhinin
[2], and do not admit the Kelvin—-Helmholtz instability, yet they allow the possibility of the
Rayleigh—Taylor instability due to the nonlinear effect and whether the magnetic field can pre-
vent such a nonlinear instability is a subtle and difficult issue. Indeed, in contrast to the analysis
of current-vortex sheets, even the a priori nonlinear tangential estimates pose essential difficul-
ties due to the regularity issue of the interface of discontinuity. To overcome such difficulties,
Morando, Trakhinin and Trebeschi [17, 18] proposed the Rayleigh—Taylor sign condition on the
jump of the normal derivative of the pressure across the interface of discontinuity, and proved
the existence of 2D MHD contact discontinuities under this additional Rayleigh—Taylor sign con-
dition; however, they also pointed out that their ideas and approaches, developed in [17, 18],
fail to treat some key boundary integral terms appearing in 3D. Therefore, the general 3D case
and the question whether the Rayleigh—Taylor sign condition is necessary for the existence of
MHD contact discontinuities in both 2D and 3D were left as open problems in [17, 18]. In
this paper, by exploring the fact that the magnetic fields for MHD contact discontinuities are
always transversal across the interface of discontinuity and thus may have stabilizing effects
and some key observations related to the boundary integrals, we resolve these two open ques-
tions by establishing the existence of both 2D and 3D MHD contact discontinuities in Sobolev
spaces without any additional condition. Thus our results show that the Rayleigh—Taylor sign
condition is not necessary for the existence of MHD contact discontinuities in both 2D and 3D.

1.3. Lagrangian reformulation. Differently from [17, 18], our analysis in this paper relies
crucially on the reformulation of the problem under consideration in Lagrangian coordinates.
Take Q1 := {z3 2 0}NQ as the Lagrangian domains and denote the interface by ¥ := {x3 = 0}.
Assume that there is a diffeomorphism 7 : Q1 — Q4(0) such that

[n70] = [93m0] = 0 on ¥, 3(0) = no(¥) and X1 = no(X+). (1.7)

Note that (1.7) is fulfilled at least when the initial interface 3(0) is a graph as in [17, 18]. Define
the flow map n(t,z) € Q4 (¢) by that for z € Q4,

Ot ) = u(t,n(t,z)), t >0 (1.8)
(0, ) = no(z). '
Assume that 7(t,-) is invertible and define the Lagrangian unknowns in 4 :
(v, 0,8, p)(t, @) := (0,u, B, S, P)(t,n(t, z)). (1.9)
In Lagrangian coordinates 0;s = 0, which implies s = sg := Sp(n0), and the problem under
consideration can be reformulated equivalently as
(0 = v in Q
’yl—p(?tpﬂ—diVAv:O in
pOw +Valp+ 5b>) =b-Vab inQ
8,'5b+bd1v,4v:b-VAv ?nQ (1.10)
divgab=0 in Q
[p] =0, [v]=0, [b]=0 on X
v=20 on Y4
\ (napa v, b) |t=0: (770>p07 Vo, b0)7
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where, by (1.2),
s0 1

_1 4 1
p = popy ' p7 with pg:=A ve 7 pg. (1.11)

Here A := (Vn)™7, (V)i = 04 = A;;0;, divy := V4 and [f] := fy — [- for fu = flo,.
Denote also J := det(Vn), the Jacobian of the coordinate transformation, and

N = J.Aeg = 8177 X 8277. (1.12)
Recall that (1.7) and the following initial conditions have been required:
po,p0 > 0,Jp # 0 and diva,bop=01in Q, [bo] - No=0on X%, by No#0on X UXy, (1.13)

where Jy = J(n9), Ao = A(no) and Ny = N (n9). Some additional conditions for the initial data
will be specified later.

1.4. Expressions of p,p and b. It is crucial to deduce from (1.10) some important facts. First,
by the first equation in (1.10), one has

OpJ = Jdivg O = Jdivgv. (1.14)
Thus (1.14), the second equation in (1.10) and (1.11) yield d:(pJ) = 0 and hence
p=poJoJ ! and p = poJ)J 7, (1.15)
while (1.14) and the fourth and first equations in (1.10) imply
Or(Jb) = Jb -V qv = JVvATb = JVOnATY = —JVno, Al b, (1.16)
which shows d;(JATb) = 0 and hence
b=J LT ALby - V. (1.17)

We may refer to (1.17) as the Cauchy formula for the magnetic field in Lagrangian coordinates
as its analogue to Cauchy’s vorticity formula for the compressible Euler equations [3].
As a consequence, one has the following facts for (1.10).

Proposition 1.1. (i) 9;(Jdivgb) = 0; (ii) d(b-N) = 0.
Proof. By (1.17), one has that, using the Piola identity 0;(JA;;) = 0,

Oy (J divg b) = 0y div(JATH) =0 (1.18)

and that, recalling (1.12),
Ar(b-N) = 0;(JATb)3 = 0. (1.19)
The proposition is thus concluded. O

Proposition 1.2. Assume that [no] = [03m0] = [po] = [bo] =0 and by - Ny # 0 on X. Then
[0sv] = [n] = [0sn] = 0 on . (1.20)
Proof. Since 0yn = v, by (1.17) and (1.15), one has
bo . N0837) = J().Agbo -Vov — (J().Agb())ﬁagv
L _1
= 9y(Jb) — (JoAf bo)pdsv = Jopg Ou(p~ 7b) — (Jo.AJ bo) sOpv. (1.21)
By [n0] = [93m0] = [po]] = [bo] = 0 on ¥ and the jump conditions in (1.10), one then obtains
1 _1
bo - No [0sv] = Jopg [[at(p ~b)]] — (JoATbo)5 [95v] = 0 on %, (1.22)

which implies [03v] = 0 on X since by - Ny # 0 on X. Since 0 [n] = [v] = 0 and 9 [05n] =
[0sv] =0 on X, [n] = [03n] = 0 on ¥ thus follows again from [no] = [d3m0] = 0 on X. O
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2. MAIN RESULTS

2.1. Statement of the results. We will work in a high-regularity context with regularity up
to m temporal derivatives, which requires one to use the data (ng,po,vo,bo, po) of (1.10) to
construct the initial data (87p(0), 3 v(0),8/b(0)) for j = 1,...,m (and &/n(0) = & 'v(0) for
j=1,...,m—1) recursively by using (3.1). These data need to satisfy various conditions (3.4),
which require (1, po, vo, b, po) to satisfy the necessary (m—1)-th order compatibility conditions
that are natural for the local well-posedness of (1.10) in the functional framework below.

Let H*(Q4), kK > 0 and H*(X), s € R be the usual Sobolev spaces with norms denoted by
||-|I, and |-|,, respectively. For f = fy in Qq, denote || f|} := ||f+||12qk(ﬂ+) + Hf—||?{k(97). For an
integer m > 0, define the high-order energy as

m . , .2
Em =Y ||@p,0v.000)| -+l + Il - (2.1)
§=0 "
Denote
Mg = P (|| 010, po, vo, bos po) |12, + o2, ) (2.2)

where P is a generic polynomial.
Our main result of this paper is stated as follows.

Theorem 2.1. Let m > 4 be an integer. Assume thatny € H™(Qx)NH™(X) and po, vo, bo, po €
H™(Qy) are given such that div 4, by = 0 in Q,

[no] = [03m0] = 0 and [bo] - No =0 on X, no3 = %1 on X4, (2.3)

00, D0, |Jo] = co >0 in Q and |by - No| > co > 0 on X UXL for some constant cog >0 (2.4)
and the (m — 1)-th order compatibility conditions (3.4) are satisfied. Then there exist a Tp > 0
and a unique solution (n,p,v,b) to (1.10) on the time interval [0, Ty] which satisfies

sup En(t) < Mg (2.5)

t€(0,Tp]

Remark 2.2. Our result in particular removes the assumption of the Rayleigh—Taylor sign
condition required in [17, 18] and holds for both 2D and 3D and hence gives a complete answer
to the two open questions raised therein. This shows also the strong stabilizing effect of the
transversal magnetic field on the Rayleigh—Taylor instability. The key ingredient here is the
new boundary reqularity |77|3n, which is captured from the reqularizing effect of the transversal
magnetic field.

Remark 2.3. Note that there is no loss of derivatives in our well-posedness theory in Sobolev
spaces, which is in contrast to [17, 18] where the solution is constructed by employing the Nash—
Moser-type linearized iteration scheme and thus has a loss of derivatives.

Our solution to (1.10) is constructed as the inviscid limit of solutions to “well-chosen” nonlin-
ear viscous approximate problems. For this, we need to first smooth the data (g, po, vo, bo, po)
given in Theorem 2.1 to produce the regular enough data (ng,pg, vg, bg, pg) for (1.10), with the
smoothing parameters 0 > 0, which satisfies all the initial conditions (with ¢ replaced by ¢o/2)
assumed in Theorem 2.1 except that div 4s by = 0 in Q may not hold, where A3 = A(n3); such
construction will be elaborated in Appendix A. Now we consider the following viscous (and
non-resistive) approximate problem: for the artificial viscosity ¢ > 0,

om0 = v=° in Q

Vplg,(; o0 + div ge.s v =0 in Q

pSI0™0 + WV 4es (050 + L[65012) — eA esv®0 = 50 -V 4 sb50 + US0 in Q

Db 4+ b%0 div ye s 50 = b5 - V 4o 5050 in 0 (2.6)
[p>°] =0, [v=°] =0, [v°°] =0, [d505°] =0 on %

50 =0 on X4

(170, 9%, 0%, ) |1=0= (1§, 5, v§, b3)
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with

_1 1
P = ph(p}) 7 ()7, (2.7)

where A% = A(n®°), A 4es = div ges V 4e6. Note that all the arguments in Section 1.4 hold
also for (2.6); in particular, according to (i) in Proposition 1.1, one has

T2 div ges b0 = J§ div g9 b in Q, (2.8)

where J&9 = J(n°) and J§ = J(nj). Tt should be pointed out that it is important to introduce
the correctors W& in (2.6), defined according to (3.16) and (3.17), that vanish as ¢ — 0, so
that the smoothed data (1], pd,vd, b3, pj) satisfies the (m — 1)-th order compatibility conditions
(3.25) and thus can be taken as the data for (2.6). It is crucial that the boundary conditions
of (2.6) are essentially same as those of (1.10) (cf. Proposition 1.2), but the jump conditions
on Y are not standard for solving the viscous MHD and so it is not direct to get the local
well-posedness of (2.6), even with € > 0. Our way of getting around this difficulty is to follow
first those of the compressible Navier-Stokes equations (see for instance [9] for the references)
to get the local well-posedness of the modified problem (3.32), i.e., the corresponding problem
with the jump conditions in (2.6) replaced by the following “standard” jump conditions

[[vg"sﬂ =0, [[VAE,M)E"SH N =0on X, (2.9)

where N'® = N'(n®?). The crucial point is then that under the initial conditions these two sets
of jump conditions are indeed equivalent. The full details will be provided in Theorem 3.2.

In order to pass to the limit as €,6 — 0 in (2.6), one needs to show that the solution
(7)5’5,105"S ,05’5,65’5) constructed in Theorem 3.2 actually exists on an (e, d)-independent time

interval and satisfies certain uniform estimates. Set

Z3 = x3(23 — 1)d3 and Z% = 90952 Z$* for a € N3, (2.10)
Define the anisotropic Sobolev norm
W lke:=" > 12l (2.11)
a€ENS |a|<t

Note that || f|[, = || fllxo- For an integer m > 4 and each € > 0, define the energy functional

G:,(t) :=sup & + /t (D5, +95,) (2.12)
[0,1] 0
where

ZH ol + Z ot + Z Jotow -],
+nl2, + [Inll2, +ffH"7||1,m+<€2 (][ (2.13)
—aZHaJ Hlm R (2.14)
D, ::%H(&Jagp,a B5b) H a7t Z “afagv‘\m LT Z Haﬂagvum L )

j=0

Theorem 2.4. Let m > 4 be an integer. Let (ng,po, v, bg, po) be the smoothed data constructed
in Appendiz A and ®=° be the corrector defined according to (3.16) and (3.17). Then there exist
a Ty >0 and a 69 > 0 such that for each 0 < § < g there exists an g9 = £9(d) > 0 so that for
0 < € < gg the unique solution (n°°,p=°,v=° b59) to (2.6), constructed in Theorem 3.2, exists

on [0,To] and satisfies
G (170,070,050, %) (Tp) < Mg (2.16)
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By Theorem 2.4, one can easily pass to the limit as first ¢ — 0 and then § — 0 in (2.6) to find
that the limit (1, p, v, b) of (759, p=%, v59,b*9) solves (1.10) on [0, Ty], where the constraint that
div 4 b = 0 in € is recovered by using (¢) in Proposition 1.1 as div 4, bp = 0 in Q2. Moreover, the
solution satisfies the estimate G9,(Tp) < M. By the a posterior estimates, one can improve
those L?-in-time estimates in GY,(Tp) to be L>-in-time so that the estimate (2.5) holds. After
proving the uniqueness of the solutions, Theorem 2.1 is thus concluded.

Remark 2.5. Our analysis can be applied to justify the inviscid limit of the compressible viscous
non-resistive MHD in bounded domains with the no-slip boundary condition in Sobolev spaces
when the magnetic field is nowhere tangent to the boundary. It should be pointed out that unlike
the Navier—Stokes equations, there are no boundary layers in the inviscid limit here. This is
due to that here the viscous and ideal problems have the exactly same boundary conditions.

2.2. Strategy of the uniform estimates. The main part of the paper will be devoted to
prove Theorem 2.4, where the key step is to derive the uniform estimate (2.16) on a time
interval small but independent of €, . Suppress the dependence of solutions on &,§. Note that
the estimates of the lower order derivatives of (p,v,b) and the last three terms of 1 in (2.13)
can be easily controlled by using the transported estimates as recorded in Section 4. It then
suffices to estimate the highest order derivatives of (p,v,b) and the boundary regularity of 7.

To derive the highest order tangential energy estimates, we shall use the equations (5.1)
(derived from (2.6)) for (g, v,b) with ¢ = p + [b|? the total pressure. One starts with applying
the tangential spatial derivatives Z™, any Z for a € N? with |a| = m, to (5.1). Typically, the
estimate of the commutator between Z™ and 97! needs a control of || Z™V7),, which yields a
loss of one derivative. Motivated by Alinhac [1], a natural way to get around this difficulty is
to introduce the good unknowns,

V" =Z7"y—-2Z2"n - Vv, Q" =2"q—27Z"n-Vaqand B™ =Z2™b—Z"n-Vb.  (2.17)

Then the highest order term of n will be canceled when considering the equations satisfied by
good unknowns. This leads to that, by using d;n = v and (éi) in Proposition 1.1,

1d
2dt Jo
= [1emvmx= [venrismyvm
[ 1e ARVCEREEDIN
:—/ J7YZmn - N [0sq] atzmn'NJr/ bg-N(?J‘lZmn-N[[ng]]-8thn+ZR. (2.18)
b b

1
J (\Qm—b.3m12+pyvm\2+ \Bm\z) +g/ J |V V0|2
P Q

Here N = N (n3) and denotes terms, whose time integration, after some delicate argu-
"o R g g

ments, can be bounded by M + aM({“‘S + tY2P(GE, (1)) for 0 < § < & with some Jy > 0,
where

MG = Py (1|10, o, w0, bo, po) I3, ) - (2.19)

It is well known that the geometric symmetry structure for the first term in the right hand side
of (2.18) is crucial, which leads to

- [z N oz N == [ ez NP RS (220)
b b

2dt
and this would imply the boundary regularity |Z™n - N \(2) if one assumed the Rayleigh—Taylor
sign condition (i.e., [03q] > 0 on X). However, there is no such symmetry for the second term
in the right hand side of (2.18). Note that this term vanishes when b3 - N = 0 on X, and it

seems out of control when bg ~./\/'g # 0 on X. Our way to overcome this difficulty is to make use
of the Cauchy formula (1.17), which implies, by (1.15),

b-Va= T IAD TV = plod) Y - Vg (2.21)
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We shall use (2.21) for the term b - V 4b in the second equation of (5.1), which allows one to
introduce instead in (2.17),

B™ = Z"b— Z™g - V 43b. (2.22)
Due to (2.22), the second term in the right hand side of (2.18) is changed to be

[ AR 2 N 1ot - 012
by

_d
Cdt s
By (2.20) and (2.23), one can then deduce from (2.18), correspondingly, that

b NG (J0) 1 2™ - NG [958 - 2™ + ). (2.23)

t
1, 0, D)D), + 5/0 1013, S 127 0(0)]5 + MG+ eMG™ + /2 P(G;, (). (2.24)

Now to control \Zm77|g in the right hand side of (2.24), our key point here is to use further the
Cauchy formula (1.17) in ||b||3m and then introduce the good unknown

M= 2™y — Z™M Va5 (2.25)

These allow one to add H(.Ag)Tbg : VE’”HE to the left hand side of (2.24). Then the boundary

regularizing effect of the magnetic field due to that ((A)758)3 = (JJ) '3 - N # 0 near ¥ is
captured by applying Lemma B.1 to =Z™:

—m 2 NTEé6 = - —m |2
=" S a8 v I+ 1= G- (2:26)

By (2.26) and Cauchy’s inequality, one can then improve (2.24) to be

t
1, 0. D)(ONg 1 + (), + 5/0 10113 < M+ MG + £/ P (G5, (1)). (2.27)

Similarly but in a much simpler way, the rest of highest order tangential energy estimates
involving at least one time derivative can be also controlled by the same bound as (2.27).

Now we turn to the derivation of the normal derivatives estimates near the boundary Y UX ..
For the original ideal MHD (1.10), utilizing again the transversality of the magnetic field near
the boundary as in Yanagisawa [29] and Yanagisawa and Matsumura [30], the estimates of
normal derivatives of the solution can be derived by expressing them in terms of tangential
derivatives. However, for the viscous approximation (2.6), one needs to explore additionally the
ODE-in-time structures and certain cancelation related to the viscous term. More precisely,
first, by (2.8) and the fourth and second equations in (2.6), one can express d3b- N and d3v as
sums of tangential derivatives of p,v,b, denoted by > -, up to a multiplication of continuous
functions of Vn,p,v,b. Next, one uses the tangential part of the third equation in (2.6) to
deduce that
ApsAks
(ATD)3
where 77,8 = 1,2, are defined in (6.7) and ). denotes the terms that can be ultimately
controlled by £G5,. By the fourth and second equations in (2.6), b-V 4v = 8tb—7bp8tp and hence

(2.28) can be regarded as an ODE (in time) for d3b-77. On the other hand, the normal part of
the third equation in (2.6) yields that

Osp+0s5b - 7Pb - 78 — 205 div 4 v = ZT +eVogv + ZE. (2.29)

b8+ ¢ 83(b-VAv)'TB=ZT+€VagU+Z,/3:172 (2.28)

By the second equations in (2.6), divgv = —%p(%p and hence (2.29) is an ODE for d3p. There-
fore, basing on these structures above, by a recursive argument in terms of the numbers of

normal derivatives, one can then deduce the desired estimates so that

G, (t) S My + 6/\/18“S + t1/2P(GE, (1)) 4 G5, (¢). (2.30)
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It should be noted that it is crucial in deriving (2.30) that (2.28) and (2.29) have an exact
cancelation between the two underlined crossing terms; otherwise, they seem out of control.
One thus concludes the estimate (2.16) from (2.30) for 0 < & < g¢(d) and some Ty > 0.

2.3. Notation. The Einstein convention of summing over repeated certain indices will be used,
and the repeated over the latin letter i, 5, k, £ is from 1 to 3 while the repeated over the greek
letter B, is from 1 to 2. Throughout the paper C denotes for generic positive constants and
P for generic polynomials that do not depend on ¢, d, which are allowed to change from line to
line. Cy, Ps, etc. denote the additional dependence. A; < Ay means that A; < C'A,.

N ={0,1,2,...} denotes for the collection of non-negative integers. When using space-time
differential multi-indices, we write N'*¢ = {a = (g, a1, . .., ag)} to emphasize that the 0—index
term is related to temporal derivatives. For just spatial multi-indices, we write N¢. For o €
N2 99 = 970901952, for a € N3, Z% = 971952 Z5° and for o € NIT3, Z9 = 920901952 7.
Denote the standard commutator

(0% flg =0%(fg) — O (2.31)
and the symmetric commutator
(0% f.9] = 0%(fg) — f0°g — 0" fg. (2.32)

We omit the differential elements dx and dzidzs of the integrals over (4 and X and also
sometimes the differential elements ds of the time integrals.

3. NONLINEAR VISCOUS APPROXIMATION

3.1. Initial data and compatibility conditions of (1.10). For the data (no, po, vo, bo, po) of
(1.10) given in Theorem 2.1, one needs to construct the initial data (97p(0), d/v(0),d{b(0)) for
j=1,...,mand &n(0) for j =1,...,m — 1 recursively by using

a]p(0) , —ypdivav
oo(0) | =0 | p 7 (b Vab=Valp+ 3P || i=tm 3
agb(()) b-V v —bdivyv -
and ‘ '
o/n(0) ==& "'w(0), j=1,...,m—1, (32)

1
where, as before, p = pop, Vp% and A = A(n). By the iteration, (3.1) and (3.2) enable one to
determine these initial data in terms of (9, po, vo, bo, po) and its spatial derivatives in such a way
which is essentially same as that one determines the time derivatives of the solution (1, p,v,b)
to (1.10) in terms of (n,p,v,b, p) by using (1.10) repeatedly. Moveover, due to the first initial
condition in (2.4), it is straightforward to check that

Em(0) < M. (3.3)

In order for (ng, po,vo, bo, po) to be taken as the data for the local well-posedness of (1.10)
in our energy functional framework, these data need to satisfy, besides (2.3) and (2.4) (and
div 4, bp = 0 in ), the following (m — 1)-th order compatibility conditions:

H@gp(O)ﬂ = [{8,?1}(0)}] =TIy H@gb(O)H —0on ¥ and #v(0)=00n%x, j=0,...,m—1, (3.4)
where Iy = I — |Np| 72Ny @ No.
Lemma 3.1. Under the initial conditions (2.3), (2.4) and (3.4), it holds that
[[agb(O)ﬂ-Nozoonz,jzo,...,m—1 (3.5)

and
Hagagv(o)ﬂ —0ons, j=0,...,m—2. (3.6)
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Proof. We prove (3.5) by the induction. First, (3.5) holds for j = 0 due to the last condition
in (2.3). Now suppose that (3.5) holds for j = 0,...,¢ with ¢ € [0,m — 2]. Note that by the
definitions (3.1) and (3.2), similar to the remarks below (3.2), 91 (b - N')(0) is determined in
terms of (1o, po, vo, b, po) in the same way as the one that af+1(b - ) is expressed in terms of
(n,p,v,b, p) by using (1.10) repeatedly. According to (ii) in Proposition 1.1, one thus has

AFL(b - N)(0) = 0. (3.7)

Then by (3.7), the last two jump conditions in (3.4) and the induction assumption, one deduces
that, recalling the commutator notation (2.31),

[[afﬂb(())]] Ny = — [Haf“,/v] b(O)]] —0ony, (3.8)

which yields (3.5).
We now prove (3.6). By the definitions (3.1) and (3.2) again and according to (1.21), similarly
as for (3.7), one has

. 1 1 i .
bo - Nod30{v(0) = Jopg 0 (p77b)(0) — (Jo AL bo) 30307 v(0), j > 0. (3.9)
Then by the jump conditions in (2.3), (3.4) and (3.5), one obtains that for j =0,...,m — 2,

bo - No [35070(0)]| = Jopg [0 (7 0)(O)] = (JoATbo)s [0500(0)] =00nx,  (3.10)
which implies (3.6) since by - Ny # 0 on . O

3.2. Smoothed initial data and correctors for (2.6). We will construct solutions to (1.10)
as the inviscid limit of the corresponding problem for the viscous non-resistive MHD. However,
such an approximation scheme is highly technical due to the issue of the boundary conditions
and the high order compatibility conditions for the initial data. Our idea here is to regularize
(1.10) by the viscous approximate problem (2.6), where the smoothed data (13, pd, v3,b3, p9)
and the so-called corrector W& are introduced.

Let (1o, po, vo, bo, po) be the data of (1.10) given in Theorem 2.1 and (ng,pg,vg,bg,pg) be
the smoothed data constructed in Appendix A, with the smoothing parameter 6 > 0. Let
(2!p°(0), 802 (0),/9(0)) for j = 1,...,m and 8/n°(0) for j = 1,...,m — 1 be constructed
recursively by using (3.1) and (3.2), with the data (10, po, vo, bo, po) replaced by (13, pd, v3, b3, p3),
p replaced by p° = pg(pg)_%(p‘s)% and A replaced by A° = A(n). Then it follows from the
construction in Appendix A and Lemma 3.1 (for the smoothed data correspondingly) that

Hngﬂ = [[83778]] =0on X and 7)5 = 1 on £ (3.11)
and
[[85105(0)]] = [[85@5(0)]] — [[afb‘s(O)]] — 0 on % and v7(0) = 0 on X,
j=0,....,m—1and [{836{@5(0)}] =0onYX, j=0,...,m—2. (3.12)
Moreover,

nd — mo in H™(Qx)NH™(X) and (pd, v3, b3, p) = (po, vo, bo, po) in H™(Q) as § — 0, (3.13)
and for 0 < § < Jp with some g > 0 (hereafter),

05,15, |J8| > %0 > 0in Q and [b) - N2| > %0 >0on XUy (3.14)
and
En(n’, 1”0, 1°)(0) < ME* and &(n°,p, 0%, 1)(0) < MG, 1= m+1. (3.15)
Next, define the corrector U9 such that
A ((p°) 1w (0) = =0 ((p°) e 450°)(0), j=0,...,m—3 and m — 1 (3.16)
and

072 ((p°) 710 (0) = =02 ((p) " reA 450®) (0) + (" 10°(0))7 — 9 H0(0),  (3.17)
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where (0" 10%(0))F 1= ¢ +xEq (97 '0°(0)) for ¢. the standard mollifier in R? and Eq the Sobolev
extension operator. The existence of such W° is standard (see [15]). Note that the classical
properties of mollifiers (see [1]) imply

H(a;"—lvé(()))s . 8;”_11)‘5(0)”k <l H@Z"_lv‘s(O)Hk k120, (3.18)
+
By the definition of U5, one deduces from (3.15), (3.14) and (3.18) that
2
sup Z H@j\PE 0 ’ <M+ H(@T_IU‘S(O))E — 8;”_11)5(0)”
<M 4e Ham L 5(0)“ < 2MT, (3.19)

m+1

Now take (13, pd,v3,b3, p)) and ¥ in the above as the ones for the viscous approximate
problem (2.6). One then constructs the corresponding data (8{p™°(0), d/v=°(0), /b"°(0)) for
j=1,...,mand &n°(0) for j = 1,...,m — 1 recursively by

8gp£’5(0) —p®0 div ye.s 50
-1 (1,0 €,0 €,0 €,0(2
. e,8 . aj—1 (pE’ ) (b’ V_As,éb VA 6(]9 + 5 |b | ) N
ag"U (0) T at] +5AA5,5U€76 _|_ \I,E (S) t:[)’ .7 17 7m
a‘tjb&(; (0> b576 N VAs,zS 'UE’(S - bE,(s diVAa,é ’UE76
(3.20)
and
An0(0) = 0(0), j=1,...,m—1, (3.21)

where p®° = pg(pg)_%(ps"s)% and A%% = A(n®%). By comparing (3.1)-(3.2) (with superscript &
added) and (3.20)—(3.21), due to (3.16) and (3.17), one has

(8/p°°(0),8]67°(0)) = (8/p°(0),8]6°(0)), j =0,....,m 1,

v (0) = &v°(0), 5 =0,...,m—2, A" 0 (0) = (8" 10 (0))° (3.22)
and

O p™(0) = O (0) — pf div g ("0 (0))F — B~ 47(0))

0" 0™ (0) = 97"’ (0) + e(p) ' A g ((3m '%(0))° —3?17105(0)), 499

O7b0(0) = O (0) + - 9 45 (0710 (0)° = 010 (0) o

— b div g ((am Ld(0))F — agnflué(())) .
Then by (3.22), (3.23), (3.15) and (3.18), one obtains
Em(i7 077,07 57)(0) < MG+ M (o817 0))° — o0 0)
F My @t ) —or o)
< M+ MITE? H@Z”_IU‘S(O)H < M+ 2MI. (3.24)

Moreover, (3.22) and (3.12) imply in particular the following (m — 1)-th order compatibility
conditions for (2.6):

[oip3)] = [o1v00)] = [os0iv=0(0)] = [oft=* )] =0 on = 55
and @ v*°(0) =0on L, j=0,...,m— 1. '

It is worth noting that one more compatibility condition other than those in (3.12), that is,
[[638{”*11)&’5(0)] = 0 on X, is included in (3.25), which is necessary for the local well-posedness
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of the viscous approximation (2.6) in the functional framework below in the next subsection;
this is exactly the reason why the last two terms in (3.17) have been added.

3.3. Local well-posedness of (2.6). Now we turn to the local well-posedness of (2.6). For an
integer m > 3, define the energy functionals

e, 0. 5701 2
Ea = Y [[(@p.0fv.0b) [, + Il (3.26)
j=0
and
m+1 2
Do i= Y |00 , 2
2m ; atv 9m—2j+1 (3 7)
where ||-||_;, denotes the norm of (H{(€))*. The existence and uniqueness of solutions to (2.6)

can be stated as follows.

Theorem 3.2. Let m > 3 be an integer, (ng,pg,vg, bg, pg) be the smoothed data constructed in
Appendiz A and ®° be the corrector defined according to (3.16) and (3.17). For each ,6 > 0,
there exist a T§’5 > 0 and a unique solution (n°°, p=%, v®9 b5°) to (2.6) on [O,Tg’é] satisfying

T
sup EZm(ne,é’ps,é’ Ue,é’ bs,é) + / DQm(nsﬁ?ps,cS, Us,57 be,é) < Pe,é(M6n>' (3.28)
[0,75°] 0

Moreover, it holds that fort € [0, TS:’&];

p=0, p™0, | T > %0 >0 in Q and [b°° - N&°| > %0 >0o0nXUX,, (3.29)
T2 div g5 b0 = J§ div g9 b in €2, (3.30)
and
[[775’5}] = [[83775’5]] =0 on X. (3.31)
Proof. Consider first the following modified problem of (2.6):
om0 = v=0 in
7p1875 o0 + div ge,s v =0 in
PP + V pes (070 + 5[65°12) — €A 4esv™0 = b0 - V 4o 5650 + U0 in Q
Opb™0 4+ 050 div ges 050 = b5 - V 45050 in 0 (3.32)
[v50] =0, [Vgesv ] N0 =0 on ¥
50 =0 on X4
(172,79, 0%%,07°) == (1, P§, v§, B3).

Since (1.15) and (1.17) hold also for the solution to (3.32), one can eliminate p*° (and p*°) and
b*° from (3.32) to reformulate it equivalently as
ot = v=° in
PRIGI=0) 10 — A 4esv5 = ((J70) LI (ARYTH) - 92 + e

=V a0 (B(I))(J20) 77 + G(J50) LIS (AG)T0G - V') im Q2

[59] =0, [Vasv?] NS =0 on 3 (3.33)
v&d =0 on Zi
€,0

(Y

(775757 ) ‘t:(): (77877}8)'

For any fixed €, > 0, similarly as the compressible Navier—Stokes equations, the right hand
side of the second equation in (3.33) can be easily controlled by the viscosity term within a local
time interval, and so the local solution (1%, v5?) to (3.33), in the functional of ]Ezm—i—fg Dgyy,, on

[0, Té"s] for some Tg’a > 0 can be constructed by using the same scheme; the conditions (3.25)
imply in particular that the corresponding (m — 1)-th order compatibility conditions for (3.33)
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hold. We shall omit the details and refer to, for instance, [9] for the references. Then defining
p*% (and p*°) and b™ by (1.15) and (1.17), respectively, one sees that (™9, p=? v b59)
solves (3.32) on [O,Tg’é] and satisfies the estimate (3.28). The estimate (3.29) follows from

the fundamental theorem of calculus, (3.14) and (3.28), by restricting T % smaller if necessary,
while the identity (3.30) follows by using (¢) in Proposition 1.1.
Now to conclude the theorem, it remains to prove the following jump conditions:

Hps,5ﬂ _ Hbs,aﬂ _ [{83115’5]] _ Hna,aﬂ _ Hagns,aﬂ —0on X, (3.34)

Recall that {9119, dan®?, N&°} is a basis of R3. By the first jump condition in (3.32), one has
that [[775’5]] = 0 on X by the first equation in (3.32) since [[ng]] =0 on X and that

[ Va0 070 = (@) A0 (00m)T] = [0 =0on 3, =12 (335)
This together with the second jump condition in (3.32) implies
[Vaesv7] =0 0n . (3.36)
Now, by the fourth equation in (3.32) and (3.36), one obtains
Oy [{be";ﬂ + [{be’éﬂ div ge,s V0 = [{be’éﬂ 'VAs,svs’é on Y, (3.37)

which implies [[65’5]] = 0 on X since [bg]] = 0 on 3. Similarly, one has [[ps"sﬂ = 0 on X since
[[pg]] = 0 on X. One thus concludes (3.34) similarly as in the proof of Proposition 1.2. O

4. TRANSPORTED ESTIMATES

Now we turn to derive the uniform-in-(g, §) estimates for the solution (7%, p*?, v®9 b%9) to
(2.6) on [0,T5 ’5} constructed in Theorem 3.2. It should be noted that the first condition in

(3.29) will be always used without mentioning explicitly. For notational simplification, we will
keep only the e-dependence of the functionals such as G5, € . D¢ D° and the J-dependence
on the data (ng,pg, vg, bg, pg), Ag, Jg, ./\/'g, but suppress the dependence of the solution on ¢, J.
We may assume that 75 < 1 and restrict ¢ € [0, 7T5] in the following.

We begin with the transported estimates. Let m > 4. Define

2
m—

m—1
§i= 2 ||@p.0fv.0l0) | il el + 2 ol (4.1)
j=0
Proposition 4.1. For t € [0,T5°] with T° <1, it holds that

3o, (1) S MIT 4+ e MI 1162 (). (4.2)

Proof. 1t follows directly from the fundamental theorem of calculus, the definitions of G;, and
55, and using 0yn = v that

S (1) < 87,(0) + G, (0).- (4.3)
Note that, by (3.24) and (3.15),
2
Fea(0) S MG+ oM+ L SME M. (4.4)
Then (4.2) follows. U
Denote
A (t) = P(sup gm) (4.5)
[0,¢]

Then by (4.2),
AZ (1) < MY+ M 4+ tP(GE,(1)). (4.6)
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5. TANGENTIAL ENERGY ESTIMATES

In this section, we will derive the energy evolution estimates for the highest order tangential
derivatives of (p,v,b) and the boundary regularity of 7 on X. It is more convenient to use the
following equations derived from (2.6):

Vipatqf%b-atmdiv,w:o in Q
PO +VA4q—b-Vab—eA v =T inQ (5.1)
) —%@q—i—%b-@tb—b-VAv:O in Q,
where ¢ = p + %\b\Q is the total pressure. Recall the boundary conditions:
[q] = [o] = [v] = [0sv] = [n] = [P3m] =0 on X, v =0 and n3 = £1 on . (5.2)

One considers first the estimates of the highest order tangential spatial derivatives. Let Z™
be any Z% for a € R? with |a| = m. To commute Z™ with each term in (5.1), it is useful to
establish the following general expressions. Recall the commutator notations (2.31) and (2.32).
For ¢ =1,2,3, one has

Z™O ) = 0227 f + Aig |27, D) | + 27 Aijdif + (27, Aij, 03] (5.3)
and ZA;; = — Ay Z0my Ay, implies
Z™ A0 f = — A0 ZM i AriOi f — Aig (27, 03] A Oi f — (2771, AseArj] ZOmi0; f
= =02 Vaf)+ 2™ Va0 f) — A3 [Z™, 0] mi Ar; 0; f
- [Zm_l,AigAkj] ZO0my0; f- (54)
It then holds that
Z™(08f) = 08 (27 f — 270 -V oaf) + CP (), (5.5)
where
CI'(f) =Ais [Z7,05] f + 2™ - V(O f) = Ais [27, 03] mieArjO; f
— (2™, A Awj] ZOmi05 f + (2™, Aij, 05 f) - (5.6)

It was first observed by Alinhac [1] that the highest order term of n will be cancelled when
one uses the good unknown Z™f — Z™n -V 4 f, which allows one to perform high order energy
estimates.

Lemma 5.1. It holds that
1C™(Fllo < PInll) 1 f1],, - (5.7)

Proof. First, using Sobolev’s embedding theorem, one has that since m > 4,
13 (27, 85) fllg + | 270 - V.48 F)]| o + | A3 [27, 85] mieAry 05 £
< [ Aisll o 112705 Fllg + 1270l | Fa @A )| e + 1127, 851 milly [ Ais Ay £
< P({Inll) 1117, - (5.8)

By the standard commutator estimates, one obtains
112", Aijs 0iflllg S 12 Allo -2 12V Fll o + 12 Al e [|12V f
and
H [mel,.Aig.Akj] Zamkc‘)ijo < H [Zmil,.Aig.Akj] Zaﬂ?kHO ||vf”L°° < P(HUHM ||f||3 (5.10)
Then (5.7) follows. O

om—2 < Pnl) 11l (5:9)

Define the good unknowns:
V" =7 —Z"n-V v, Q" =2Z"q—Z"n-V.aq (5.11)

and
B™ = Z"b = Z™j - V gsb. (5.12)
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Lemma 5.2. It holds that

%atgm — %b SO B™ + divy Y™ = FLm in Q
POV 4V 4Q™ — b - VAB™ — eA V™ = F2™ 4 ZmU0  in Q)
OB — Lo, Q" + Lb-gB™ —b- VY™ = FI™ in Q,

where FY™, F2™ and F3™ are defined by (5.22)-(5.24), respectively, and that

[Q") =—J"'2™n Ndsql, [B™]=—(J3)"Z2™ng - N§ [0s0]

V=0, [3V™"]=—-2Z"n-[03(Vav)]on% and V" =0 on X4.
Moreover,

1,m 2 2m 2 3,m 2
[ [ + [ | + [[F5™ g < AS (€5, +D50)-
Proof. First, (5.5) and (5.11) imply
ZM™divgv =divg V" +Cim(vi),
2"V 4q =V Q" +C"(q),

ZMA v = 29101 = 04 (Z2m9 v — ZMn - V 407) + CM (9 )
= A V™ + 01 (C (v) — 2™ - V 407 ) + C (95 )

and

ZM(b -V 4v) = [Z7,0] - Vav +b- Z™(V 40) = [Z7,b] - Vav +b- VAV +b-C™(0).

Using the Cauchy formula (1.17) and (1.15), one has
b-Va=AT0-V = J LIS (AG)T0G -V = plpg) b5 - V -

15

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

Then denoting Can’d for C™ in (5.6) with 1 replaced by ng, by (5.20), (5.5) and (5.12), one

obtains
Z7(b-.ab) = | 2™, p(ph) 'Bh| -V agh + p(oh) T - 27 (V 450)
= [ij p(pg)’lbg] SV 4sb+ bV aB™ + p(p}) b - 70 (b).

Hence, applying Z™ to (5.1) implies (5.13) with

1 1 1 \V/
FY™ = —[Z7, —0yq + [Z™, —b] - Ob — —0(Z™n - V 4q)
yp P P

1 m, 0 m(,,.

F2 = (27, ploo — pOh (27 -V av) = C™(q) + |27, plpd) ~10)] - V g
+ () T16Y - C0 (b) 4 0 (CIM(v) — 2™ - V a8 0) + CI(05 )
and

b b b
F3™ =127, —10,q — (2™, —b] - Ob — 2™ - V 450+ — 0 (270 V. 4q)
P P 0 P

b
-t (275 -V 4g00b) + [Z7,b] - V a0 + b - C™ (v).

Next, (5.2) and (5.11)-(5.12) imply
[Q"] = 2™y - [V.adl = —Z™n;Ajs [93q] = —T~' 2" N [9sq] on %,
18" =~z [ g0 = — ()" 2l - NG [058] o 5,
V=0, [95V™] = —[95(Z™n - Vav)] = ~2™n - [05(V.4v)] on &

(5.21)

(5.22)

(5.23)
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and
Y= —Zm’f]j.Ajga‘g,U = —J_IZmngagv =0on X4. (5.28)
Thus (5.14) follows.

Now one estimates 5™, F2™ and F3™. Tt follows similarly as for (5.7) and the definitions
(2.13) and (2.15) of &, and ©F, that, since dyn = v and m > 4,

[0 + [[F3™ o < AS (€5, +D5,) (5.29)

and
|2 < A (€ + Dl 2 [l + % [0l ) < A (&5 +D50): (5.30)
One then concludes (5.15). O

Now we state the estimates of the highest order tangential spatial derivatives.

Proposition 5.3. Fort e [O,Tg’é] with Tg’d <1, it holds that
2 2 ¢ 2 1) 1/2
m,
1,0, D)D) + IO, + /0 [0l < AZ(®) (MG + MG +112G5,) . (5.31)

Proof. Taking the L?(Q) inner product of the equations in (5.13) with JQ™, JV™ and JB™,
respectively, adding the resulting together, and then integrating by parts in ¢ and by a simple
combination, one deduces that, since 0;(pJ) = 0,
1d
2dt Jo
+/ J div4(Q™V™) / Tb-V A(B™ - V™) 5/ JA Y™y
Q Q Q

~ [ (roDyaomz w872+ Low. By 57 Lo,g 8712 — 0,70 gmom
= [ (GOo)1Q 4 b B + 2o B B+ 50, |B" — () - 57"

1
J(—1Q™ = b-B"[ + p V" * +|B™%)
P

+ / J(FLMQM 4 F2M Y FRL BT 4 / JZ™G0 Y (5.32)
Q Q

By the definitions of @™, B™ and V™,
1 J m)|2 m|2 i m m 1 m|2 ﬁ m ym
| G 1@ + o572 + o B B+ 50, 18"~ (2) - 5" Q")
< A% (19715 + 1B™ I+ 1B™ 1y 127 ) < A% €5, (5.33)
and by (5.15) and (3.19),
/ J(Fl,QO + F2,m LYoy Zm,l/s,ﬁ Lpm + F3,m . Bm)
Q

< A% (I1F " g 1™ o + 2™ [l V™ g + [ 27w

IVl + 5™ 187 1o)

< AS, (\/Q‘Efn T 0,\/€, + e M oz;n) . (5.34)

Now we turn to estimate the left hand side of (5.32). First, integrating by parts over {24 and
using (5.14), one obtains

—5/ JAAVm-szaf [[vAvm]]N-W+g/ IV 402
Q P Q
_ —5/ J_1|/\/'|QZ’”17-[[63(V,4U¢)]]V2m+5/ TV, (5.35)
b Q
By the trace theory, one gets

8/ JTHNPEZ™ 0 - [05(Vavi) I V" < eA5, 127 ]0 V™o < eAS v/ & V™ - (5.36)
P
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Next, one estimates the most delicate remaining two terms. Integrating by parts over {4 and
using (5.14), one has

_ /Q J div4(QmV™) = /E [Q"]V™ - N = — /E [9sq] T~ 2™ - N'V™ - A, (5.37)
By the definition of V™ and since 9;n = v, integrating by parts in ¢ yields
— /E [03q] T~1Z2™n - NV - N = — /E [0sq] T2 Z2™n - N(Z™v — Z™5 -V 4v) - N
—/ [03q] T2 Z2™n - N Z™dm 'N+/ [03q] T2 Z™n - N(Z™n -V qv) - N

— 3 [ zm x5 [ oo 7 2 AT

+/ [034] JlZmn-NZmn‘&:NJr/ [03q) T~ 270 - N(Z7™0 - ¥V qv) - N

< —— m 5 m
<54 [ [0sal T |2 NP+ A |27

_—zdt/ [0sq] T2 |2 - N2 + AZ, €2, (5.38)

Similarly, by using the Piola identity, Proposition 1.1 and (5.14), one deduces
/ Jb-VA(B™- V") = / b- N [B™] 'Vm/ J div bB™ - V™"
Q ) Q
—/ by - N [B™] - (Z™v — Z™n - V 4v) —/ Jg div 43 bOB™ - V™
3 Q

— [ AR 2 NG T0ut] - (270 — 27 ) — [ div g 1V
by Q

d
T dt

- [ N g N T 2 Vv~ [ S g v

/ b - ND () 2™l - N [058] - 27 — / B - NE () 2 - NG [05000] - 2™
>

d — m m 1> m m m m
< g JLO - NECD T 2l NG 1ot - 2+ A% (|27 127l + 187 o 1V )
d
<= bg NI Zmd - NS [95b] - 2™ + AZ, (\/@%(0)\/% + @fn) . (5.39)
by

As a consequence of the estimates (5.33)-(5.39), one deduces from (5.32) that

1d/ 1 m m|2 m|2 m |2 / m|2

—— [ J(— Q™ —-b-B +p|V +|B +e | J|VaV

s [ P p VP (B e [ 9
d

dI + AS, (\/QS;I(O)+€%+®fn\/€$n—l—s/\/lgL"S\/in,l%—e\/QifnlleHl)a (5.40)

where
L= =5 [ 100l 7|27 NP+ [ 6 AR 2 NG Bout] - 27
< A% (127l + |[2mng] 12, ) (5.41)
Integrating (5.40) directly in time, by (5.41), (3.15) and using the following inequality

V2 < / JIVAf?, (5.42)
Q
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Poincaré’s inequality, Cauchy’s inequality and the Cauchy-Schwarz inequality, one obtains

t
lQm v, BMYO)|2 + < /0 o
t
< A%0) (M +2MP0 2+ [ VE D VE,)
0

t
< AS (1) (Mg"b MG+ |21 + G5, (t) + \/an(t)/ \/an>
0
<AL () (ME+ MG+ |20 + £2G5,(1) (5.43)
By the definitions of good unknowns again, (5.43) and (4.2), one deduces

t
(2™, 20, Z78) (1) 2 + = /0 1Zm)?

t
< A5.() (an(t) 1@ V™ B + 1270l + < [ (IR + 127 ))
<AL (E) (ME +eMG + 120} + 2G5,(1)) - (5.44)

The key point here now is to use the term ||(Z™p, Zmb)||(2) in the left hand side of (5.44) to
control the term |Zm17|3 in the right hand side. Recalling the Cauchy formula (1.17), then by
(5.44) and (4.2), one has

m (1,0 2 my¢ 0 —1 2 € € m m 2
|28 Vagm|| = |27 6ho )|, < A% (850 + 1270, 270)2)
< AZ, (M{)” e M 4| Zm 2 tl/ngn) . (5.45)
Introducing further the good unknown
M= 2™y — 2™ -V A3, (5.46)
then by (5.5) and (5.46), one obtains
2™y -V agn) = [Zm,bg] Vg + b5 - 27V a5
m —-m m,0
- [z ,bg] (Vs ) Vs E 4 0] - 0 (). (5.47)

Hence, (5.47) and (5.45) imply that, similarly as for (5.7),
2

b .z < AR Y )2+ 77 08] - ol + b - C ()
0" VAF=, = 0" VA, » %0 A3, 0-to 7

0
< A% (MG + MG+ 1273 + 11265, (1)) (5.48)

Now, since ((A$)T5)3 # 0 near %, it is crucial to apply Proposition B.1 with B = (A3)7b) and
f=Z" to have

=G || adyres - v=| 1=+ 1Em (5.49)
Then by (5.45), (5.49), (5.48), (3.15) and using Cauchy’s inequality, one has that for any € > 0,

|Z™nly < 12" + ‘Zmng ATy

2
0

2
0 & - - —=m |2 0
S [[ADT - vEm|| 1=+ IEI + As |28

S /8% (Mg + oM 412008 4+ 03/2G5,0) 1"l + I571R + A% M
< e|Zmnf + Chs, (M + MG + |73 + 1167, )

< €|ZMnlf + CA, (M;? M 4 tl/ngn) , (5.50)
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which implies, by taking e > 0 sufficiently small,
2™ nlg < A% (M()” M t1/2g;:‘n) . (5.51)
Therefore, by (5.51), one obtains from (5.44) that
1(Z™p, Z™v, Z) (1|2 + & /0 t 12702 < AZ,(t) (Mg,” M 4 tl/zgfn(t)> . (5.52)

This gives (5.31) by recalling (4.2). O

Now we consider the estimates of the rest of highest order tangential derivatives. Let a € NI+3
be with |a| = m and oy > 1, and one applies Z% to (5.1) to find

%&5 q——b 0y Z% + divy Z% = Fhe in
PO 2 + NV 4 Z% — b -V 4 2% — e A 2% = F>* + Zo¥=0  in (5.53)
0, Z% — %atzaq + %b 02 — b -V 4 Z% = F3@ in Q,
where
1 _ 1 _
Fla— _ [Za, } 0yq + [ZO‘, b] Ob— [Z%,diva] v, (5.54)
p p
P2 = —[Z%p] 0w — [Z2%Va] g+ [Z2%b- V] b+ e [Z% Au]v (5.55)
and
_ b b _
Fe = [Z ] drq — [Za ] - Ob+ [Z%,b- V 4] v. (5.56)
P P
Lemma 5.4. It holds that
[F2 |24 (|22 + | P22 < AS (€5, +D5,). (5.57)
Proof. (5.57) follows similarly as for (5.15). O

Now we estimate such derivatives.

Proposition 5.5. For t € [0,Tc°] with To° < 1, it holds that

ZH pr,@t;@jb OmJ—H-:/ZHaJ s

< A (1) (Mgn M 4 t1/2g;;(t)) . (5.58)

Proof. Let o € N3 be with |a] = m and ap > 1. Taking the L?*(Q) inner product of the
equations in (5.53) for such a with JZ%, JZ% and JZ%b, respectively, similarly as for (5.32),
one obtains

1d

s [ aCh 1700z 4 |zl 4 |20

+ / Jdiv A(Z9 - Z°) — / bV A(Z%- Z%) — ¢ / TAAZ - 2%
Q Q Q
1 - - - - 1 - b, - _
- / <at(‘])(\zaq\2 + b Z%\Z) v Low-zow- 2%+ 20,72 — 6,22 - Z%Zaq)
a\Z2 P 2 P
- / J(FY . 7% 4+ F2 . 7% + F3* . Z9) + / ZOWE0 . 7%, (5.59)
Q Q
Integrating by parts over Q4+ and using the boundary conditions in (5.2), one gets

/JleA( q-Z%) + /Jb-VA(ZO‘b-Zav)
Q

— _/ JdivabZeb- Z% < A, || 2| || 2%0]|, < A% €, (5.60)
Q
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and
5/ JAAZ%-Z%:e/ TV az%). (5.61)
Q Q
One has directly
1, J —a 12 —_ Jb, - _

/(at()<\zaq} +[b- Zo0]* ) + —(‘)b Z°bb - Z°b + atJ\Zab| — (=) Z%Z“q)

a\2 P P

< A% (1Z2allg + 1225 + 124l HZ%HO) < AL (5.62)

y (5.57) and (3.19), one has directly
/ J(FY . 2%+ F2% . Z% + ZOU=° . Z% + F3 . Z°D)

Q
< A% ([F g [ 2%ally + 1172 12 + | 22222

< AS, (\/e,en T 0,\/€, + e M @sn) . (5.63)
As a consequence of the estimates (5.60)—(5.63), one deduces from (5.59) that
1d

2dt
< AZ, <\/(’Efn 0, /€ 4+ e M @gn) . (5.64)

Integrating (5.64) directly in time, by (5.42), (3.19) and using Poincaré’s inequality and Hélder’s
inequality, one obtains

t t
[(Zop, 20 2200+ = [ 12207 < My -+ M 20 [ VE T DRVE,
0 0
< M+ MG+ AS (012G, (). (5.65)
This gives (5.58) by summing over such « and recalling (4.2). O

2o, + 150 22, )

(;‘Zo‘q—b.Z“bf—i—p‘Z%‘Q—i—|Z“b‘2)+6/ vk
Q

6. NORMAL DERIVATIVES ESTIMATES

In this section, we will estimate the normal derivatives of (p,v,b). In light of the tangential
estimates in Section 5, it suffices to derive the estimates near the boundary > UX 4, and thus the

analysis in the following will be carried out mostly near > U X, without mentioning explicitly.
The fact that (ATb)3 = J _1b6 - NG 8 £ 0 in such region will be used crucially.

Proposition 6.1. For t € [0,Tc°] with Tg® < 1, it holds that

/ D < A ( (Mg”‘ +eMI 4 tl/zgfn(t)) : (6.1)
Proof. First, (3.30) implies
B3b- N = —J Aigdsb; + Jg div 43 b (6.2)
Then by (3.14) and (3.15), one obtains that for j =0,...,m —1,
[T T C CARY 1  E (6.3
m—j—

Next, the second equation and fourth equation in (2.6) 1mply

b- Vv =0b— i8tp. (6.4)
p
Thus, since (ATb)3 # 0 near X U X4, one obtains
1 1 b
O3v = b-V.av — (ATD)s0pv) = Ob — —0p — (ATb)sv ) . 6.5
= Gy & v = AT0m) = . (0 o= (AT0s0n). 69
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One then deduces that for j =0, . -1,
HagaﬂvH < AS, <3 n H @7ty aJ“b)H n Haﬂ H ) . (6.6)
0,m—j—1 0,m—j—1 0,m—j
This, together with (6.3), Propositions 4.1, 5.3 and 5.5, yields (6.1). O
Next, in terms of the orthogonal base:
on T N } L on - dan
1 2
T = ,To=—=,n=—¢ with 7 =0 — ————01n (6.7)
{ 017 |7 V] o2

one has the following expressions for d3b- 72, 8 = 1,2, and 93p.

Lemma 6.2. Let a € N'*3 with |a| < m — 1. It holds that near ¥ U X4,

NP
930%b - 7 + | 5050 (b- = =1,2 6.8
3 T (JATb) 30% (b~ V 4v) - 2s, B=1, (6.8)
and

050“p + 050°D - b - 7P — 2030 divav = G5 (6.9)

Here G%5 and Gy, are defined by (6.17) and (6.24), respectively, which satisfy

a2+ e < as (o= + &5 + @, 02D, + oAl
(02, + ez;+@fn)). (6.10)
Proof. One first projects the third equation in (2.6) along 77, 3 = 1,2. For this, one writes
Aav = ApsArsd3v + ArsO3ApsOsv + > Api0i(A;djv) (6.11)
1+5<6

and by the first identity in (6.5),

05 (b -V 4v) 1 (ATD)g0sv
2 v <( A%) b Va0 — By <( - > (6.12)

then the third equation in (2.6) yields

3v =

Aps Ay

T
(.A b)363b+€(ATb)3

93 (b- Vav) = Vag +7, (6.13)

where

fi=— (.ATb)Bagb + pov — € Z .Aki@'(Akjajv) — eAp303Ap303v

i+5<6
1 (ATb)g0pv 5
- O3 —=—|0b- — 03| —=— ]| — ¥ 6.14
eAk3 A3 < 3 <(ATb)3> Vv — 03 < (AT, (6.14)
Hence, one deduces from (6.13) that, by (1.12),
VP
(931) . Tﬁ + Emag (b : VA'U) . 7—6 = GTB, (615)
where 1
Gop = 7P 6.16
T8 (.ATb>3 (Vag+7) -7 ( )
Note that V_4q - 77 involves only 01q,d2q. Applying 0% to (6.15) then yields (6.8) with
Q ¢ |N’2 B
o = 0°G s — [a } O3b— ¢ la AT 95 (b V 4v). (6.17)

Now one projects the third equation in (2.6) along n. First, the third equation in (2.6) yields
Ai383p + Aigﬁgbjbj — bkAk383bi — 8./4]'3833;41)1' = Ui, (6.18)
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where
g = 5Aj5858;4vi + bk.Akﬁagb@' — Aigagp — Aigagbjbj — pOsv; + \I/ZE-’(;. (6.19)
Note that
.Aig.Aigagbjbj — Ai3bp Ar3d3b; = Aijz Az (63() -b—03b-nb- n) = A;34;303b - By P (6.20)
and

—€A13Aj3836;41)@' = —EAjB,azA@jAvi + EAj3Aiﬁaﬁa;4”i

= —eAj3Aj305 divav — edjp A0 diva v + A3 A0 v;. (6.21)
Hence, one deduces from (6.18) that, by (6.20) and (6.21),
A3p + 03b - 790 - 7P — 2Bz divgv = G, (6.22)
where 1
G =21 (9543 + eAjpA;505 divav — eAj3 430507 ;) . (6.23)
Applying 0° to (6.22) then yields (6.9) with
GO = 9°G, — [aa, b- Tﬁﬂ - 93b. (6.24)
The estimate (6.10) follows directly from these expressions of G¢5 and Gj, . U

Proposition 6.3. For t € [0,75°] with T° <1, it holds that
/ D5, < AL () (ME -+ MG 1 1G5,(1) + G5, (1)) (6.25)
Proof. Fix first k =0,...,m—1and then/ =0,...,m—k—1. Let « € N'*3 be with |a| <m—1

such that ap = k and a3 < (. First, multiplying both sides of (6.8) by (JATH)3|NV|~! and taking
the square to integrate in €2, some region near > U ¥, one has

70 + Z/ﬁ(“ﬂb o0 7| 422 il 5 050 (b V.av) - 6‘)

&, TNE (JATD)2
(JATH)3

Z/ VP AL e, (6.26)

B=1,2

where

o = 25/ D30%b - 7P 930 (b - V 4v) - 7°. (6.27)
Q
By (6.4), one has

Y= 25/ 930 - 77 930° (8tb_ batp> -7
0 vp

d 2
_ ¢ an BT ap B ap . B8
_adt;:/ﬁ]agabf\ zs/QagabTagabatT

—2¢ / 930%b - Py - 8 aga Op — 2 / 030% - T [aga w] op -7

>4 / ‘338%-75‘ ~2 / 050% - 7b - 7 L 0,000p — <A (€5, +D5,). (6.28)
dt —, /o O P

Next, take the square of (6.9) and integrate in Q to have
2
I3 +/~ 050D+ 0307 77 - 77"+ € 930" divav]’ = / [ (6.29)
Q Q

where
1% = —2 / (930%p + 830°b - 79D - 77)930% div 4 v. (6.30)
Q
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By the second equation in (2.6), one has
1 1
0%divgv = ——0:0% — {80‘, } orp. (6.31)
P
Hence,

o = 28/(638% + 030% - 77b - Tﬁ)iagataap
0 P

+2e/(agaap+aga%-rﬂb-¢ﬁ) <(93 ( )ataap+ag <[a ! ] atp)>
Q) P P

1
—5— 7, 930°p|? —g/at |838ap|2+28/~836ab-Tﬁb-Tﬁw836taap
1
+2e/(agaap+aga%-rﬂb-¢ﬂ) (83< >ata p+0s <[a ]atp»
) P Yp
>5% 7|agaap| 92 / 050%b - Pb . 77 aga Op— eAS (€, +D2). (6.32)

One can see that it is crucial that there is an exact cancelation for the two underlined terms
n (6.28) and (6.32), which themselves seem out of control. Hence, combining (6.28) and (6.32)
and by (6.10), one gets

L5 T )

Q

+/~ (( ‘“j\lfT'b?’ Z 059 Tﬁ‘ + |00 + 0507 - 77 - 77 )

36 1,2

N (0% (6%
+€2/<(.ATZ)2288 (b-Vv)- 6‘—1—]838 leAU)

< A%, ( ST 1G I + I1GSE + e(€s, + @:@))

B=1,2

< AZ, ((aa\paﬁ

109, 0°0) 151 + 10°0wll + 2 07017, + (&5, + @in)>-
(6.33)
Integrating (6.33) in time and using (6.2),

-7 = g (0 Vo7 = (A7) 0,0 +7) (6:31)

and
O3v - N = Jdivgv — J A0y, (6.35)
one can deduce that, by (3.19) and (4.2),

t
| (10:0°. 20070 g + 2 10

t
< MG+ MG 4 AL (1) /0 (10°p, 0°0) 31 + l0°0plly + 22 901}, + (@5, +D5,) ).
(6.36)

Consequently, summing (6.36) over such o and by (6.1), one obtains

/ (H 8fp’akb)H£+1m 1—k— z+€ Hak Hé+2m 1-k— z)
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< M+ e M4 A (1) / (H afp,akb)H te Hak H >
£m—k—£ l+1,m—k—~

a5 | ot ast6g 0 + <05 ) (6.37)

Now taking £ = 1,...,m — 1 in (6.37), by (6.4) and similarly as in Proposition 6.1, one
deduces that for £ =0,...,m —k —1,

/<H tpt)£+1m1ké+ e+am-1—bt T v e+2,m—1—k—¢
m m,0 € k—1 2 2 || 9k 2
< M MO 4 AS, H lp, ok )) +Hat UH ve H@UH
tm—k—t 1 m—k—0 41 m—k—t

s [ Haf“vHi_l_k FALO0GE(0) + <05 (1). (6.39)

A suitable linear combination of (6.38) for £=0,...,m — k — 1 yields that
[ (ltwon]_,+ ool o+ ot )
<MD+ eMI 4+ AZ (1) / <H 8lp, O )HOm o+ Ha’“ L Hlm e Haﬁ”im_J
+ A% (1) /0 t ] R SOl R
< MM+ a5 | ok |” L+ As g + g0, (6.39)

Combining (6.39) for k = 1,...,m — 1 suitably again implies

Y (T s O

t
<M+ s/\/lg"“‘S +AZ_(1) /0 (HE){%HS + Ha?‘lvuf) + AS (1) (tGE, (1) + £GE, (1))
< MP A+ eMI 4+ A2 (E)(EGE, () + €G5, (1)), (6.40)

On the other hand, taking & = 0 in (6.37) yields that for £ =0,...,m — 1,
! 2 2 (1112
PR (P Py
5 ! 2 2 110112
< M3 oMy A0 [ (10D e+ ol )
t
+ A% (1) / 10017,y + AS (D) (G5, () + G5 (1)) (6.41)
0
Thus, a suitable linear combination of (6.41) for £ =0,...,m — 1 yields
! 2 211112
| (0012 + 2.,
0
t
<M+ M4 AS [ (1D 22 ol 10001, ) + AL (G (0 + G5 ()

t
< MI 4 eM™D 4 NS (1) / 100I2, | + A () (4G5, (1) + <G5, (1) (6.42)
0
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[ (Sl )

< MP A+ eMI 4+ N2 (t) (1G5, (1) 4 G5, (1)) . (6.43)
This gives (6.25). O

Consequently, it follows from (6.40) and (6.42) that

m—1

LT
e
OO

(H oFp, okb) m e Hat

7. (&,0)-INDEPENDENT LOCAL WELL-POSEDNESS OF (2.6)
Now we can conclude the following (e, 0)-independent estimates.

Theorem 7.1. There exist positive constants Ty and &g with the property that for each 0 < § <
do, one can find an €y = €o(d) > 0 so that for 0 < e < gq, it holds that

Geu(To) < M’ (7.1)
and that for t € [0, Tp],

p,p,|J|2%0>OinQand|b-/\/|2%>00n2u2i. (7.2)

Proof. Note that by the definitions of M{* and Mgn’é, for each 0 < § < §p there exists an
g0 = €0(d) > 0 so that for 0 < & < &,

MY < MY (7.3)

Then by the definition of G, (t), (6.1), (6.25) and (4.6), one deduces that for ¢ € [O,Tg’é] with
TS <1,

G (1) < AS(1) (M + eMG™ 4+ 111205, (1) + 205,(1))
< (MG + MG+ tP(G5 (1)) (MG + MG + 117265, (1) + G5, (1))

< Mg (14 12P(G5 (1) + G5, (1)) (7.4)
Therefore, for 0 < € < gg by restricting g smaller if necessary, it holds that
Gra(t) < M (14 12 P(G5,(1))) (7.5)
From (7.5), there is a Tp, depending on M{* but not on ¢, d, such that
G (To) < MG (7.6)
This yields (7.1). The estimate (7.2) follows from the fundamental theorem of calculus, (3.14)
and (7.1), by restricting T smaller if necessary. O

We now present the

Proof of Theorem 2.4. With the estimates (7.1) and (7.2) of Theorem 7.1 in hand, following
that for the compressible Navier—Stokes equations (see for instance [9] for the references), one
can show routinely that

To
up Fa + / Do < P-(G5, (T0), Eam(0)) < Po s(M). (7.7)
0,70 0

The point here is that although the bound of Ey,,(t) depends on ¢, d, it does not depend on ¢ €
[0, Ty]. Now we indicate the dependence of the solutions to (2.6) on €, by (75, p™9, v59, b%9).
Hence, by a standard continuity argument and the local well-posedness recorded in Theorem 3.2,
the unique solution (775’5, pd ve0, be"s) above exists actually on [0, Tp] and satisfies the estimate

(2.16). The proof of Theorem 2.4 is thus completed. i
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8. LOCAL WELL-POSEDNESS OF (1.10)
Now we present the

Proof of Theorem 2.1. By Theorem 2.4, one can easily pass to the limit as first ¢ — 0 and
then § — 0 in (2.6) to find that the limit (1, p,v,b) of (=%, p=,v®,b°9), up to extraction of a
subsequence, solves (1.10) on [0, 7p], where the constraint that div4b = 0 in Q is recovered by
using (7) in Proposition 1.1 as div.4, bp = 0 in Q. Moreover, (1, p,v,b) satisfies

To
sup €% —l—/ D0 < M. (8.1)
[0,T0] 0

To improve the estimates, we revisit those estimates in Sections 5 and 6 with setting € = 0 to
obtain

& (1) < A% (1) (ME)" +tsup gm) (8.2)
[0.]
and
o), < ALE),, (83)
respectively. Then combining (8.2) and (8.3) yields
Em(t) < A% (Mg” + tsup 5m) < M 4 tP(sup Ep). (8.4)
[0,t] [0,t]

From (8.4), there is a Tp, depending on MG, such that
Em(t) < MG, Vit € [0, Tp). (8.5)

This yields (2.5) by resetting Tp.

Now for the uniqueness, consider two solutions (n’, p*, v%,b%), i = 1,2 to (1.10) on [0, Tp] with
the same data (1o, po, vo, bo, po) which satisfy the estimate (2.5). Denote A° = A(n'), N =
N(n') and J* = J(n'), i = 1,2. Denote f = f! — f? for the difference of each unknown f, and
define

3
2
& N PN 1y 12, (42
£:=3" |@p.ofo.of0)_+Iall3+ 1al3. (8.6)
j=0
To estimate the differences, one uses again the equations (5.1) with setting e = 0 for each
solution. Define again the corresponding good unknowns as

Vi= 730" — 7300 -V ', Q' = Z3¢" — 7301 -V 4i¢ (8.7)
and
B = 730 — Z3ng - V 4, b (8.8)
Hence,
V=23 — Z%7 -V po' — 230 Vv, Q=23G— Z%7-V u1¢* — 723> -V aq (8.9)
and
B = 7% — Z%ny - V 4, (8.10)
Note that

[Q] =N 2% N [0s4'] — Z°0* - TIN [0s4], (8.11)
[B] = —Jy ' Z%0 - No [0s8], [V] =0on®, V=0on%.. '
One can proceed as in the proof of Proposition 5.3 to get, by (2.5),
1d
2dt Jq

+/ JldivA1(Q)7)—/ JW -V 0 (B-V) < MIE. (8.12)
Q Q

Jl(vlp1 1Q—b"- B+ p' V> + |B])
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By (8.11) and since 0y = v, one obtains

/ d1VA1 (QV) = /[[Q]]VJ\/I
¥
= /((Jl) Y230 - N 0sq'] + 230 - TN [034]) (20 — Z°7 - V v — Z39 -V 40) - N
b

= _/((J1)1Z377'N1 [0s¢'] + Z°0 - J-IN [0sq]) 220 - N + MGE
>

_% g (%(]1),1 [[33q1ﬂ ‘2377-/\/1’2 + 732 ’ngﬁ'/\ﬂ) + MME (8.13)

and
/Jlbl-VAl(B-f)):/bl-Nl [5] -V
Q b))
—/bo-/\/'o [B] - (Z%6 — Z%7 - V qv' = Z°0* - V 40)
P

< / bo - NoJy P Z%n0 - N [0sb] - Z30mm + ME

d
d
By plugging (8.13) and (8.14) into (8.12) and then integrating in time, using the fundamental

theorem of calculous and the fact that the two solutions take the same initial data, one deduces
that

b() NUJO 1Z377() N() [[835]] Z3 77—|—Mm5 (8.14)

t
@ v.Bol; < My (120l + [ €). (5.15)
0
which yields
t
1(2%p, 2%, Z°B)(t)||2 < My (]Z3n(t)\§+/ 5) . (8.16)
0
Recalling the Cauchy formula (1.17), one has
b=p'py " ASbo - Vi + ppy L AGbo - Vi, (8.17)
Then as in the proof of Proposition 5.3, one can deduce from (8.16) that
t
_ 2 _ m [ &
|30, BON, + a0l < My [ e (8.18)

On the other hand, one can proceed as in the proof of Propositions 4.1, 5.5, 6.1, 6.3 to estimate
the other terms in £ and conclude that

t
°(t) < M@”/ E. (8.19)
0
This and the Gronwall lemma imply £(t) = 0 since £(0) = 0, and hence the uniqueness follows.
The proof of Theorem 2.4 is thus completed. U

APPENDIX A. SMOOTHING INITIAL DATA

We now elaborate the smoothing process that regularizes the data (1o, po, vo, bo, po) of (1.10)
given in Theorem 2.1 to produce the smooth data (770, pO, vo, bo, po) with the smoothing param-
eter 0 > 0.

Let Ag, ¢s be the standard mollifiers in R? and R?, respectively, and £q, be the Sobolev

extension operator. Let 5 := ¢s * Eq, po+ in Q4. Define 73 as the solution to (see [15])

{N 0= —A2(¢s * Equmos)  in O

5 5 (A.1)
M6 = As o, 0305 = As xO3mp  on LU Xy,
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ﬁg = Sq,po+ in 4 as the solution to

{—Aﬁg = —A(¢ps * Eaypo+) in Q4

5 (A.2)
Do = As x po on X UX4,

79 := Sa,vo.+ in Qp and b)) := Sq, by + in Qx. Then (73, 53, 53, b3, 73) € C=(Q), and by (2.3)
and (3.4) with j = 0, one has

[[ﬁg]] - [[@g}] - ﬂzg}] - [[ﬁg}] - [{agﬁg]] —0on¥, B =0and il =+lon T  (A.3)
By the standard elliptic theory, it is straightforward to verify that
o — mo in H™(Q) N H™(E) and (53,8, b5, 75) = (po, vo, bo, po) in H™(Qx) as 6 — 0. (A.4)
Moreover, by (2.4) and (A.4), one obtains that for 0 < § < §p with some dy > 0,

00,178 > %0 >0 in © and |} - NO| > %0 >0on X UYL, (A.5)

where J§ = J(73) and N = N(7). Note that the smoothed data (73, 53, 73, b3, 73) satisfies the
zero-th order compatibility conditions for (1.10) (cf. (3.4) for j = 0), but it may not satisfy any
higher order compatibility conditions (cf. (3.4) for 7 > 1). To adjust this, the idea is to add
corrections to (ﬁg, 173, l;g) so that the higher order compatibility conditions hold. We may assume
Q = T? x R for simplicity; in such case, one only needs to add corrections to (1587 4 ’D‘OS, 4 587 +)
and keep (ﬁ&_,f)g’_, 587_) unchanged.
To simplify the notations, we denote U := (p,v,b) and define
‘ A —ypdiv 4 v
RUT =011 | p (b Vab—Valp+3bP) |, i >1, (A-6)
b-V v —>bdivyqv

recursively, where A = A(n) and 8,{7) = 8j_ v and Gjp = —8g_1(p div 4 1)) for 5 > 1 have been

assumed. One finds that &/U depends on Vi), p, VIU, U, j > 1, where V7 denotes a collection
of 9 for a € N3 with |a| < j and a3 < j. Then we deﬁne

UL, (VIU,05U) = 9]U", j > 0. (A7)
Set
Up %p
U{, o7l Q%v 7l
ul-r . P ajre v -2
V?] p(VJU,GéU) U% ‘n y J >0 and an(a3U) = 8§v ‘n ) > 17 (AS)
UZ o7l 8§b o7l
Ui .72 8§b 72

where (71,72, n) = (71, 72,n)(n) and U} denotes the p-component (the first component) of U7,

etc. By (A.6)—(A.8), it holds that

VL, (VU 0U) = By (U)W, (U) + F, (VIU), j > 1, (A.9)
where
0 0 0 —ypJ LN 0 0
0 0 0 0 p I N 0
o 0 0 0 0 0 1N
]Evmp(U) . — 7p71.]71‘/\/’| 0 0 0 *pile]71|./\/\b-'rl 7p€1.]71|./\/’\b-7'2

0 J7 %N 0 JTHNb Tt 0 0

0 0 J7% N TN -2 0 0
(A.10)

Here for simplicity we have not written out the explicit form of F‘%n p(@j U) but only state its

dependences, and the key feature here is that it does not depend on U when j > 1, that is,

we separate the dependences of V&, on 8§U and VIU.

Vn,p
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Now we construct the smoothed data that satisfies the higher order compatibility conditions

as follows. First, define Ug,(o) = (pg’(o), Ug’(o), bg,(o)) (po,f)o, bo) as the zero-th order smooth

5,(0)

approximation of Uy := (po, vo, bo). Note that by (A.3), (7, Uy , p0) satisfies the zero-th order

compatibility conditions:
4,(0
[V3 @) =0, (A.11)
and by (A.5), Egas 5 +(Ug’(o)) (here, unlike the other terms, we have specified the subscript

“+7 in ﬁg L as ﬁg may not be continuous across the interface 3, etc.) is non-singular on 3:

5,(0 FN—6175  x
det Eggs 8 (U Oy = B NS 2(55.4) 3 (J5) 61B) - NE* > 0 on X, (A.12)
Next, suppose that j > 0 and the j-th order smooth approximation Ug’(j )= (pg’(j ), vg’(j ), bg’(j ))
of Uy has been constructed so that (778 , Ug X ), ﬁg) satisfies the j-th order compatibility conditions:
[[Vf o (VUG o5U m)ﬂ —0,0=0,...,j (A.13)
and
det Eggs 1 (U 59y > 0 on 2. (A.14)
Define
H0.(i+1) _ 5,07\ "D [y +1770,(7) ai+1778,09)
H.0 (EWW s (U )) [[Vv%yﬁé(w uoW ity )ﬂ oy (A.15)
and
‘fi’(jﬂ)
o0+ . 5(J+1) L P (J+1)~g + (i)j,(jJrl)ﬁg on X, (A.16)

(1)5 (]+1) 164-(1) (J+1)7~,§75

where (NO1 8 702 %, i) = (11, 7%,n)(73). Then we construct the (j + 1)-th order smooth approxi-

mation U5 G+ =(p g(]+1),v0 (JH), bg’(j+1)) of Up such that
U = okudY), e=o0,... 5 and BPUSTTY = P USY £ @40 onw. (A7)
The existence of such Ug’(j ) is standard (see [15]). It then follows that

[Ver (VU 0l )] = [V (VgD g5 )| =0 on s, =0,

(A.18)
det Eqge s (UoY ™) = det By o (U5F)) >0 o 3, (A.19)
Wyﬂ(aﬁron ]+1)) W]"rjs(a]-i-lUO (J))+('i>67(j+1) on (A.20)
and 1 6,(j+1) 6,(4)
g+ =j+1 U+ _ i+l —7+1 ,\J
Feoe s (VORI =FL . (VHUEY) on B (A.21)
By (A.9), (A.20) and (A.15), one has
[{VJV—F}S (V]-HU ,(G+1) 6]+1Ugv(j+1))ﬂ
1 1 1
_ ( NG >)) Wa+1 AT ))ﬂ [[FJerlg;é(vy—i-lU )]
_ () 1 i1+ J+1 +1776,(5)
_ ( — ) Wi (o4 Uy )H [[IE‘WO’NL;(VJ U )ﬂ
8,G) aj+1s10,3 X ONYARE AT
= _Vvﬁgﬁg(V”on 0 g1y m)]] + (Evﬁgﬁg&(UO’Ef))) 0D =0, (A22)

This together with (A.18) implies that (33, Ug’(j+1), p3) satisfies the (j+1)-th order compatibility
conditions. Consequently, one can construct recursively the smooth data that satisfies any high
order compatibility conditions.
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Now the desired smoothed data is constructed as (73, pd, v3, b3, ) := (73, Ug’(mfl), 73). Note

that by (A.4), nd — no in H™(Qx) N H™(X) and p) — po in H™(Q4) as § — 0, however, in
general, (p), v, b)) does not converge to (po, vo, bo). But if (19, po, vo, bo, po) satisfy the (m—1)-th
order compatibility conditions:

[{V%m,po(@er,%Uo)]] —0, £=0,...,m—1, (A.23)

then (pg,vg,bg) — (po,vo,bp) in H™(Q+) as 6 — 0. Indeed, we claim that Ug’(j) — Up in
H™(Q4)asd — 0 for j =0,...,m—1. We prove the claim by induction on j. First, for j = 0,
no corrections have been added and so it is direct to have that U(()S,(O) — Upin H™(Qy) as § — 0.
Next, suppose that j € [0,m — 2] and that Ug’(g) — Uy in H™(Qg) for £ =0,...,jasd = 0
have been proved. Then by the definition of the correction ®»U+1 (cf. (A.15) and (A.16)), the
induction assumption and (A.23) with £ = j 4 1, one deduces that ®»U+1D — 0 in H™7-3/2(%)
as 0 — 0. So by the definition of Ug’(jH) (cf. (A.17)), Ug’(jﬂ) —Ug’(j) —0in H™(Q4) asd — 0,
which together with the induction assumption again implies that Ug’(j AR Up in H™(Q4) as
0 — 0. The claim is thus proved, and the construction of the smoothed data is completed.

APPENDIX B. ANISOTROPIC TRACE ESTIMATES

Lemma B.1. Assume that B € R with |Bs| > 0 > 0 for 0 < |z3| <. Then it holds that
1113 < Caa. (1B V1l 151+ 1713) (B.1)
where Cg g, is a positive constant depending on the C! norm of B, 6 and ¢.

Pfoof. Without loss of generality, assume that Bs > 6 > 0 for 0 < z3 < ¢. Set B := B/Bs =
(Bp, 1) and define the 2D trajectory Y = Y (x1,z2;s) by

d .
£Y(1‘1,x2; s) = Bp(Y (21, 22; ), 5)

Y (21, 22;0) = (71, 22).

(B.2)

Then for any 0 < y3 < ¢, by the fundamental theorem of calculus,

FP(21,22,0) = f2(Y(21,22;0),0) = f2(Y (21, w25 y3), y3) — /Oy3 d% (f2(Y (21,22;8),5)) ds
= (Y (21,22;93), y3) — 2/0?/3(]9 V(Y (21,295 8), 5) ds. (B.3)

Integrating over (x1,z2) € T? and using the Fubini theorem, one has

|f‘g = /T2 Y (21,225 y3), y3) dwydag — 2/093 /TZ(B NfOY (x1,29;8),s) dridrads. (B.4)

For any fixed 0 < s < «, by a change of variables (y1,y2) = Y (21, x2;s), with the Jacobian
J(x1,m2;8) := detVY (z1, z9; s) given by

J(x1,29;8) = exp <—/ (8131 + 6232)(Y(x1,x2;7),7)d7) , (B.5)
0
one has that for any 0 < s <,
C;L < J(x1,32;8) < Cp, = exp (HQIBI + 3232HLOO L) - (B.6)

Hence, for any 0 < y3 <, it holds that

, FAY (21,22, 93),y3) dvrdae = /2 P2y, y2,y3) T (w1, y23 ys) dyrdys
T T

<Cs, /w P (1,92, y3) dyrdyso (B.7)
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and similarly, by the Cauchy-Schwarz inequality, one has

- 2/0y3 /11‘2(B Vi)Y (x1,22;5), s)dr1drads

’ B 1/2 3 1/2
<2 (/Oy /T2 (B - Vf)Q(Y(x1, x2;8), S)d$1d$2ds> </y /T2 fZ(Y($1, x9;8), S)d$1dx2ds>

0

Y3 5 ) 1/2 Y3 ) 1/2
<203, (/ /2(3 V) (yl,yz78)dy1dy2d8> </ /2 f (yhyZaS)dylddeS)
o Jr 0o Jr

<205, |B- Vs, 111, (B.8)

Combining (B.4), (B.7) and (B.8) yields

1< Ca, [, o moam)didue + 205, [ 8- 91]| 151 (B.9)
Integrating (B.9) over y3 € (0,¢), one has
U< Co, [ [ Pl mdndindys + 2050 |59 1flo. (B10)

which implies, recalling B = B /Bs,

15 < Cp IFIIE+2C5, || BB -V, 1 £llo

<Cp o IFIG+4Cs, 67 1B -V ] (B.11)
This gives (B.1) by redefining the constant C . O
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