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QIN DUAN, ZHOUPING XIN, AND SHENGGUO ZHU

ABSTRACT. In this paper, the Cauchy problem for the three-dimensional (3-D)
full compressible Navier-Stokes equations (CNS) with zero thermal conductivity
is considered. First, when shear and bulk viscosity coefficients both depend on
the absolute temperature 6 in a power law (0¥ with v > 0) of Chapman-Enskog,
based on some elaborate analysis of this system’s intrinsic singular structures,
we identify one class of initial data admitting a local-in-time regular solution
with far field vacuum in terms of the mass density p, velocity u and entropy
S. Furthermore, it is shown that within its life span of such a regular solution,
the velocity stays in an inhomogeneous Sobolev space, i.e., v € H® (R3), S has
uniformly finite lower and upper bounds in the whole space, and the laws of
conservation of total mass, momentum and total energy are all satisfied. Note that
due to the appearance of the vacuum, the momentum equations are degenerate
both in the time evolution and viscous stress tensor, and the physical entropy for
polytropic gases behaves singularly, which make the study on corresponding well-
posedness challenging. For proving the existence, we first introduce an enlarged
reformulated structure by considering some new variables, which can transfer
the degeneracies of the full CNS to the possible singularities of some special
source terms related with S, and then carry out some singularly weighted energy
estimates carefully designed for this reformulated system.
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1. INTRODUCTION

The motion of a compressible viscous, heat-conductive, and Newtonian polytropic
fluid occupying a spatial domain 2 C R? is governed by the following full CNS:

pt + div(pu) =0,
(pu)¢ + div(pu @ u) + VP = divT, (1.1)
(p€)¢ + div(pEu + Pu) = div(uT) 4 div(kV8).

Here and throughout, p > 0 denotes the mass density, u = (u("), v, uGNT the
fluid velocity, P the pressure of the fluid, 6 the absolute temperature, £ = e + %\u|2
the specific total energy, e the specific internal energy, x = (z1,22,23)' € Q the
Eulerian spatial coordinate and finally ¢ > 0 the time coordinate. The equation of
state for polytropic fluids satisfies

R
v-1
where R is the gas constant, A is a positive constant, ¢, is the specific heat at

constant volume, v > 1 is the adiabatic exponent and S is the entropy. T is the
viscosity stress tensor given by

T = 2uD(u) + Adivuls, (1.3)

P =Rph = (y—1)pe = Ae%/%pY, e=cyb, ¢, = (1.2)

— Vut(Vu) . : : - .
where D(u) = ~——5—— is the deformation tensor, I3 is the 3 x 3 identity matrix,
w is the shear viscosity coefficient, and A\ + %,u is the bulk viscosity coefficient. &
denotes the coefficient of thermal conductivity.

In the theory of gas dynamics, the compressible Navier-Stokes equations can be
derived from the Boltzmann equations through the Chapman-Enskog expansion, cf.
Chapman-Cowling [6] and Li-Qin [29]. Under some proper physical assumptions,
the viscosity coefficients (i, A) and the coefficient of thermal conductivity x are not
constants but functions of the absolute temperature 6 such as:

u(0) =r02F(0), A0) =r02F(0), r(6) =rs02F(6) (1.4)
for some constants r; (i = 1,2,3). Actually for the cut-off inverse power force models,

if the intermolecular potential varies as 7~ ¥, where 7 is intermolecular distance, then

F(6) = 6% with o= % € [0,0) (1.5)

in (1.4). In particular, for Maxwellian molecules, T = 4 and w = %; for rigid elastic
spherical molecules, T = co and @w = 0; while for ionized gas, T =1 and w = 2.
In the current paper, we will consider the following case:

w(@) =ab”, NO)=p0", k=0, (1.6)



DEGENERATE COMPRESSIBLE NAVIER-STOKES EQUATIONS 3

i.e., the thermal conductivity vanishes, where (o, 3, ) are all constants satisfying
a>0, 224+3>0 and O0<(y—1r<L. (1.7)
In terms of (p,u, S), it follows from (1.2) and (1.6) that (1.1) can be rewritten as
pr + div(pu) = 0,
(pu)¢ + div(pu @ u) + VP = A”Rfydiv(p‘se%’j@(u)), (1.8)
P(S;+u-VS) = AV R pers” H(u),
where 6 = (v — 1)v, and
Qu) = a(Vu+ (Vu) ") + Bdivuls, H(u) = div(uQ(u)) — u - divQ(u).  (1.9)
)

Let Q = R3. We study the local-in-time well-posedness of smooth solutions (p, u, S
with finite total mass and finite total energy to the Cauchy problem (1.8) with (1.2),
(1.7), (1.9), and the following initial data and far field behavior:

(psu, S)|i=0 = (po(x) > 0,ug(x), So(x)) for ze€R?, (1.10)
(p,u,S)(t,z) — (0,0,8) as |z| = oo for t>0, (1.11)

where S is some constant.
Throughout this paper, we adopt the following simplified notations, most of them
are for the standard homogeneous and inhomogeneous Sobolev spaces:

[flls = 1fllezs@sys  [flp = N fllosys 1 fllmp = [ fllwmer sy,
[fler = Ifller@sy,  1fllxinxs = 1flxi + 1 fllx.,

DR = {f € Lip(R®) : | f|prr = V¥ f], < o0},

Di={f € L°(R®): |flp1 = |Vfla <oc}, DF=D"?

flows =W lokrgeoy, Vlox = Ifloscesy, [ £= [ s,

X([0, 7Y (R%) = X([0,7;Y), (£, 9)llx = Ifllx + llglx-

A detailed study of homogeneous Sobolev spaces can be found in Galdi [11].

Under the assumption that (u, A, k) are all constants, when inf, po(x) > 0, the
local well-posedness of classical solutions to the Cauchy problem of (1.1) follows
from the standard symmetric hyperbolic-parabolic structure which satisfies the well-
known Kawashima’s condition, cf. [16,17,19,35,36,39]. However, such an approach
fails in the presence of the vacuum due to some new difficulties, for example, the
degeneracy of the time evolution in the momentum equations:

plus +u - Vu) +VP =div(2uD(u) + Adivuls). (1.12)
—_——
Degenerate time evolution operator

Generally vacuum will appear in the far field under some physical requirements such
as finite total mass and total energy in the whole space R3. One of the main issues
in the presence of vacuum is to understand the behavior of the fluids velocity, tem-
perature and entropy near the vacuum. For general initial data containing vacuum,
the local well-posedness of strong solutions to the Cauchy problem of the 3-D full
CNS was first obtained by Cho-Kim [7] in a homogeneous Sobolev space in terms
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of (p,u, ) under suitable initial compatibility conditions, which has been extended
recently to be the global-in-time ones with small energy but large oscillations by
Huang-Li [15], Wen-Zhu [40] and so on. It should be noticed that, in [7,15,40], the
solution was established in some homogeneous space, that is, /pu rather than u
itself has the L>°([0, T]; L?) regularity, the regularities obtained for (p,u,#) do not
provide any information about the entropy near the vacuum, and in general the solu-
tions do not lie in inhomogeneous Sobolev spaces and guarantee the boundedness of
the entropy near the vacuum. In fact, if pg has compact support, Li-Wang-Xin [24]
prove that any non-trivial classical solutions with finite energy to the Cauchy prob-
lem of (1.1) with constant viscosities and heat conduction do not exist in general
in the standard inhomogeneous Sobolev space for any short time, which indicates
in particular that the homogeneous Sobolev space is crucial as studying the well-
posedness (even locally in time) for the Cauchy problem of the CNS in the presence
of such kind of vacuum. However, when the initial density vanishes only at far fields
with a slow decay rate, recently in Li-Xin [25-27], for the Cauchy problem of the
CNS with constant viscosities and heat conduction, it is shown that the uniform
boundedness of S and the L? regularity of v can be propagated within the solu-
tion’s life span. Despite these important progress, it remains unclear whether the
laws of conservation of momentum and total energy hold for the solutions obtained
in [7,15,25-27,40]. We also refer the readers to [9,10,13,14,18,20,25,26,33,41] and
the references therein for some other related results on global existence of weak or
strong solutions.

In contrast to the fruitful development of the classical setting, the treatment on
the physical case (1.4)-(1.5) is lacking due to some new difficulties introduced in
such relations, which lead to strong degeneracy and nonlinearity both in viscosity
and heat conduction besides the degeneracy in the time evolution. Recently, for
the Cauchy problem of the isentropic system (i.e., (1.8);-(1.8), with S(¢,z) being
constant), by introducing an elaborate (linear) elliptic approach on the singularly
weighted regularity estimates for u and a symmetric hyperbolic system with singu-
larity for some density related quantity, Xin-Zhu [43] identifies a class of initial data
admitting one unique 3-D local regular solution with far field vacuum and finite
energy to the Cauchy problem of (1.8) for the case 0 < § < 1 in some inhomoge-
neous Sobolev spaces. Indeed, the momentum equations for isentropic flows can be
written as

plus +u - Vu) +VP = div(p°Q(u)) : (1.13)
—_— ———
Degenerate time evolution operator Degenerate elliptic operator

Since the coefficients of the time evolution and the viscous stress tensor near the vac-
uum are powers of p, it is easy to compare the order of the degeneracy of these two
operators near the vacuum, which enable us to select the dominant operator to con-
trol the behavior of u and lead to the ”hyperbolic-strong singular elliptic” coupled
structure in [43] and the “ quasi-symmetric hyperbolic”—“degenerate elliptic” cou-
pled structure in Xin-Zhu [42]. Some other interesting results on the well-posedness
with vacuum to the isentropic CNS with degenerate viscosities can also be found
in [2-5,8,12,23,28,30,31, 34, 38,45] and the references therein.

Since e and S are fundamental dynamical variables for viscous compressible fluids,
it is of great importance to study the corresponding theory for the non-isentropic
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CNS. Yet, as indicated even in the constant (u, A, x) case [25-27], this is a sub-
tle and difficult problem in the presence of vacuum. Indeed, for considering the
well-posedenss of classical solutions with vacuum to the full CNS (1.1)-(1.3) with
degenerate viscosities of the form (1.4)-(1.5) with k = 0, the coefficients’ structures
of the time evolution operator and the viscous stress tensor are different, and the
entropy plays important roles and satisfies a highly degenerate nonlinear transport
equation near the vacuum, which cause substantial difficulties in the analysis and
make it difficult to adapt the method for the isentropic case in [43]. It should be
pointed out tha due to the physical requirements on 6 and S near the vacuum, it is
of more advantages to formulate the CNS (1.1)-(1.3) in terms of (p, u, S) instead of
(p,u,0) in contrast to [7,15,40] as illustrated below. Due to the equation of state
for polytropic fluids (1.2), one has in the fluids region that p > 0,

0= AR 1 prteS/er, (1.14)

which implies that (1.1),-(1.1); can be rewritten into

S
plug +u - Vu) +VP = AYR™Vdiv(p’een”Q(u)),
—_—
Degenerate time evolution operator Degenerate elliptic operator (1 15)
5 .
P(Si+u-V5S) = AVRY 7 plee” H(u),
| —
Degenerate time evolution operator Strong nonlinearity

Thus, if S has uniform boundedness in R?, then it is still possible to compare
the orders of the degeneracy of the time evolution and viscous stress tensor near
the vacuum via the powers of p, and then to choose proper structures to control
the behaviors of the physical quantities. However, due to the high degeneracy in
the time evolution operator of the entropy equation (1.15),, the physical entropy
for polytropic gases behaves singularly in the presence of vacuum, and it is thus
a challgenge to study its dynamics. It is worth pointing out that, when vacuum
appears, the system formulated in terms of (p,u,#) is not equivalent to the one
formulated in terms of (p,u,S), since the boundedness and regularities of (p,6)
cannot provide those of S near the vacuum. In fact, for the constant (u, A, k) case,
most of the current progress on the well-posedness theory with vacuum [7,9,10,15,
40] to (1.1) are based on the formulation in terms of (p,u,6) except [25-27], where
the De Giorgi type iteration is carried out to the entropy equation for establishing
the lower and upper bounds of the entropy. However, since the assumption that
(1, A, k) are all constants plays a key role in the analysis of [25-27], it seems difficult
to adapt their arguments to the degenerate system (1.8). As far as we know, there
have no any results on the boundedness and regularities of the entropy near the
vacuum for flows with degenerate viscosities in the existing literatures.

Note that with the constraints (1.6)-(1.7), the momentum equations and the
entropy equation (1.8),-(1.8)4 in the fluids region can be formally rewritten as

ur +u - Vu +

Ayle%Vp“Yfl + Ap'“lVe% + A”R”’p‘s*le%”Lu
o
:AVR_V(s — 1vp6—1 . Q(U)Q%V + AVR_VP(S_lVe%V . Q(u), (116)
Si+u-VS = A”fllel'pé*'ye%(V_l)H(u),
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where L is the Lamé operator defined by
Lu & —alu — (a + B)Vdivu.
Then, to establish the existences of classical solutions with vacuum to (1.8), one
would encounter some essential difficulties as follows:
(1) first, the right hand side of (1.16); contains some strong singularities as:

S S
Ve Qu)e” and  p'T'Vew" - Q(u),
whose controls require certain singularly weighted energy estimates which are
highly non-trivial due to the singularities in the entropy equation (1.16),.
Furthermore, the second term is more singular than the first one.
(2) second, even in the case that the uniform boundedness of the entropy S can
S
be obtained, the coefficient AR~ p?~le=" in front of the Lamé operator L
will tend to co as p — 0 in the far filed. Then it is necessary to show that
S
the term p®~lee” Lu is well defined in some Sobolev space near the vacuum.
(3) at last but more importantly, the time evolution equation (1.16), for the
entropy S also contains a strong singularity as:

AV—IRI—VpJ—'ye%(Vfl)H(u)’

and its singularity can be measured in the level of p®~7 near the vacuum.
This singularity will be the main obstacle preventing one from getting the
uniform boundedness of the entropy and high order regularities, thus whose
analysis becomes extremely crucial.

Therefore, the fOllI" quantllles
S
(p 17 Vp(S 1, p(S 1Lu, ecv)

will play significant roles in our analysis on the higher order regularities of (u, S).
Due to this observation, we first introduce a proper class of solutions called regular
solutions to the Cauchy problem (1.8) with (1.2) and (1.9)-(1.11).

Definition 1.1. Let T > 0 be a finite constant. The triple (p,u,S) is called a regular
solution to the Cauchy problem (1.8) with (1.2) and (1.9)-(1.11) in [0,T] x R3 if
(p,u, S) satisfies this problem in the sense of distributions and:

(1) p>0, p7~1 € C([0,T]; DN D?), Vpd=! € C([0,T); L N D2);
(2) u e C([0,T); H¥) N LX([0,T]; HY), p°z Vu e C([0,T}); L),
P IVu e Lo([0,T]; DY), p°~'VPu e L([0,T]; H') N L*([0,T); D?);

(3) S € L([0,T] x R3), ewr — et € C([0,T]: D! N D).

Remark 1.1. First, it follows from Definition 1.1 that Vp®~' € L™, which means
that the vacuum occurs if and only in the far field.
Second, we introduce some physical quantities to be used in this paper:

m(t) :/p(t, ) (total mass),
P(t) :/p(t, Ju(t,) (momentum),
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2

Byt) == [Po(t.-1.8(0.)) (potential encergy),

E(t) =E(t) + Ep(t) (total energy).

It then follows from Definition 1.1 that a reqular solution satisfies the conservation
of total mass, momentum and total energy (see Lemma 3.14). Note that the conser-
vation of momentum or total energy is not clear for strong solutions with far field
vacuum to the flows of constant (u, \, k) obtained in [7,15,25-27,40]. In this sense,
the definition of reqular solutions above is consistent with the physical background
of the compressible Navier-Stokes equations.

1
E(t) == /p(t, Mu(t,)|>  (total kinetic energy),

The regular solutions select (p,u, S) in a physically reasonable way when the den-
sity approaches the vacuum at far fields. With the help of the regularity assumptions
in Definition 1.1, (1.8) can be reformulated into a system consisting of: a transport
equation for the density, a special quasi-linear parabolic system with some singular
source terms for the velocity, and a transport equation with one singular source
term for the entropy. Furthermore, the coefficients in front of the Lamé operator L
will tend to oo as p — 0 at far fields. It will be shown that the problem becomes
trackable by studying a suitably designed enlarged system through an elaborate
linearization and approximation process.

The first main result in this paper can be stated as follows.

Theorem 1.1. Let parameters (v, v, a, B) satisfy
y>1, 0<d=(—-1lr<l, a>0, 2a+38>0, 4y+35<7. (1.17)
If the initial data (po,uo, So) satisfy

po>0, pi leDnD3 VpiteLinDY¥nD? w1
6-1 B .
Vp,?> €L% wyeH? Sy-SeDlnD?

for some q € (3,00), and the compatibility conditions:
1-6
Vug = py® g1, Luy = P(lfégz,
1-6

y L e i (1.19)
Vi(pg " Lug) = py* g3, Vieew = py? ga,

for some functions (g1, g2, 93,94) € L?, then there exist a time T, > 0 and a unique
regular solution (p,u,S) in [0,T,] x R to the Cauchy problem (1.8) with (1.2) and
(1.9)-(1.11), and the following additional regularities hold:

pl "t € C(0,T.]; H?), w € C([0,T.); H') N L*([0,T.]; D?),
t2u e Lo([0,T.]; DY), t2u, € L2([0,T.]; D?) N L2([0, T.]; D?),
wy € L2([0,T.]; L?), t2uy € L([0,T.]; L*) N L*([0, T.); DY), (1.20)
vpi~teC(0,T.]; LN D*¥* N D?), S—S5ecC(0,T,];D!n D3,
Sy € L=([0,T.]; L N L N Dy N D?), Sy € L*([0,T.]; DY).
Moreover, it holds that
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(1) (p,u,S) is a classical solution to the problem (1.8) with (1.2) and (1.9)-(1.11)
(or the problem (1.1)-(1.3) with (1.6) and (1.10)-(1.11)) in (0, T%] x R3;

(2) if one assumes m(0) < oo additionally, then (p,u, S) satisfies the conserva-
tion of total mass, momentum and total energy:

m(t) =m(0), P(t)=P(0), E(t)=E@0) for tel[0,T.].

Remark 1.2. (1.18)-(1.19) identifies a class of admissible initial data that provide
unique solvability to the problem (1.8) with (1.2) and (1.9)-(1.11). Such initial data
include

_ 1 33 _ &
po(z) = (ErEE uo(z) € CH(R?), So=S5+ f(x), (1.21)
for some f(x) € D} N D3, where
1 1-3/q 3 6
— — o1 °4 2 <2. .
4(7—1)<%<2(1—6) and 2+2<’y+5_2 (1.22)

Note that, when u, A and x are all constants, in order to obtain the uniform
boundedness of the entropy in the whole space, in [25-27], it is required that the
initial density vanishes only at far fields with a rate no more than O(#), i.e.,

1 3 5
—, - <x <1 d > - 1.23
max{4(y—1) 4} =L@ ey (123)
It follows from (1.22)-(1.23) that, different from the constant viscous flows, the
requirement on the decay rate of py of the degenerate viscous flow depends on the
value of the parameter 6. If § is sufficient close to 1, then s > 1 in (1.21) is still
admissible, which means that the range of initial data can be enlarged substantially.

Remark 1.3. The compatibility conditions (1.19) are also necessary for the exis-

tence of reqular solutions (p,u,S) obtained in Theorem 1.1. In particular,
1-8 _
o Vuy = py> g1 plays a key role in the derivation ofp¥ Vu € L*2([0,T.]; L?);
o Lug = pi°gy is crucial in the derivation of uy € L([0, Ty]; L?), which will
be used in the uniform estimates for |u|p2;

o while s

5-1 50 g S0 30
Vi(py Luo) = py* g3 and Vew =p,* ga
are indispensible in the derivation of pé%l Vu, € L([0,T.]; L?), which will
be used in the uniform estimates for |u|ps.

A natural and important question is whether the local solution obtained in The-
orem 1.1 can be extended globally in time. In contrast to the classical theory for
both constant and degenerate viscous flows [20,21,33,38,40], we show the following
somewhat surprising phenomenon that such an extension is impossible if the velocity
field decays to zero as t — 0o, the laws of conservation of total mass and momentum
are both satisfied, and the initial total momentum is non-zero. First, based on the
physical quantities introduced above, we define a solution class D(T) as follows:

Definition 1.2. Let T > 0 be a positive time. For the Cauchy problem (1.1)-(1.3)
and (1.10)-(1.11), a classical solution (p,u,S) is said to be in D(T) if (p,u,S)
satisfies the following conditions:
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o m(t), P(t) and Ey(t) all belong to L>([0,T1);
o Conservation of total mass: %m(t) =0 for any t € [0,T];

o Conservation of momentum: %]P’(t) =0 for any t € [0,T].
Then one has:
Theorem 1.2. Assume m(0) > 0, |P(0)| > 0, and the parameters (v, u, A\, k) satisfy
v>1, >0, 2u+3x>0, ~=>0. (1.24)

Then for the Cauchy problem (1.1)-(1.3) and (1.10)-(1.11), there is no classical
solution (p,u, S) € D(co0) with

lim sup |u(t, )|c = 0. (1.25)

t—00

As an immediate corollary of Theorems 1.1-1.2; one can obtain that

Corollary 1.1. For the Cauchy problem (1.8) with (1.2) and (1.9)-(1.11), if one
assumes 0 < m(0) < oo and |P(0)| > 0 additionally, then there is no global reqular
solution (p,u,S) with the reqularities in Theorem 1.1 satisfying (1.25).

Moreover, as a corollary of Theorem 1.2, Remark 1.1 and [7,40], one can show that
for the CNS with constant (u, A, k), there exists a global classical solution which
preserves the conservation of total mass, but not the conservation of momentum for
all the time ¢ € (0, 00). Indeed, consider the Cauchy problem of (1.1)-(1.3) with the
following initial data and far field behavior:

(pyu,0)]i=0 = (po(x), ug(z),00(x)) for zeR3, (1.26)
(p,u,0)(t,x) — (0,0,0) as |z|] »o0 for t>0. (1.27)

For simplicity, Cy will denote a positive constant that depends only on fixed
constants p, A, kK, R, v and the initial data (pg, ug,8o)-

Corollary 1.2. Let u, A and k all be constants satisfying
uw>0, 2u+3X2>0, k>0.
For two constants p > 0 and 0 > 0, suppose that the initial data (po,uo,0o) satisfies
0 <infpy <suppo <P, po€ LiNnH*NW?P,

B (1.28)
0 <inffy <supby <0, (ug,fy) € D} N D?
for some p € (3,6), and the compatibility conditions
1
—pulug — (pu + XN)Vdivug + VP(po, 00) = p§ g5, (1.29)

=

kAGy + %‘VUO + (VUO)T|2 + )\(diWO)Q = pg g6,

for some g; € L? (i =5,6). Then there exists a positive constant ¢ depending on p,
Ak, R, v, p and 0 such that if
m(0) < ¢, (1.30)
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the Cauchy problem (1.1)-(1.3) with (1.26)-(1.27) has a unique global classical solu-
tion (p,u,0) in (0,00) x R3 satisfying, for any 0 <7 < T < oo,

m(t) =m(0), te[0,00); (1.31)
0<p(t,z)<2p, 6(tz)>0, (tzx)el0,00) xR (1.32)
sup [ (plaf? + [Vul + [98) ¢, < Co (1.33)
te[0,7
p€C(0,T]; HX*NW?P),  p, € C([0,T); H); (1.34)
(u,0) € C([0,7]; DL N D*) N L*([0,T]; D*) N L¥([7,T]; D*);  (1.35)
(ur,6;) € L*([0,T); D) N L>([0, T; Dy N D?), (1.36)
for i =uy +u - Vu, and the following large-time behavior
. 2 2 2\(+ ) —
tlggo/ (Dl61? + [Vul + |V6) (2, ) = 0. (1.37)

Furthermore, if m(0) > 0 and |P(0)| > 0, then the solution obtained above cannot
preserve the conservation of the momentum for all the time t € (0, 00).

Remark 1.4. Note that for the regular solution (p,u,S) obtained in Theorem 1.1, u
stays in the inhomogeneous Sobolev space H? instead of the homogenous one DIND?
in [7,40] for flows with constant viscosity and heat conductivity coefficients.

Based on the conclusions obtained in Theorem 1.1 and [24], there is a natural
question that whether the conclusion obtained in [24] can be applied to the degenerate
system considered here? Due to strong degeneracy near the vacuum in (1.1),—(1.1),,
such questions are not easy and will be discussed in the future work Xin-Zhu [44].

Remark 1.5. The framework established in this paper is applicable to other physical
dimensions, say 1 and 2, with some minor modifications. This is clear from the
analysis carried out in the following sections.

The rest of this paper is organised as follows. In Section 2, we first reformulate the
Cauchy problem (1.8) with (1.2) and (1.9)-(1.11) into a specifically chosen enlarged
form, which makes the problem trackable through an elaborate linearization and
approximation process. Then we outline the main strategy to establish the well-
posedness theory. Section 3 is devoted to proving the local-in-time well-posedness
theory stated in Theorem 1.1, which can be achieved in five steps:

(1) construct global approximate solutions away from the vacuum for a specially
designed linearized problem with an artificial viscosity

Vol + 2en” Lu
in the momentum equations and inf,cgs p)~
constants € > 0 and n > 0;
(2) establish the a priori estimates independent of both € and 7;
(3) then pass to the limit € — 0 to recover the solution of the corresponding
linearized problem away from the vacuum with only physical viscosities;
(4) prove the unique solvability away from the vacuum of the reformulated non-
linear problem through a standard iteration process;

1 4—1 -
= &5 for some positive
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(5) finally take the limit  — 0 to recover the solution of the reformulated
nonlinear problem with physical viscosities and far field vacuum.

The global non-existence results stated in Theorem 1.2 and Corollary 1.1, and the
non-conservation of momentum stated in Corollary 1.2 are proved in Section 4.
Finally, for convenience of readers, we provide one appendix to list some basic facts
which have been used frequently in this paper.

2. REFORMULATION AND MAIN STRATEGY

In this section, we first reformulate the highly degenerate system (1.8) into an
enlarged trackable system, and then sketch the main strategies of our analysis.
2.1. Reformulation. Set 6 = (v — 1)v, and
Ay s g 51 2 5
— | = eco = = v, 2.1
o= e, Y=V, n=p (2.1)
It follows from (1.8) with (1.2) and (1.9)-(1.11) that

ot +u-Vo+ (v —1)pdivu = 0,

S

U +u - Vu 4 a1oVI+ IV + agl’ $* Lu

:a2¢2LVlV -Q(u) + a3zl - Q(u),

(2.2)
Iy +u- V= asl"n¢™H(u),
3
o+ Z A (w)0tp + B(u)tp + dap* Vdivu = 0,
k=1
where
_’Y— 1 B é v B é v
ap = ~ ) a2_a(R)a a3_(R>a (23)
A a2 (y - 1) 01 _( Ay )H ’
Y T | A S P

Ag(u) = (afj)gxg for i, j, k =1, 2, 3, are symmetric with

afj =u®  fori= j; otherwise afj =0,
and B(u) = (Vu)" + (6 — 1)divuls.

(2.2) will be regarded as a system for the new variable (¢, u, [, 1), which is equiv-
alent to the (1.8) with (1.2) and (1.9)-(1.11) if one imposes the initial data

(@, u,1,9)i=0 = (¢o, uo, lo, 10o)

_ A7 y—1 So(z)/co J 6—1 3 (24)
=(27A 7 @) o), XV Zo VAT @) for xR,
and far filed behavior:
(6,u,l,9) — (0,0,1,0) as |x| — oo for t >0, (2.5)

_ s
where [ = ecv > (0 is some positive constant.
Note that the reformulated system (2.2) consists of
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e one scalar transport equation (2.2), for ¢;

e one singular parabolic system (2.2), for the velocity u;

e one scalar transport equation (2.2),; but with a possible singular first order
term for [;

e one symmetric hyperbolic system (2.2), but with a possible singular second
order term for .

Such a structure is important in establishing the local well-posedness of the problem
(2.2)-(2.5) and thus to solve the Cauchy problem (1.8) with (1.2) and (1.9)-(1.11)
locally in time. We will establish the following theorem.

Theorem 2.1. Let (1.17) hold. If the initial data (¢o,uo,lo,Yo) satisfies:
0 >0, ¢oeDND? wyeH? 1y—1leD:nD3,

inf lo>0, woelinDBND?, Ve LS, (2.6)
z€R3
for some q € (3,00), and the compatibility conditions:
Vug =¢g'g1,  Lug = ¢y g,
0 0 (2.7)

V(93" Lug) =¢;" g3, V3o = ¢y g4,

for some (g1, g2, 93,94) € L?, then there exist a time T* > 0 and a unique strong
solution (¢, u,l, = “6 V(]ﬁm) in [0,T*] x R3 to the Cauchy problem (2.2)-(2.5),
such that

¢ € C([0,T*; DN D?), <« € C([0,T*]; L9 N D** N D?),

we C(0, T H) 1 120,77 HY), ¢ Vu € L=((0,7"); DY),

¢*V2u e C([0,T*]; HY) N L*([0,T*]; D?),

#'Vu € C([0,T*); L?), ¢'Vus € L=([0,T*]; L?),

w € C(0, T HY) NLX([0. 77 D?),  (¢*Vu)y € L3([0.T"]: L), (2:8)

uw € L2([0,T*); L%), t2u e L®([0,T*]; DY),

t3uy € L([0,T*]; D% N LA([0,T*]; D%), 1 —1€ C(0,T*]; D! N D%,

inf 1>0, l,€C(0,T*];D:nD?, 1;e L*0,T%);D}).

(t,x)€[0,T*]xR3
Remark 2.1. In Theorem 2.1, (¢, u,l,¢ = %Vcbz‘) in [0, T*] xR3 is called a strong
solution to the Cauchy problem (2.2)-(2.5), if it satisfies (2.2)-(2.5) in the sense of
distributions, and satisfies the equations (2.2)-(2.3) a.e. (t,z) € (0,T*] x R3.

2.2. Main strategy. Now we sketch the main strategy for the proof of Theorem
2.1.

2.2.1. Closed energy estimates based on the singular structure introduced. We now
formally indicate how to obtain closed energy estimates based on the singular struc-
ture described above.

Note first that the velocity w can be controlled by the following equations:

us +u - Vu+ a0V + IV 4 a2¢® 1" Lu = ap® VI - Q(u) + azl”y - Q(u),
SSE sSs
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where SSE denotes the elliptic operator which is strongly singular near the vacuum,
while SSS represents the source terms which are also highly singular near the vac-
uum. Due to (1.6), k = 0, so the entropy is expected to be bounded below uniformly

such that [ = e% and ¢?* with ¢ < 0 should have uniformly positive lower bounds in
the whole space. Then for this quasi-linear parabolic system, one can find formally
that even though the coefficients as¢?1” in front of Lamé operator Lu will tend to
oo as p — 0 in the far filed, yet this structure could give a better a priori estimate
on v in H? than those of [7,30,31,42] if one can control the possible singular term
Y in LIN D3N D2 1 —1in D! N D? and the first-order product term ¢?VI¥ - Q(u)
with singular coefficient in proper spaces successfully.

On the one hand, (2.2), implies that the subtle term 1) could be controlled by a
symmetric hyperbolic system with a possible singular higher order term da¢? Vdivu,
while [ is governed by (2.2)4, which is a scalar transport equation with a possible
singular term a4l¥n¢* H (u). Thus in order to close the desired estimates, one needs
to control both ¢*Vdivu in LN D*? N D? and “n¢* H (u) in H2.

First, the necessary estimates on ¢?Vdivu can be obtained by regarding the
momentum equations as the following inhomogeneous Lamé equations:

asL(¢*u) = — 17" (ug 4+ u - Vu + a1¢VI + IV @) + azth - Q(u)
§—1/A

+ sl VI - Qu) — = (E)Va(q/}, w) =W,

where
G(,u) = arp - Vu + adiv(u @ ) + (o + B) (vdivu + ¢ - Vu +u - V).
In fact, one has
6%V ?ulpy SC([Y]oo| VPuls + |67 VPuls)
<C([Ploo|V2ulz + [Vpl3|Vuls + [V29l2lulos + W p1),
for some constant C' > 0 independent of the lower bound of ¢ provided that

(2.9)

P*u — 0 as |x| — oo,

which can be verified in an approximation process from non-vacuum flows to the
flow with far field vacuum. Similar calculations can be done for |$%*V2u|p2.

Next, we turn to the estimates on [¥n¢* H(u), which are more complicated and
depend on the estimates of n and ¢*|Vu|?. An observation used here is that the
initial assumption (1.18) and the definition of n in (2.1) imply that

n(0,x) € L* N D" N DY N D23 N D3
It is easy to check that n can be controlled by the following hyperbolic equation:
ne+u-Vn+(2—06—v)ndivu =0, (2.10)
which, along with the expected regularities of u, implies that
n(t,z) € LN DYn DY nD*3n D3

within the solution’s life span. In fact, it follows from the assumption (1.17) that the
upper bound of n depends on that of ¢, and the estimates on its space derivatives

2—6—
can be obtained from those of v via the relation n = (a¢?) 5*17, which, along with
the equation (2.10) and the weighted estimates on u, yields the estimates on its time
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derivatives. While ¢*|Vu|? can be controlled by using the weighted estimates on u
including |¢*Vula, ¢ Ve, |¢?diviles, |¢*V2u|p2, [¢*V2u|2 and so on.

Finally, in order to deal with the high singularity and nonlinearity of the source
term ¢?*VI” - Q(u) in the time evolution equations (2.2), of u, one still needs one
singular weighted estimate on the entropy: |¢§VZ |6, which can be obtained from
the transport structure of the equation (2.2), of I. It is worth pointing out that for
achieving this key estimate, we require that 4y 4+ 36 < 7 in (2.1).

2.2.2. An elaborate linearization of the nonlinear singular problem. To prove Theo-
rem 2.1, it is crucial to carry out the strategy of energy estimates discussed above
for suitably chosen approximate solutions while are constructed by an elaborate lin-
ear scheme. In §3.1, we design an elaborate linearization (3.1) of the nonlinear one
(2.2)-(2.5) based on a careful analysis on the structure of the nonlinear system (2.2),
and the global approximate solutions for this linearized problem when ¢(0,z) = ¢q
has positive lower bound 7 are established. The choice of the linear scheme for this
problem needs to be careful due to the appearance of the far field vacuum. Some nec-
essary structures should be preserved in order to establish the desired a priori esti-
mates as mentioned above. For the problem (2.2)-(2.5), a crucial point is how to deal
with the estimates on . According to the analysis in the above paragraphs, we need
to keep the two factors ¢?* and Vdivu of the source term da¢? Vdivu in equations
(2.2), in the same step. Then let v = (v(1), v 3T € R be a known vector, g and
w be known real (scalar) functions satisfying (v(0,x), g(0,x),w(0,z)) = (uo, ¢, lo)
and (3.3). A natural linearization of the system (2.2) seems to be

¢t +v-Vo+ (v —1)odive = 0,
w4+ v - Vo4 a10VI+ IV + asd® 1V Lu
= azgV1” - Q(v) + a3l - Q(v),

) (2.11)
lt +v- VI =agw’ng“H(v),
3
Y+ Y Ap(v)Ot + B(v)y + dagVdive = 0.
k=1

However, it should be noted that, in (2.11), the important relationship

ad
w_é—l
between 1 and ¢ cannot be guaranteed due to the term gVdivv in (2.11)4. Then
one would encounter the following difficulties in deriving L? estimate for wu:

Ld
2 dt
=— / (v Vv + a1¢VI + IV + agl” Vo> Q(u)) U
——
#5

+ / (= a2d® V1" - Q(u) + a2gV1” - Q(v) + asl’y - Q(v)) - .

v¢2L

|uf3 + gl ' Vul} + as(a + B)[1% ¢*divul3

(2.12)

Since V¢ does not coincide with 5{;—511# in (2.11), it seems extremely difficult to
control the term asl” V¢ -Q(u) in the above energy estimates. In order to overcome
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this difficulty, in (3.1), we first linearize the equation for h = ¢ as:
hi +v-Vh+ (6 — 1)gdive = 0, (2.13)

and then use h to define ¢ = %Vh again. Here, it should be pointed out that, due

to the term (6 — 1)gdivv in (2.13), the relation h = ¢?* between h and ¢ no longer
exists in the linear problem. The linear equations for u are chosen as

us +v-Vo+ a1V + IV + asv/ h2 + €21V Lu
=azgV1" - Q(v) + azl’y - Q(v),

for any positive constant € > 0. Here the appearance of € is used to compensate the
lack of lower bound of h. It follows from (2.13) and the relation ¢ = 5"_—61Vh that

3
Py + Z Ap(0)0pth + (Vo) Tep + aé(ngivv + ngivv) =0,
k=1

which turns out to be the right structure to ensure the desired estimates on .

Another subtle issue is that to linearize the equation (2.2), for the entropy, one
would face the problem how to define n (by ¢ or h?) since the relation h = ¢*
does not hold for the linearized scheme above. Here, in order to make full use of the
estimates on 9 and the singular weighted estimates on u, we will define n as

n = (ah)zéilv.

Then in §3.2, the uniform a priori estimates independent for the lower bound (¢, n)
of the solutions (¢, u,l,h) to the linearized problem (3.1) are established. Based
on these uniform estimates, one can obtain the local-in-time well-posedness of the
regular solution with far field vacuum by passing to the limit ¢ — 0, an iteration
process that connects the linear approximation problems to the nonlinear one, and
finally passing to the limit as n — 0.

3. LOCAL-IN-TIME WELL-POSEDNESS WITH FAR FIELD VACUUM

In this section, the proof for the local-in-time well-posedness of strong solutions
with far field vacuum stated in Theorem 2.1 will be given.

3.1. Linearization. Let T" > 0 be some positive time. In order to solve the nonlin-
ear problem (2.2)-(2.5), we consider the following linearized problem for (¢, u",
17 hEM) in [0, T] x R3:

¢y + v - Ve + (v — 1)¢pdive = 0,

US4 0 - Vo + a1 ¢V 4 191769 4 ag(197) \/(hEM)2 + € Lu®"
=azgV(I°")" - Q(v) + az(I°") ¢ - Q(v),

19" + v - VIO = aqw’n"g*H (v),

hy" + v - VRO + (5 — 1)gdive = 0,

(@, u 1, WMo = (0, ug, 16, hg)
=(¢o + 1, u0,lo. (¢o +1)*) for zeR,

(65", uS", 191 R — (,0,1,0*) as |z| - o0 for t >0,
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where € and 7 are positive constants,

ad
0—1

_2-40—v
o 6—1

Vhe,  nem = (ah®Mb, b

e = <0, (3.2)

v o= (v(l),v(z),v(3))T € R3 is a given vector, ¢ and w are given real functions
satisfying w > 0, (v(0, ), g(0,2),w(0,z)) = (ug(z), ho(z) = (¢7)*(x),lo(z)), and
g€ L>®NC(0,T] xR3), VgeC(0,T); L9 N DY nD?,
g € C([0,T); H?), Vgyu € L*([0,T); L?),
ve C([0,T]; H¥ N LA([0,T); HY), tzv € L([0,T]; D),
vy € C([0,T); HY) 0 L2([0,T]; D?), vy € L*([0,T]; L?), (3.3)
tzv, € L2([0,T]; D) N L([0, T); D),
tioy € L%(0,7]; L2) N LA([0,T); DY), w e C((0,T]; DL N D?),
w, € C([0,T); Dy N D?), Vwy € L*([0,T7; L?).

For the sake of clarity, we declare that the functions (¢o,uo,lo) and the constant

[ = et > 0 shown above in problem (3.1) is exactly the ones in (2.4)-(2.5), and also
define here

ad

_ 2t
o =57V

It follows from the classical theory [19,22,32], at least when 7 and € are positive,
that the following global well-posedness of (3.1) in [0,7] x R3 holds.

Lemma 3.1. Let (1.17) hold, n > 0 and € > 0 and (¢o, uo, lo, ho) satisfy (2.6)-(2.7).
Then for any time T > 0, there exists a unique strong solution (<", us", 11, hoM)
in [0,T] x R3 to (3.1) such that

¢“" —n e C([0,T); Dy N D%, ¢;" € C([0,T); H?),

RS e L N C([0,T) x R?), VRS € C([0,T]; H?),

re" € C([0,T); H?), " € C([0,T); H*) N L*([0, T); HY),

u™ € O([0,T); HY) N L*([0,T]; D?),  ug” € L*([0,T}; L?), (3.4)
tzus € L°([0,T]; DY),  t2ul" € L([0,T); D?) N L2([0, T); D?),

t3uG" € L0, T); L2) N LA([0, T]; DY), 19" — [ e C([0,T]; D} N D?),

19" € C([0,T*); DL N D?), WVI5" € L*([0,T*]; L?).

Now we are going to derive the uniform a priori estimates, independent of (e, ),
for the strong solution (¢, u®", 19" h%") to (3.1) obtained in Lemma 3.1.

3.2. A priori estimates independent of (e,7). For any fixed n € (0, 1], since

(68, ud, 10, hi) = (¢o + 1, w0, Lo, (P0 + 1)),
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(¢o, uo, lo, ho) satisfy (2.6)-(2.7) and o = %ngg‘, there exists a constant cg > 0
independent of 1 such that

_ 1
240+ 1+ |65 — nllpraps + [uglls + VA Lanpranpz + [V (R) 2|6
[(h) Moo + |97 12 + |g812 + |92 + lgil2 + 10 = U praps + 1(10) e < cos
where
g1 = (80)'Vug, g5 = (¢m)*Lug, g5 = (¢3)"V((¢g)*Lug), g = (#0)" V1.

Remark 3.1. First, it follows from the definition of g3, ¢4 > n and the far field
behavior as in (3.1)g that

(3.5)

o —
LU ) = 63— ©— 2 Gl ).

(qbg)mug — 0 as |z| — o0,

(3.6)

where ] = %V(d)g)m = 6“_—51th, and
G = ayy - Vug + adiv(ug @ 4¥g) + (o + B)(¢g divug + g - Vug + ug - V). (3.7)
Then it follows from the standard elliptic theory and (3.5) that
|(65)*uglp2 <C(|g3l2 + |G(¥g, ug)l2) < C1 < o0,
|(60)* V?ugl2 <C(|(6)* ug| p2 + Vg lalugle + [4gloo [ Vugl2) < Cu,

where C1 > 0 is a generic constant independent of (e,n). Due to V2¢3 € L and
(3.8), it holds that

(3.8)

[(68) V265]2 + 1(60) V(¥ - Q(up)) 2 < Cr, (3.9)

where one has used the fact that

|66V 2dol2 <Ci(|golsldolo V285 13 + V5l Veols) < Ci,

Mex72 M | 4L 72 ¢6L
|(¢0) \Y ¢0‘2 - ¢Ov b0 (¢0+n)—L

Second, it follows from the initial compatibility condition

V((¢g)* Lug) = (¢g) g4 € L?,

) < |5 Vihol2 < Ch.

that formally,

o —
LU ) = 57 din (63)98) — - G0 ).

(6 *ul — 0 as |z| — oo.

(3.10)

Thus the standard elliptic theory yields
[(¢8)* ug|ps <C(l6g) ™" g5l + |G (45, ug)lpr) < C1 < o0,
[(66)* V2ugl2 <C(1(¢0)* uglps + [V 15| Vgl (3.11)
+ 18800 V2ug o + [V245 2| ug| o) < Cr.

Actually, the rigorous proof for (3.10) can be obtained by a standard smoothing
process of the initial data, which is omitted here.
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Now let T be a positive fixed constant, and assume that there exist some time
T* € (0,T] and constants ¢;(i = 1,---,5) such that

I1<ep<cr<ca<c3<cy<cs, (3.12)
and
Vo)l < £ |12 < 2
sup || g( )”Ll]leﬁmDQ =~ Cq, sup ”w( ) HDiﬂD?’ =~ Cq,
0<t<T™* 0<t<T™

T*
it wta) 2l sw Jo@lF+ [ (ol + B <
[0,T%]xR3 0<t<T* 0

T*
sup (jols + onf3 +19V2oB)0) + [ (fofba -+ fufby)at < &
0<t<T* 0

T*
sup (Jvlhs + VIVl + [Vurl3) (1) +/ (01D + el B + [vul3)dt < cf,
o<t<T 0

T*
sup. (gelpy + lgVlp)( )+/0 (I(gV20)el3 + [gV20[pe)dt < cf, (3.13)

0<t<

sup (‘gt‘go + w3 + |wt|?3i)(t) <,
0<t<T

T*
ess sup (tols -+ eV7ulf+ tlgVPul)O) + [ laulbdt <
0<t<T™* 0

T*
sup (% + un(®)ff) + [ lwnfbyae < &
0<t<T™* 0

T*
ess sup tlog(t)[3 +/ t(]vttﬁji + ]\/gvttﬁji + vt 5s)dt < 3.
0<t<T* 0

T* and ¢;(i = 1,--- ,5) will be determined later, and depend only on ¢ and the fixed
constants (A, R, ¢y, «, 8,7,0,T). Hereinafter, M(c) > 1 will denote a generic con-
tinuous and increasing function on [0, 00), and C > 1 will denote a generic positive
constant. Both M(c) and C depend only on fixed constants (A, R, ¢y, o, 3,7,0,T),
and may be different from line to line. Moreover, in the rest of §3.2, without
causing ambiguity, we simply drop the superscript € and 1 in (¢, ul, ], h{, ¥(),
(¢€7T]7 ’U/E7n’ 167"77 h€777’ w€7n), and (g?7 gg? gg? gz)'

3.2.1. The a priori estimates for ¢. In the rest of §3.2, let (¢, u,l, h) be the unique
classical solution to (3.1) in [0,7] x R? obtained in Lemma 3.1.

Lemma 3.2.
l6(t) = nllpriaps < Cco,  |de(t)]2 < Ceoez,  |@e(t)|pr < Ceoes,

16(8) 2 < Ceoca,  bu(t)]2 < O, / lbu(s)|2ds < O3,

for 0 <t < Ty =min{T*, (14 Cc4)°}.

(3.14)

Proof. First, it follows directly from (3.1), that, for 0 <¢ <11,

t
|0|0o < |d0|co €xp (C/ |divo]seds) < Cep. (3.15)
0
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Second, the standard energy estimates for transport equations, (3.13) and (3.15)
yield that, for 0 < ¢ < 7T7,

t t
6= nllosrps <CCl0 = nllpseps +1 [ IVolads)exs ([ Cllullads) < Cao

This, together with (3.1),, yields that for 0 <t < T,
[1(t)|2 < C([v]3|Vls + [Ploc| V]2) < Cegea,
16e() 1 < C([0]0| V2|2 + [Vl VU3 + |¢]oo| VZ0]2) < Ceges, (3.16)
|9¢(t)[p2 < Cllolls(IVel2 + [@loc) < Coes.

Similarly, it follows from

O = —vg- Vo —v-Vo — (v — 1)pydive — (7 — 1) pdivy,
and (3.13) that for 0 <t < T,

|buel2 C(Joel3]Vlo + [0]oo| Vul2 + [V0loo|dl2 + |loc| Verl2) < Ccf,

t t
/O lbeel2ds < /0 (loe - Volls + [[o - Veulls + lgedivolls + [[gdiver)2ds < Ccdel.
The proof of Lemma 3.2 is complete. O

3.2.2. The a priori estimates for . The following estimates for i are needed to
deal with the degenerate elliptic operator.

Lemma 3.3. For ¢ € [0,71] and ¢ > 3, it holds that

’¢(t)‘go + Hw(t)H%qulﬁmD? S CC%, ‘wt(t”? S CC%:

t (3.17)
a(t)B < Oclers [rlt)fBy + [ (1l + lhalp)ds < ek
0
Proof. It follows from v = (SCL_—‘SIVh and (3.1), that
3
Uy + Z Ak (v)0kp + B*(v)y) + ad(gVdive + Vgdive) = 0, (3.18)
k=1
with B*(v) = (Vo) " and Ay (v) defined in (2.2).
First, multiplying (3.18) by q¢|¢|7"2? and integrating over R? yield that
d . -1 2 -1
GV SCUTvluly + vl [Valyuly 4 a9l

<C(|IVoloo [ f + [divoloo| Valgl [ + lg V20257
According to (3.13), one can obtain that
t 2 1 t 2 112 1 1
| 192elads < e ( [ 1g920lBds)? < et
0 0

which, together with (3.19) and Gronwall’s inequality, yields that
[W(t)|y < Cey for 0<t<Ty.
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Second, set ¢ = (s1,62,53)" (|s] = 1 and ¢; = 0,1). Applying 95 to (3.18),
multiplying by 3|95t[05¢ and then integrating over R3, one can get

3
d :
21001 < (D2 106 AR(0)|oe + 1B ()0 ) |05 + ClO 1050, (3.20)

k=1

where

3
O, = 05(B*Y) — B*o3¢ + Z (05.(ARORY) — AROkSY) + adds, (gVdive + Vgdivo).

On the other hand, for || = 2 and ¢; = 0,1, 2, applying 95 to (3.18), multiplying
by 2051 and then integrating over R? lead to

L Josul < (Z\akAk, oo + 1B (0) oo ) 10503 + ClOGal5l. (3.21)

For [¢| =1, it is easy to obtain
1Ocls <C(IV*0l3([¢]oo + [Vgloo) + [Volsa(|VU]s + [V2gls) + [V(gVZ0) 5). (3.22)
Similarly, for |¢| = 2, one has
1Ocl2 SO(IVoloe (V22 + [V2gl2) + [V20l6(IVls + [V2gl3))
+ C|V20l2(|9]o0 + [Vgloo) + ClgVdive| po.

It follows from (3.20)-(3.23) and the Gagliardo-Nirenberg inequality

V1o < CIEIVOLTS < CEIVPYL™ with €= oo,

(3.23)

that
d .
%W(t)HDlﬁmm < Ceq|[¥p(t) || prape + ClgVdivo| pz + Ccj,

which, along with Gronwall’s inequality, implies that for 0 <t < T7,

t
lv()|| pr.3np2 < (co + Cc3t + C'/ |ngivv|D2ds> exp(Ceyt) < Coyp. (3.24)
0

Next, due to (3.18), it holds that for 0 <t < T,
[u(t)l2 < C(IVla|tbl prs + [Vola|t]eo + [9V ]2 + | Vgleo| Vol2) < O,

IVer(t)l2 < C(l[vlls(1¥ll Lanprsnpz + IVl Lanprsnpe) + 19V20lp1) < Cci.
Similarly, via the relation
Yy = —V(v- ) — ad(gVdive + Vgdivo),,
for 0 <t < T7i, one gets

t t
/ [Yul3ds <C / (1o IV + Vol lbel3 + ol el + ol [Tol3
0 0 (3.25)

+(gVdive)uf§ + [V 2 Vuul} + [Vol2 | Vaul3 ) ds < Cc
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Finally, it follows from Gagliardo-Nirenberg inequality and (3.13) that

1 1 1
|g9divo|oe <Clgdivo|2,[gdive]2, < C(|Vgle| Vol2 + [gV70]2) 2
3 1

1 301
(IV2912/ 0l + [Vgloal V203 + [97%0] ) * < Ccfef.
Then, together with (3.1),, it yields that for 0 <t < T,

21

(3.26)

3 1
7 (t)los < C|[0loc|¥]oo + [gdive]ec) < Ceief,

t t
/ hul2ds < C / (0]soltls + [oelsltbloo + lgtlse Vols + lgVoels) ds < Cel,
0 0

where one has used the fact that
9V vels <C(IVgloc|Vurlz + [gV20¢]2)
<C(IVgloo|Vurlz + [(9V20)il2 + |90 V?0]2).-
The proof of Lemma 3.3 is complete.

3.2.3. The a priori estimates for h-related auxiliary variables. Set

2—6—~

¢ =h"1 and n = (ah)’ = a®h 751 .

Lemma 3.4. For ¢t € [0,71] and ¢ > 3, it holds that

1 2
h(t,z) > —

2 ) 7]72L < Qo(tVT) < 2‘900‘00 SQC()?
o

3
IVVh(t)|s < Ceo,  [|n(t)]| penpranprenp2snps <M (co),
ne(t)|oo < M(co)eq,  |ne(t)]s <M (co)e3,
IVne(t)|s < M(co)ei,  [Vny(t)|e <M (co)ci.

Proof. Step 1: Estimates on ¢. Note that
i +v- Vo — (0 — 1)gp*dive = 0.
Let X (t; ) be the particle path defined by
%X(t;x) =uv(s, X(t;x)), 0<t<T;
X(0;2) =z, r€R3
Then
t
p(t. X (6:2)) = u(a) (1-+ (1= S)gn(a) [ gdlive(s, X(s;2))ds)
0

This, along with (3.26), implies that

-1

2
S < plt,w) < 2Agoles <200 for [ta] € [0,71] X R,

Step 2: Estimates on Vv/h. Tt follows from (3.1), that

(Vh)i +v - VVh+ %(5 - 1)h_%gdivv =0,

(3.27)

O

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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which implies

(VVh) + V(v VVh) + %(5 —1)(Vh 2gdive + h™ 2V (gdive)) = 0. (3.34)
Multiplying (3.34) by 6|Vv/h|*Vv/h and integrating with respect to z over R? yield

d 1

ZIVVRIE <CIVlso| VVAIE + C (Il (I9V?0]6 + [Vloo| Vols) [V VR (3.35)
\ .

+ || 2] gdivols|t ]| VVRI).

Integrating (3.35) with respect to ¢ and using (3.13), (3.32) and Lemma 3.3 lead to
IVVh(t)|g < Cey for 0<t<T]. (3.36)
Step 3: Estimates on n. Since n = (ah)’, then
ng+v-Vn+(2—08—7)ah’Lgdive = 0. (3.37)
Then it follows from Lemma 3.3, (3.32) and (3.36) that for 0 <t < 77,
nloe < alls? < M(co), [Vnly = allbh 1WA, < M(co)
Vnls = 2a°|h*~2Vvhs < M(co),
1V2nle < C(|hV2h|g + |02 Vh - VVAg) < M(co),
IV3n|y < C(|R1V3R|y + |02 V2R - VVh|y + [R22 |VVR[3|2) < M(co),
V2nly < CRIV2R]; + [0 VVAR]) < M(co),
tleo < C(0]oel Vloo + |91 selgdiveloe) < M(co)e?,
and
[nels <C([vloo|Vnls + |0! | lgdivols) < M(co)e3,
IVngls <C(|Vv - Vnls + |v - V2|3 + |h "1V gdivo|s)
+ C'(\hlk%V\/ﬁgdivvb + |RP "t gVdivols) < M(co)cd,
IVnle <C(|Vv - Vnlg + |v- V2nle + |h 1V gdivo|e)
+ C(|h* 1V hgdivo|g + |hP~1gVdivels) < M(co)c?
The proof of Lemma 3.4 is complete. ([l

3.2.4. The a priori estimates for . We now turn to the estimates involving the
entropy.

Lemma 3.5. Set Ty = min{T}, (1 + Ccy)2°72}. Then fort € [0,Ts],
c_l < l(tvx) < M(Co), Hl - Z|’DiﬂD3 SM(CU)7

1

leloo < M(co)e3™es,  |lils < M(Co) 5™, llpr <M (co)e§te3,

V2Li]s < M(co)S e / |2t <M (co)c+2, (3.38)

t
/ \Vi|3dt < M(co)el®+?, \hzvuﬁ <M/(cp).
0
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Proof. Step 1: It follows from the equation for entropy, (3.1), that
di(t, X (t,z))
dt
which yields that

= aqw’ng’H(v) = aqw’ng?(2a|Dv|? + B|dive|*) > 0,

I(t, X (t,z)) > lo(x) > cg' for 0<t<T. (3.39)
Step 2: Set ¢ = (<1,¢2,63) | with ¢; nonnegative integer and [¢| = ¢ + ¢ + 3.
Applying 05 to (3.1)5, multiplying by 205! and then integrating over R3, one has

d
alﬁillg <|VloolO5l]3 + [Acl2|051 2, (3.40)
where

A = 35 (agw’ng?H(v)) — (95(v - VI) — v - VS),

which will be estimated according to |s].
For |¢| = 1, direct calculations show that

|Acl2 <Clwl%, (IVnlslgVol§ + [1loolgV0lss IV gloo [ Vl2 + [9V?0]2))

o (3.41)
+ C(Jw” ™ oo |nloolg VoI Vwls + [Voloo [ Vi2).-

Next, for |¢| = 2, it holds that
|Acl2 < C(Jw"nV(g*H(v)) |2 + [V (w"n)V (g2 H (v))]2

1 3.42
+ VA (w”n)g*H(v)|2 + |05(v - V1) — v - VSi|2) :CZAZ-. (3.42)

i=1
By direct calculations, Sobolev inequalities and Lemma 5.2, one can obtain
Ay <Olw”|oo[n| 0|V (g° H (v)) |2
<Clw”|oo|nloo 19V 0]00| V2913 V0l6 + |9V 0|00V gloo| V202
+ (V912 [Vl | V0lo + |9V 00| gVP0]o + |9V 20]}),
Az <Ow” |00 V|0 g V0|00 (|V gloo| VOI2 + [gV0]2)
+ Clu” ™ oo 1o [Vl oo |9 V0|00 (|9 V20]2 + [V gl V0]2),
Az <Clw”[oo| V2nlslgVol§ + Clu” ™ ool g Volg(Inloc| Vwls + [ Vn|o| Vawle)
+ Clw” 2o ooV 3|9 Vo 2,
Ay <C(IV*0]3 4 | Vos0) [ V22

(3.43)

Similarly, for |¢| = 3, one has
A2 SC(IV2(w'n)(¢*H (v)) |2 + [w'nV> (g2 H (v)) |2

+ V2 (w'n)V(g*H (v))|2 + [V (w'n)V?(g* H (v))]5
5
+105(v- V1) —v- V5|, =C Y B,
i=1

(3.44)
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and each B; (i =1,...,5) can be estimated as follows:
By <|gVul5 [V (w”n)l2
<ClgVol3(Jw”|oo[VPnl2 + [w” ™ oo V?nls| Va]3
+ [ oo oo | Vw4 [0 oo | V0|6 V)3
+ w2 oo |Vl Vo [§ + w2 o]0 | Ve ]s| V0] 3
+ ‘wy_?"oom‘w‘vw’%),
By <[w”|oc|nfoo| V?(9* H (v)) |2
<Cw”|so|nlos (19V0]ocl gV 0]z + [9VP0l6|gVP0l3
+ V912 V2012 Voo + |gV0]oo| VP gl6 V03
+19V0]0| V2 gl2| Vol oo + [Vgloo| V2913 V0l6| Vol oo
+19V2012| V9o | V0loo + [9V?0]6| Vgloo| VZ013),
By <|V2(w"n) 3|V (g*H (v))lo
<O (w0 V203 + [nfoo (| ™ oo VPw]z + [0 ™2 [oc|Va0[F)
+ [0 oo | Voo | V0]s) - (|9V0]0o| V9]0 [ V0] + |9V 0] 0|9V 20]6),
By <[V (w'n)|so|V2(g*H ()2
<C(|w" ™ oo Voo [1]oo + 0" 00| Vil o) - (19V 0|0 [ V2913 V06
+ (V9123 VU[i + [gV0]oo|gVP0]2 + [V 0[5 + |9V 0|00 |V gloo| V0 2),
Bs <C(IV30]2 + | V20|34 |Vv]oo) || VI |2-
(3.13) implies that
|w” |0 < Ccf, ‘wyil‘oo < CCT—Hv ’wuiaoo SCCT—FQ’
w73 < C’c’l’+3, IVw|so + [[Vwlla <Cey,

which, along with (3.40)-(3.45), (3.13) and (3.28), yields that
d v v
1V <Cllvlls Vs + M(eo) (™ + cf |9V v]o).

It then follows from Gronwall’s inequality and (3.13) again that

Vill2 < ([[Vio]l2 + M(CO)CZHO(t + t%)) exp(Ceqt) < M(co) for 0 <t <Th.

Second, according to (3.1)5, for 0 < ¢ <75, it holds that
[ltloo < C|0]oo| Voo + [w” oo |nloclg Vo I3,) < M (co)es™ ea,
lels < C|vloc| Vi3 + [w0” o]l ol g VU[g) < M(co)e5™.
It follows from (3.41) and (3.1)4 that for |¢| =1,
1
105lel2 < C(|Jv]oo| V212 + [ Acl2) < M(co)e5Te;.
Similarly, for |¢| = 2, from (3.42)-(3.43), one can obtain

3
|051tla < C(|v]oo| VPI2 + |Acla) < M(co)d5™ e

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)
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On the other hand, since
lit = —(v - V)¢ + ag(w’ng”H(v))y, (3.51)
one gets
llitls <C([vtl6|Vi]oo + [0]oo|Vitls + " |oolgV]oo (Int]o0lgVVl6
+ [1loolgtloo [ Vule + 1l oclgVorls) + 0™ oo|nl oo lwelslgVol%),
which implies that

t
/ \ltt\gds < M(co)cfi“” for 0<t<Th. (3.52)
0

Due to (3.51), one has that for |¢| =1,
Kl = =05 ((v- V)y) + 05 (asw’ng®H(v)),. (3.53)
It follows from Lemma 3.4, (3.47)-(3.48), (3.49)-(3.50) and (3.13) that
105 ((v - V1)e) 2 <C(Jvele| V25 + [Vorl2| Voo + [Voloo| Viel2 + [0]oo| V2Lt 2)
<M (co)|Vug|a + M(co)ciH”,

105 (wng?H (v))e]2 <C(105((w”)engH (v)) 2 + |05 (w"neg® H (v)) ]2
4

+ 105 (wnggeH (v))]2 + |05 (W ng® H(v))2) = C ) Ki,
i=1

and each K; (i =1,...,4) can be estimated as follows:
Ky <C(InfoclgVolZe ([0 ™ oo Vaelz + [0 ™2 o [we 3| Vewls)

+ [ oo [we ]3| Vnls| g Vol + [0 ™ oo ] oo| Vgloo [wel 39 V0| oo V0l

+ [ oo oo [wel31g V0 ool gV 20l6)
Ky <O(Jw"™ Hoolneloolg Vo3[V w2 + [w” o |9 V0|0 g V06 V] 3

+ [ oo |1t |00V 9100 g V0 0| V0 2 4 [0 oo 12t] 0 |9V 00 [9 V202
Ky <O([w" Yoo |nloolg Voloo gt oo Vel Vols + w0 g V0 ool el oo |Vl 6| V03

+ [ oo |1 oo (|9t 00 |V gloo VO[3 + 9V 0|00 | V0 0| V22 + |9V 0 00| gt o0 [V20]2) ),
Ky <O([w" Yoo |nloolgVoloolgVoels [ Vawls + [w” |oo gV vls|g Vel 6| Vls

+ [0 oo 1|0 (19V 0] 0 [V 9 o0 [Vt |2 + |9 V06| g V0[5 + |9V 0]l gV 20t 2))
which yields that

|05 (w"ng® H(v) )|z < M(co)ey™ + M(co)es™ |gV2uila + M (co)e3 [ Vurlo.

These and (3.53) yield

t
/ IVin|3ds < M(co)ei®™ for 0<t<Th. (3.54)
0

Step 3: The estimate on ]h%VHG. Applying hiV to (3.1)4 yields

(h1V1); — (h1),Vl+ hiV (v - V1) = ashtV(w’ng? H(v)). (3.55)
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Denoting hiv] = z, multiplying 6|z|*z on both side of (3.55), integrating over R3,

and integration by part, one has
d
7108 go/ |((h3)¢ V1 — h3V (v - V1) + ash 7V (w”ngH(v))) - |2[*2]
<C(|htlolploo + [Vvloo + [v]oo |t ool ploo) [2[6 + s,
where J, = C [ |h3V(w’ng2H (v)) - |2[*2].
Note that n = (ah)® and % +b < 0 due to (1.17). One can get
—3-b v— v
Je <Olploc ([ oo Valslg Vo 5 + [w” ool g Vo oo Vgl6| Vol oo
+ [0 ol g V0 0| g V205 + [loc oo 0" |0 |9V 0 |9V 0]6) | 216

Note that (3.5) implies

1 L L L
|h¢ Viols < CIV(¢3 Vio)la < C(|ey 2 |oold6V2I0l2 + [V§ - Viol2) < M(co).

It follows from (3.56)-(3.58) and Gronwall’s inequality that
\hiVi|g < M(co) for 0<t<T.

The proof of Lemma 3.5 is complete.

3.2.5. The equivalence of g and h in a short time.

Lemma 3.6. It holds that
Cl<ght<C
for 0 <t <T5, where C is a suitable constant.

Proof. Set gh~! = y(t,z). Then a simple computation shows

ye +yhThe = grp; y(0,2) = 1.
Thus
t t s
y(t,x) = exp ( - / hsh_lds) (1 +/ Jsp exp (/ hTh_ldT)dS),
0 0 0

which, along with Lemmas 3.3-3.4 and (3.13), yields (3.60).
The proof of Lemma 3.6 is complete.

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

0

3.2.6. The a priori estimates for u. Based on the estimates of ¢, h and [ obtained

above, now we are ready to derive the lower order energy estimates for u.

Lemma 3.7. For ¢ € [0,T5], it holds that
t
VAVu(t)[3 + Ju(®)] + /0 (IVullf + [ue|3)ds <M(co),

t
(a2 + BV2ul? + [ul3)(t) + /0 (Tl + 2 )ds <M (co)cies.

(3.63)
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Proof. Step 1: Estimate on |u|p. It follows from (3.1), that

7Y (w+v-Vo+a1oVI+IV)+asV h? + €2Lu = asgl " VIV-Q(v)+azy-Q(v). (3.64)

Multiplying (3.64) by w and integrating over R?, one can obtain by integration by
parts, Gagliardo-Nirenberg inequality, Holder’s inequality and Young’s inequality
that

1d,  _v
5 g7l Fuld + axal(h” + @)1 Vul} + as(a + B)|(h + &) idival3

=— /l”(v Vo4 a19VI+ IV — aa V1" - gQ(v) —azl’y - Q(v)) - u

+ 1/(Z_”)t\u]2 — aQ/V\/ h?2+€e - Qu) - u

2
<O (1% oo ([0]oe| V0l2 + [V1]2]@loo + [1loel Vel2) + 115 ool g V0|0 | V1]
127 oo [ hloo | V0l2) 117 Bl + C 1o oo |1 5 02

(3.65)

v 1 .y
+ ij‘oo‘lE |oo|(P|go|\/EVu’2|l7§u|2

v 1
<M (co)ey ™17 2ul§ + M(co)ci + Saza|VhVul3,

which, along with Gronwall’s inequalty and Lemma 3.5, yields that for 0 <t < 75,

¢
2 —Z 19 2
wld + 1" 2u —l—/ VhVul2ds
g - Ful + [ VAT 566)

<M (co)(uol3 + cit) exp (M (co)cyTt) < M (co).

Step 2: Estimate on |Vulo. Multiplying (3.64) by u; , integrating over R? and inte-
gration by parts, one gets by the Gagliardo-Nirenberg inequality, Hélder’s inequality,
Young’s inequality and Lemmas 3.2-3.5 that

1d )
gg(aza\(}ﬂ + AV EVUR + as(a + B)|(h2 + &) idivul2) + |1 S w2

=— /l"’(v Vo4 a1¢VI+1V¢ — azgVIY - Q(v) — asl’y - Q(v)) - wy

1 h
= ——=h 2 divu|?
+3 [ o lal Vul + (o + B)jdiva?)

— /GQV\/ h2+e?-Qu) - uy

<O 2 |oo([v]oo V2 + [V]2|8]00 + 1ol VEl2 + |9V 0] ool ¥ oo Vi
+ (9]l oo V0l2) 17 Ztel2 + Clhuloolploo | VAV U[3

v v 1
+ O oo 9|0 |l 2 url2lp| | VAV Ul

1.
<M (co)ci|VhVul3 + M(co)ch + §|l_§ut|§v
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which, along with Gronwall’s inequality and (3.5), implies that for 0 <t < T,

t

VhVul3 + |V 2+/ 7 2ug)3 4 |uel2)d
| uly +[Vulz 0 (| |3 ‘Ut|2> 5 (3.67)

<M (co)(1 + cjt) exp (M (co)cit) < M(cp).
By the definitions of the Lamé operator L and ), it holds that
asL(\V/ h2 + €2u) = agV/ h2 + 2Lu — asG(VV h? + €2, u)
(3.68)
=I""H — aaG(VV h? + €2, u),

where
(3.69)

H=—u—v -Vo—IVd—a16VI+ asgVI" - Q(v) + asl’y - Q(v).

Next, for giving the L? estimate of V2u, we consider the L? estimates of
(1, G = G(VVh2 + €, u)).

It follows from (3.7), (3.13), (3.66)-(3.67), (3.69) and Lemmas 3.2-3.5 that

[Hl2 <CJurla + [0l6Vols + 1ol VL2 + [¢loc Vil
19V - Q)la + 1] V01)
(3.70)

3 1
<M (co)(lul2 + c3¢3),

G2 <|IVVR? + €2|o0|Vula + V2V R2 + €2[s|ulg) < M(co),

where one has used the facts that

1 1 1 1 3 1
Vols <|Vol|VolZ < C|Vel3|V20[} < Cejel,
t
V1 - 9Q0)]2 =|(V1” - 9Q(0))(0,2) + /0 (VI - gQ(v))sdslz
v 1 t v 2
<IVig - hoQUuola + ¢ ([ (V1 9Q(w)). )

1 3
<5~ ool Violslhg Vuols
t
1 v 14
+Ct2</0 (lge 2| V17 12, V0] + [V |§Igwt|%)d8)

1
2

[

2

(3.71)

[NIES

t
1 v— v—
w0t ([ laVoR(THBI B + 10 2T )
1 1 1
<[t~ ool hd Viols| v/ hoVuo|3 |hoVuo
+ M(co)E5 M (t+t2) < M(cp),

|v V h? + 62|oo §O|Vh|oo < C|¢|oo < Ccy,
V2V h? 4 €2|3 <C(|VVh|2 + |V2h|3) < C(IVVRZ +|Vil3) < Cc.
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Then it follows from (3.66)-(3.70), the classical theory for elliptic equations and
Lemmas 3.3-3.5 that

IVh2 £ €ulpe <C(I7"Hz + |G(VVE2 + €,u)|5)
SO([I7" oo M2 + |G(VV A + €2, u)|2)
<M{(co)(|uels + c3c2), (3.72)
V2 4+ 2V?uly <C(IVh? + ulp2 + [Vi[sluls + [ Vul2
+ M(co)[¥ 5 |ul2lploo) < CIVh2 + €2u|p2 + M (co).

Finally, it follows from (3.67), (3.72) and Lemma 3.4 that
t
/ (hV2ul2 + [V2ul)ds < M(cy) for 0<t<T.
0

Step 3: Estimate on |u|p2. Applying 0, to (3.1), yields

ug + agl”V/ h? + Luy = — (v - Vo) — (IV@): — a1(dV1);
h
a1V P2 + 2Ly — v
as(lI”)eV h? 4+ €2 Lu agml hiLu (3.73)
+ (a2gVI" - Q(v) + azl”y - Q(v))s-

Multiplying (3.73) by [~Vu;, integrating over R® and integration by part lead to

1d, .
5 g1l + axal(h? + @)1 Vul3 + as(a + B)|(W + &) idivaf3

_ / (= (0 Vo) — (V6) — ar(6VI)s — ax()ev/R2 + Lu

h
+ (a2gVI" - Q(v) + asly - Q(U))t) SUp— az\/ﬁhiu - uy

1
- /CLQV V h2 + 62 . Q(Ut) © Ut + 5 /(l_y)t|Ut|2
<O ol lol Tnke + [e1kl 0l + lloc V012 + [Vhlel

T 10eloo IVl 4 1sc | Ftl) + 115 oollloo| VA2 + V20l
1157 g Vo sclle oo VT2 4 3 oo (19¢]o0l V0loc V112 + |9V 0oc| W)

1 oo (0121 V0loo + 110l Vel2) + 157 oo oo leloe | V01 ) 1 1]

(3.74)

v l |4
+ Ol oo VgV 0 2| VU3 (VR V]2 + (12 |oc| o130 9|l 2 ue2)
+ Ol foolleloc U 2 wel3

v l v
+ OlLZ oo ([heloo [ V2ul2 + |0l &[] oo VAV e |2) 1 2 ],
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where one has used
/Il”gw” - Qvr) -] = u/ \ll\\/gvz - V9Q(ve) - Vhuy
<Ol oo v/gVuel2| Vi3V (3.75)

124 l 124
<CU oo |v/gVel2 | V3 (|[VEV g2 + 12 o]0 3|90 2 ug]2).

Integrating (3.74) over (7,t) (7 € (0,t)), one can get by using (3.13), Lemmas 3.2-3.5
and Young’s inequality that

1
S Bt |2+a20‘/ VRV 2ds

(3.76)
1 v v
§§|l7§ut(7)|§ + M(co)cffrm’/ |l75ut]2ds + M(co)c?lt + M(cy).
0
Due to (3.1),, it holds that
[u(1)]2 <C(|v]oo| VVl2 + [l V2 + [V@l2|l|oo + U5 |(h + €) Lul (3.77)

+ 117 ool g V0l oo V2 + (9]0 oo | V0l2) (7).
It follows from this, (3.3), (3.5), (3.8) and Lemma 3.1 that
lim sup [ur(7)]2 <C(Juoloo|Vuol2 + |doloo Viol2 + [V ol2lloloo + 10 |oollf oo Vuol2
T—
+ 150 (lg2l2 + | Luol2) + |1~ ool 95 Vuoloo| Viol2) < M (co)-
Letting 7 — 0 in (3.76) and using Gronwall’s inequality give that for 0 < ¢ < Tb,

t
B+ [ (VAVus) + [Vu(s)B)ds
0

<(M (co)cit + M (co)) exp (M (co)cyt2"t) < M(co),

which, along with (3.72), yields that for 0 <t < T,

31
|V h2 4 2u(t)| p2 + |hV2u(t)|a + [u(t)|p2 < M(co)e3c; . (3.79)

Next, for giving the L? estimate of V3u, we consider the L? estimates of

(VH,VG = VG(VVR? + €2, u))

It follows from (3.7), (3.13), (3.66)-(3.67), (3.69), (3.71), (3.79) and Lemmas 3.2-3.5
that

(3.78)

HIp1 <C(Juelpr + [v]oo| V]2 + [Vols|Vls + |10 V]2
+ V2 Viloo + [¢loo| V22 + [VGloo| VI |00 Vo2
+ |V217|3|9V vl + | VI¥ s lg V202
+ [V oo 9]0 VU2 + [I7]c | V|3 VU6 (3.80)
+ 1 |oo [0 | V?0]2) < M (co)(Jut| p1 + ¢3),
Glps <CVVA2 + || V2ulo + V2V 12 + €3]Vl
+ V3V A2 + €2|a|uloe) < M(co)c3,
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where one has used the fact that

V3V h2 + €2y <M(co)(|VVRIE + |V2h|3|VVh|s + |V3hl2)

3.81
M (co)(IVVRIG + V9I5|V Vs + [Vl2) < M (co). s

It follows from (3.66)-(3.68), (3.70), (3.79)-(3.80), the classical theory for elliptic
equations and Lemmas 3.3-3.5 that

VB2 + u(t)| ps <CI™"H|p1 + ClG(VV/R2 + €, u)| s

SC(I™|oo|Mlpy + VI |oo| Hl2

+|GV\/h2+€2 |D1

<M (co)(|utl pr + c3), (3.82)

[Vh? + VPu(t)]2 <C(IVR? + u(t)|ps + ¢l Lenpranp: [ull2)
+C0+ WHLoomeszHUH )1+ [pl3)

<M (co)(|V 72 + €2u(t)| ps + c3).

Finally, it follows from (3.78), (3.82) and Lemma 3.4 that

t
/ (WUl + WVl + [uls)ds < M(co) for 0<t¢<Tb. (3.83)
O *
The proof of Lemma 3.7 is complete.
O
Next, we estimate the higher order derivatives of the velocity w.
Lemma 3.8. For ¢ € [0,T5], it holds that
(VAT + sl + ufs + [192ul)(t) < M(co)ch,
t
/O (Juee|3 + Juel pe)ds < M(co), (3.84)

t
/0 (W23 + |ulha + |AV?ul B2 + [(RV?u):]3)ds < M(co).

Proof. Multiplying (3.73) by [~“us and integrating over R? lead to

4
1d v
5 77 (@20| (0 + )1V + az(a+ B)| (W + @) idivnf3) + [ Funly = Y 1
i=1
(3.85)
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where I;, i = 1,2, 3,4, are given and estimated as follows:

I :/z—'f( — (v Vo) — (IV$)s — a1 (¢VI),

h
_ v 2 2T, gy v .
az(I")¢ v h? 4+ €2 Lu — asl h2+e2htLu> Ut
SC‘Z_%‘OO<‘U’OO’ Vuila 4 [ve]2| VO oo + lt]oo| VB2 + [Vii|2] @]

+ [Pt]oo| V2 + |0 | Vdr|2
Yool oo | VA2 + €292l + \l”|oo|ht]oolv2u|2> =5 g2,

I :/l”(azgw” -Q(v) +a3l’P - Qv)), - un (3.86)

<Ol 2 oo (I(V1)el2lgVolo + |92l oo V1|3V 0l
1 1 1 3
+ [V 6|97 |oolg 3 Vurlz 4 [1I7]oo|[t)]oo| Vui]2
+ 1o |92 120 Vloo + 1) eloo 9]0 V0l2) 1 2 e,

I3+ 1y =— /CLQV\/ h2 + €2Q(uy) - ug

1 h
+ = | ag——hy(a|Vu|* + (a + B)|divu|?
5 | a2 hi(al Vil + (0 -+ ) divin )

v l v
<C(12 ool 3ol oo VRVt 21 Zute |2 + [eloc | VAVt B[] oc)-
Integrating (3.85) over (7,t) and combining (3.86) yield that for 0 <t < T,

t
|\/EVut(t)|§ +/ ]lfgutt@ds
T (3.87)

¢
SC’](h2 + eQ)iVut(T)\% + M(co)ci/ |\/EVut\%ds + M(co)(c};””t +1),
0

where one has used the fact (3.60) and

1 1
197 Vurls < Cl/gVur|3|gVue2. (3.88)

Due to (3.1),, one gets

VAV uy(7)|2 <(VAV (v - Vo + a1¢VI+ IV¢ + agv/ b2 + €2 Lu (3.80)
— apVI¥ - gQ(v) — azl’y - Q(v))|2) (7). '
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It follows from (3.3), (3.5), Lemma 3.1 and Remark 3.1 that
lim sup [VhVu(7)]2

T—0

<C(|VhoV (uo - Vo) |2 + [V holoVbol2 + [v/hoV2Iodola
+ vV - Vola + |V 7oV (y/ hE + €215 Lug))2
+[VhoV(VI§ - hoQ(u0))|2 + [vhoV (It - Q(uo))]2) (3.90)
<O (|ghuols|V?uol3 + [ Vuoloo 0 Vutol2 + [lo]ool 66 V02
+ (V2o |2 + [Viols|¢h Vols + 116 oo (| Vebol3] 36 Vo6
+ [%0loo |0 V?u0[2) + |15 oo |t0]ool 86 Vuo|6| Viol3
+[VhoV (y/ h + €2l Lug) |2 + [v/hoV (V1§ - hoQ(uo))2)-
(3.5) and (3.9) imply
106 V2ol2 = lgala < o, [36V>¢ol2 < M(co). (3.91)
Note that

VoV (/0 + 15 Lug)la < VRl (/3 + Lo .
+ [V hoy/ h3 + €2Lug @ Vigla = |J1|2 + | J2]2,

which will be estimated as follows. For Ji, it holds that

/ h
J]_ = \/holg( h(% +EQVLU[) + \/hgoﬁlzuo ®Vh0)
Vho )
N E

h
- 15<7093 + AV Lug

VhE+ €
which yields

1
[ Til2 < Cligloo(|g3l2 + €|0|Z VP uol2).- (3.93)
For Js, one gets from (3.5) that

3 1
| Jal2 < C(|hZ 1 Lug @ Vigla + €|hZ 18 Lug @ Vio|2)
3
< Ol oo hg Luuol6| Vol + Clgal2lég loollf ™ oo Violoo (3.94)
3
< Oy ool V(hE Luo) 2| Vio|3 4 Clgzl2ldg ool ool Violoo < M (co).
On the other hand, it follows from (3.5) and Remark 3.1 that

1V hoV(VIE - hoQ(uo))|2
<C(|V/ho V218 |2|hoVuo|so + [V hoVIE|6(1hoVuol3 + [10]so| Vuo|3))
1 1
<C(|Vho V21§ |2hoVuo |2 |V (hoVug)|E

1
+ (1Vho V1|2 + [0& 1holoo | VIE |2) (o VP uo|3 + [tholee| Vuol3)) < M (co).
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Hence, combining all the estimates with (3.90) yields
lim sup [VhVu(7)|2 < M(co), (3.95)

T—0

which implies also

1
lim sup |v/eVuy (7)|2 < lim sup v/e|o| 2| VAV (7)]2 < M(co).
7—0

7—0

Letting 7 — 0, one gets from (3.87) and Gronwall’s inequality that for 0 < ¢ < Tb,

t
VAVt + (Vualo)ff + [ Jun(s)ds
0 (3.96)
<M (co)(1+ 5 "t) exp(M (co)cit) < M(co),
which, along with (3.82), yields
IV A2 + €2u|ps + |V A2 + V3uly + [hVu|pr + |[V3ula < M(co)c3. (3.97)
Note that (3.73) gives

asL(\/ h? + €2uy) = agV h? + €2Luy — asG(VV R + €2, uy)

3.98
=1""G — azG(V\/ma Ut), ( )
with
G = —uy — (v Vo) — (IV6); — a1 (§V1); — ax(1)/h2 + & Lu
. 3.99
_ az\/ﬁhtmu + (a2gVI" - Q(v) + asl’h - Q(v))z.- .

Next, for giving the L? estimates of (V2u;, V*u), we consider the L? estimates of

(G,G = G(VVR2 + €2, u), VIH).

In fact, it follows from (3.7), (3.13), (3.69), (3.71), (3.96)-(3.97), (3.99) and Lemmas
3.2-3.7 that

1Gl2 <C(ueelz + [0ll2Vorls + 12l poenprnp2 Il + 162llell s
1) elool VA2 + 2Ll + [17]ooleloo | V2ul + 19l V1 2] V00
+1gV0lool V(I7)il2 + 117 Yoo g1 Vi6]g T Vo3
1)l loo V0l6 + ool tbel2| Voloo + ¥ oo thloo | Vel

<M (co) (Junel2 + &7 + ¢ lgVuil,),

M2 <Clluclpz + [0ll2Volla + 2] penpinps Vol
+ IV l2(lgV 0l Leerpinpz + V9]l Loz [ Voll2)

+ " | eerprap2 1Y) Lanpranp2 [ VU |2)
<M (co)(Juel p2 + ),

1Gla <C(IVVE2 4 €2|o0| Vuelz + V2V R2 + €2[s|uglg) < M(co),

(3.100)
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where one has used (3.60) and
3 1 1 1 1
97 Vuilz < ClVgVuil3 [gVrlg < CeglgVoe|py.

It follows from (3.68), (3.70), (3.80), (3.96)-(3.98), (3.100), the classical theory for
elliptic equations and Lemmas 3.2-3.7 that

IVh2 + Ruy| o <ClI77Gla + ClG(VVE2 + 2, u)2
L 1
<M (co)(|ust|2 + c} |ngt|1211 + Ci-5+u)’
|\/mv2ut|2 SC(’\/muﬂDz + | Vg2 (|| oo + |V|3)
+ |92 lut|2] o)

1 1
<M (co)(|uttlo + cf ]ngt\]%i 4 CZ-5+V)7

(3.101)
|(hV2u)il2 <C(1hVurla + [hyloo| V2ul2)
<M (co)(funlz + e lgVurl By + ;7).
[ul i <C|(h? + )2 17" H] pa
<M (co)(fut|p2 + c3)
<M (co)(funla + e 19Vl + §5H).
(3.1), yield that for multi-index £ € Z3 with |¢] = 2,
asL(V'h? + Véu) = ag\/h? + V4 Lu — ayG(VV/B2 + €2, Véu) 5,102

=Vh2 + 2V [(Vh2 + ) HT"H] — asG(VVh2 + €2, Vou),

which, along with (3.70), (3.80), (3.96)-(3.97), (3.100)-(3.101), the classical theory
for elliptic equations and Lemmas 3.2-3.7, implies that

VA2 + e2V2u(t)|p2 <C|Vh2+ VE[(Vh2 + )" H] |,
+ C([Wlsolul ps + V13| V2uls + [V2ul2|v |3 |¢lo) (3109)
<M (co)(|ue|p2 + ) '

1 1
<M (co)(|uel2 + c; |ng,5|31 + Ci~5+l/)‘

At last, it follows from (3.13), (3.96), (3.101), (3.103) and Lemma 3.4 that
T>
/0 (1hV2ue]3 + [ug|he + |u|Ba + |hVul2e + [(AVu)|3)dt < M(cp).  (3.104)

The proof of Lemma 3.8 is complete. O

Finally, we derive the time weighted estimates for the velocity wu.
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Lemma 3.9. Set T3 = min{T5, (1 + Cc5)~2°=2}. Then fort € [0, T3],

tlue (1) [z + RV g (0[5 + tuw (8)]3 + tu(t)[Ha(t) < M(co)es® ™,

t (3.105)
/ 8<‘utt‘QDi + ’ut\%a + ]\/ﬁutt%i)ds < M(CO)Ci9+2V.
0

Proof. Differentiating (3.73) with respect to ¢ yields

et + asV/ h2 + €21Y Luy

=—2v - Vo — vy - Vo — v - Vg — 2010Vl — a1Vl — a1 V1
=21V — 14NV o — IN by + a3l Py - Q(v) + az(l”)utp - Q(v)
+ a3l” - Qi) + 2a3(1" )t - Q(v) + 2a3l” 1y - Q(vy) + 2a3(1”) 1) - Q(vy)
+ a2g(V1")u - Q(v) + a2 VI” - (9Q(v) )t
+2a2(VI)e - (9Q(v))r — a2(I”)u V' h? + €2 Lu

h
— 2a9(I" )tV h2 + €2 Luy — agl¥ ———=huLu
CL2( )t t 2 \/m tt

(hthL'LLt + (l”)thtLu) .

(3.106)

€2h?

— agl”itgLu — 2a9

h
(h2 4 €2)2 Vh? + €
Multiplying (3.106) by [~“uy and integrating over R? give

4
1d _v 1 1.,
5! 2upl3 + ase|(h® + €)1 Vuy 3 + az(a + B)|(A? + ) adivug|3 = > H,,
=1

(3.107)

where H;, i = 1,2, 3,4, are given and estimated as follows.

Hl = / liy( - 21)75 . Vvt — Ut * Vv—uv- V’Utt - 2a1¢tVlt - a1¢Vltt

— a19u VIl — 2,V ¢y — 14V — IV dyy) - uy
<C|2 oo (IVrls|vel3 + [V so|veel2 + [0]oo| VUre]2

+ 1Dt ]2 Voo + [@t]6| Viels + [¢]oo|Vitel2

+ lleloo | V2 + [letl6| VBl3 + 1loo| Vet |2) [ 2zt 2,

Ho = [ 17 @l Qo) + as(1")i - Qo) + aal” - Qo)

+ 2a3(l")etr - Q(v) + 2a3l"¢y - Q(ve) + 2a3(l”)etp - Q(vr)) - un
<O 2 oo (|1 |oo 111212 V0l oo + 1(1¥)etl6 18] o0 | V03

+ 11| oot loo| Vurl2 + [€e]3](1)e]oc| VU 6

+ [Plool (1) tloo | V0rl2 + 1 oo bt Vvrl6) |1 2 use2,

(3.108)
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Hy = / 17 (a29(VI") - Q(v) + a2V - (9Q(v))u
+2a2(VI1"); - (9Q(v))¢) - ugt
<ONI™% oo (|(VI")etl2lg V0l oo + [(VI)el3] (g V0 )el6) 1 Z ]2

+ M(Co) / (’VZV - gVuy - Utt‘ + ‘Vlu - guVov - utt\
(3.109)
+ \Vl” . gtht . utt\)
<O 2 oo ([(V1)itl2lgVoloo + [(V1)el3] (9V70)el6) |1 % el

+ M (co) (IV113]geel6lVoloo 1™ 2 warlz + [V[3]geloo | Vorls]l™ 7 ueel2)

+ M(CO) / |VZ : ngtt . U,tt’.

In order to estimate f |V gVuy - uyl, one uses Lemma 3.5-3.6 to get

/‘Vl . ngtt : utt\ = / ’hiVl\/a . V'l)tt . %h}lutt‘

<]h4Vl|6\\\;|oo|\fth\2]h4utt\3 < M{(co)|v/GV st 2| hi w3

(3.110)

Note also that
1 1 1
]hlutt|3 S |utt\22 ‘\/};Utt"g . (3111)
It then follows from the Sobolev and Holder inequalities, and Lemmas 3.3-3.4 that
T, 1
/ |VZ . ngtt . utt| S M(CO)|\/§VUtt‘2’\/Eutt|g ]lifutt|22

1 1 1 v 1 v 1
<M (co)lV/gVvirlo(|VRV |3 + |o|do |12l 2 wse|3 )17 2 use3

3.112
SM(CO)(|\/§V0tt|2\\/EVUtt!2%\l_%uttb% + |\/§Vvtt\2|<P|§o|¢|§o|l_%utt\2) ( )
§%|\/5Vutt\§ + M(Co)|\/§Vvtt|§ |l_5un|§ + M(co)|\/gVvrel2 |l Zugl.
Hence,
Hs SM(co)((yvztt\z + 13| Viele + lele| VI3 + |12 VI|2) |9 V] oo
+ ([Vi]3 + |le|oo| ViI3)[(gV V)2 ’6)|l QUtt\z + —|\fVutt\2 (3.113)

+ M (co)(IV13geel6I V0l oo [ 2uae|2 + V13| geloo| Voels|l ™ 2wl 2)
,é _v 2 _v
+ M(co)(|v/gVuviels |17 2unly + [v/gVure|2[l™ 2 ust]2),
where one has used

(V1) el <M (o) (| V|2 + |lels|Viele + [lels| Vs + [1e] 2| VI]2),
[(V1")el3 <M (co)([Vie]s + |li] | Vi]3).
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Similarly, one can also obtain that
H,=— F”(@LV}L Q(uy) + az(l”)ue V' h? + €2 Lu
N "

h €2h?
+ 2a2(1")¢V/ h2 + €Ly + asl” httLu +aglt——
Vh? + (h? + )3

1
(hthLut + (ly)thtLu)) s U+ 5 /(l_”)tlutt|2

Lu
PPV
VhZ 4+
<O oo (11 ol oc VAVt a2 + 10)eels VA2 + 9%l

+ (1)t oo| V2 + €V 2usa + |17 00| hat]6| Vul3

+ 11 oo e 2o @136 V202 + |17 oo Bt oo | loo [PV s 2

1)t loo | eloo | V2 ul2) 117 Tt o + M (co) |l |oo |l 2 sl 3.

(3.114)

Multiplying (3.107) by ¢ and integrating over (7,t), one can obtain from above
estimates on H;, (3.13) and Lemmas 3.2-3.8 that

_v a20x ¢ 2
2w ()3 + == [ s|[VhVuy|3ds

4 T
. (3.115)

§T|l_%utt(7)|g + M(co)c}lgﬂl’(l +1)+ M(Co)CéQJrQV/ s|l_%utt|gds.

T

It follows from (3.96) and Lemma 5.5 that there exists a sequence sy such that
sp — 0, and  splug(sg, z)|3 — 0, as k — oo.

Taking 7 = s; and letting £ — oo in (3.115), one can get by Gronwall’s inequality
that

t
t|utt(t)|%+/ | Vh V|3 ds+/ s|Vuge|ads < M(cp)ey” 2, (3.116)

for 0 <t < T3 = min{Ty, (1 + Cez) 20"},
It follows from (3.101) and (3.116) that

12|V 2y (1)) 2 + 2 |AV 2w (8)2 + £2 [V3u(t)]2 < M (o))t (3.117)
Next, for giving the L? estimate of V3u;, we consider the L? estimates of

(VG,VG = VG(VVR2 + €2, 1))
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It follows from (3.7), (3.71), (3.81), (3.99) and Lemmas 3.2-3.8 that
1G1p1 <CJurelpr + [V0]|2[ Vel + [vloo|VPuel2
+ Ul enprnpslletlle + el snpinp2ll |3
1 lneolllel Loonpe (VA2 + € Lully + [1]oc| Vul2)
+ (14 [¢]oo) (1 + |loo) el oo p2 [ [11,00 [ V2 ully
+ el Loonpr [V 2 Vollz + IV |21V gloc| Vvel2 + 19Vt 2)
+ (19Vvloo + 1VgloolIVll2 + [lgV20 )l piap2 11 | Lnpins (3.118)
1 oo llEel oo npr 19| Loonprs [ Vo2
1l eollt [ Volla + 171100 [¢ll Loenprs [ Voel1)
<M (co)(|Vuglz + calvel p2 + [gV70¢|2 + ¢ 1),
Gl pr <CVVR2 + || V2uls + [V2VE2 + 3] Vuys
+[VPVh2 + €lafusloo) < M(co)(Juel p2 + cf).-

Hence (3.98), (3.118), the classical theory for elliptic equations and Lemmas 3.2-3.8
yield that for 0 <t < T3,

V2 + | ps <ClI7"G|p1 + ClG(VVR2 + €2, u) | py
<M (co)(|Vurelz + calluel p2 + vt p2) + gV iz + e ™),
VB2 + 2V3u,(t) |2 <C(IV A2 + g ps + |uloo| VL2 + [Vl Vibls
+ [ Vurlalthloo + [Vt 2| Y1170 prsnpe|#loe + uel2[ 0 [51013)
<CIVh? + euy| ps + M(co)(|ue| p2 + c5),
which, along with (3.84), (3.116)-(3.117) and Lemma 3.4, implies that

Ts
/ S(’\/mut|%3 + ’hv3ut|g + |v3ut|g)d8 < M(CO)C}19+2V.
0
The proof of Lemma 3.9 is complete. 0

It then follows from Lemmas 3.2-3.9 that for 0 < ¢ < T3 = min{T*, (1 +
Cles)~20-2vY,

t
16 = MOl prrps + 103+ [en ()] +/0 e 3ds <Ccf,
1) anpranpe < M(co)s [e(t)l2 < O3, |he(t)|%, <Ccies,

1 t
) > goor @by + [ (1l + s <Oct

2 1 _
3 <, [hAVI)]e < M(co), ¢t < [U(t)|oo <M (co),
1= DOl Brrps < M), L)% < M(eo)ed ™, ()5 <M(co)e™,

t
1)1 < M(co)es™ ™ ea, |V21t(t)!§+/ |Viul3ds <M (co)ei® ™,
0
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VA + 1@+ [ (190l + ful3)ds <0 e,
(s + I+ 300+ [ (s + Iy + s <o)
(|ut‘2Di + [VhVu|3 + |ulBs + ‘hVZUﬁ:);)(t) + /Ot e[ hads <M (eo)cs,

t
/O (luuld + a0 + BVl + |BV2ulls + [(AV2u),[)ds <M (co),
Hur ()2 + (213 + tluee(®)3 + (@) B (6) <M (o)l

t
| sy -+l + 1V ds <M eo)et? .
0
Therefore, defining the time

and constants
C% :c% = M(Co)2, cg = M(co)s,
2 __

(3.120)
0421 :M(Co)98+1611’ M(CO)932+2501/+16V2

)

one can arrive at the following desirable estimates for 0 < ¢ < T™*:

t
16 = MO Bsrps + 6B + [ou) + /0 lbul2ds <c2,
1
[ arprsnpe + AVIOR < & b2 + lir(t)]2 <
t
L2 + [V2L0R + [, + /0 (V03 + [6ull + [hal2)ds <2,
2 —2

1
inf  I(t,x) >c;', h(t —
[O,Yl*r]lXR?’ ( 73:) = CO ) ( ,l’) > 200’

g <907
1= DO Bsmpe < G0 (BB + 1)y <,

VAV + [l + [ (1907 + s <63, 312
(s + 109+ e B0) + [l -+ 1557l + )l <3
(el By + VBVl + |ulfs + [WVulhy + [RVul3)(t) + /Ot ug|?ds <c2,
[l s+ 1%+ 52081 < G (o) <
t(luel o + Juee3 + [ulf0) (8) + /Ot s(lueelpy + luelhs + Vhuulpy)ds <c.

3.3. Passing to the limit ¢ — 0. With the help of the (¢, n)-independent estimates
established in (3.121), one can now obtain the local well-posedness of the linearized
problem (3.1) with e = 0 and ¢ > n.
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Lemma 3.10. Let (1.17) hold and n > 0. Assume (o, uo,lo, ho) satisfy (2.6)-
(2.7), and there exists a positive constant co independent of n such that (3.5) holds.
Then there exists a time T* > 0 independent of n, and a unique strong solution
(¢, u", 1", ") in [0, T*] x R3 to (3.1) with € = 0 satisfying (3.4) with T replaced by
T*. Moreover, the uniform estimates (independent of n) (3.121) hold.

Proof. The well-posedness of (3.1) with e = 0 can be proved as follows:
Step 1: Existence. First, it follows from Lemmas 3.1-3.9 that for every ¢ > 0 and
n > 0, there exist a time 7% > 0 independent of (¢,7), and a unique strong solution
(@M, uSn 191 hEM) (¢, x) in [0, T*] x R? to the linearized problem (3.1) satisfying the
estimates in (3.121), which are independent of (¢, 7).

Second, by using of the characteristic method and the standard energy estimates
for (3.1)4, one can show that for 0 < ¢ < T,

|RS() oo + | VRO (E)|2 + |he"(t)|2 < C(A, R, cpyn,y a, B,7, 6, T, do,up).  (3.122)

Thus, it follows from (3.121), (3.122) and Lemma 5.3 (see [37] ) that for any
R > 0, there exists a subsequence of solutions (still denoted by) (¢<7, u®", 19" h®"),
which converges to a limit (¢7,u",1", h") as € — 0 in the following strong sense:

(97, us", 197 M) — (¢, u", 17, h") in C([0,T*]; H*(Bg)) as € —0, (3.123)
where Bp is a ball centered at origin with radius R, and in the following weak or

weak* sense:

(&% =, us) = (¢" —n,u")  weakly* in L¥([0,T"]; H),
(7,47, by = (67,47, ) weakly* in L([0,T"]; H?),
ugm = u  weakly* in L™ S HY),

t%(VQUE’",V4uE’”) 415%(V27u4t,v4u’7) weakly* in L T ;L2),
(57", t7ugy") = (@, t2uf,)  weakly* in L([0,T7);L?),
(R, hg™) — (KT, RY)  weakly* in L°°([0,T*]; L),
Vus" = Vu'  weakly in L*([0,T*]; H?),
uf = weakly in  L2([0,T*]; H?), (3.124)
o5 — ¢ weakly in  L*([0,T*]; HY),

( ttna utz’fn) (w?ta u?t)

€ n
hypt — hyy

£2 (Vg V3ug™) = ¢7(Vull, V3ul))

[ [

€n n
=1

weakly in
weakly in
weakly in
weakly* in

weakly* in

L>([0,T*); D! n D?),
L>([0,7%]; DL n D?),

15" =1}, weakly in L2([0,T*]; D}).

Furthermore, it follows from the lower semi-continuity of weak or weak™ convergence
that (¢",u", 1", h') satisfies also the corresponding estimates in (3.121) and (3.122)
except those weighted estimates on u".
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Now, the uniform estimates on (¢",u", 1" h") obtained above and the conver-
gences in (3.123)-(3.124) imply that
VRETTuST — VAV weakly* in L([0,T*]; L?),
Vhenus™ —~ Vv weakly* in L([0, T*]; L?),
hENV2uS —~ BTV weakly* in L°°([0, T*); HY), (3.125)
(RETV2uST), — (R"V2u),  weakly in  L2([0,T*]; L?),
hEMV2uST — RTV2u" weakly in  L*([0,T*]; Di n D?),

which, along with the lower semi-continuity of weak or weak* convergence again,
implies that (¢7,u", 1", h") satisfies also the uniform weighted estimates on u".

Now we are ready to show that (¢",u", 1" h") is a weak solution in the sense of
distributions to (3.1) with e = 0. First, multiplying (3.1)2 by any given X (t,z) =
(XMW, x@ XOGHT e ¢2([0,T*) x R?) on both sides, and integrating over [0,t) x R
for t € (0, T*], one has

t
/ / (ug’" Xy — (0 VU X — a¢gSTVIET L X — (ST e . X) dzds
0 JR3
t
= / u"(t, x) - X(t,x) + az / / 197/ (heM)2 + 2 Lu®" - Xdzds (3.126)
0 JR3

_ /0 /R (a2gV () - Q(v) - X + ag (1) 45 - Q(v) - X ) dads.

It follows from the uniform estimates obtained above and (3.123)-(3.125) that one
can take limit € — 0 in (3.126) to get

t
/ / (u" Xy — (0 V- X — a1 ¢"VIT - X — 1"V - X)d:cds
0 JR3
t
:/u”(t,a:) - X(t,x)+ ag/ / "KM Lu - Xdzds (3.127)
0 JR3

_ /0 t /R (o297 @) - X+ a5(17) 7 - Qo) - X ) s

Similarly, one can show that (¢", 1", h') satisfies also the equations (3.1)1, (3.1)3-
(3.1)4 and the initial data in the sense of distributions. So it is clear that (¢", u", 1" h")
is a weak solution in the sense of distributions to the linearized problem (3.1) with
€ = 0 satisfying the following regularities

¢" —n e L=([0,T*; H?), h"e L>([0,T*] x R?),

(VA" B]) € L=([0,T*]; H?), " € L=([0,T*]; H?) 0 L*([0,T*]; H*),
uf € L®([0,T*; HY) N L*([0, T*]; D?), wy, € L*([0,T*]; L),

tzu € L([0,T*]; DY), t2u € L®([0, T*); D?) N L2([0, T*]; D),
t3uf, € L([0,7°]; L) 1 L*([0,T*]; DY),

" —1¢c L0, T*; DN D%, 1 € L°°([0,T*]; D! n D?).

Therefore, this weak solution (¢7,u",1", h") is actually a strong one.
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Step 2: Uniqueness and time continuity. Since the estimate h"7 > 2 holds, the
uniqueness and the time continuity of the strong solution obtained above can be
obtained by the same arguments as in Lemma 3.1, so details are omitted.
Thus the proof of Lemma 3.10 is complete.
O

3.4. Nonlinear approximation solutions away from vacuum. In this subsec-
tion, we will prove the local well-posedness of the classical solution to the following
Cauchy problem under the assumption that ¢] > 7

(¢l +u" -V + (v — 1)¢"divu" =0,
W+ U -Vl + a1 "V + VG + ag(IM)Y R Lu”
=axh"V(I")" - Q(u") + az(I")"¥" - Q(u"),
I+ Vi = ag(IMYn"(¢M) 2 H (u"),
B +u" - VAT + (6 — 1)(¢")*divu = 0,
(@7, u, 1", h") =0 = (89, ug, 1§, hg)
=(¢o + n,u0, lo, (ho +1)*) xR’
(@7, u", 1", h") — (1,0,1,7*) as |z| = 0o for t>0,

(3.128)

where ¢ = §a51 VA" and n" = (ah")’.

Theorem 3.1. Let (1.17) hold and n > 0. Assume that (¢po, uo, lo, ho) satisfy (2.6)-
(2.7), and there exists a positive constant co independent of n such that (3.5) holds.
Then there exists a time Ty > 0 independent of n, and a unique strong solution

(7, u", 17, 1" = ¢*)

in [0,T,] x R3 to (3.128) satisfying (3.4), where T, is independent of . Moreover,
the uniform estimates (independent of n) (3.121) hold for (¢, u", 1" k") with T*
replaced by Ty.

The proof is given by an iteration scheme described below.

Let (¢%,u°,19 h°) be the solution to the following Cauchy problem
Ui+ up-VU =0, in (0,00) x R3,
—WAY =0, in (0,00) x R?,
Zi4uy-VZ =0, in (0,00) x R3,
Wi +ug-VW =0, in (0,00) x R3, (3.129)
UY, Z,W)|i=0 = (¢3,ug, 15, hg)
=(¢o +n,u0,lo, (do +m)*) in R?,
(U,Y,Z, W) = (n,0,1,7*) as |z| > o0 for t>0.
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Choose a time T € (0,7*] small enough such that

sup ||Vh0(t)||%qu173mD2 < C%a sup ||(lO - l_)(t)HzDimm < C%a
0<t<T 0<t<T

T
inf  1°(t,2) > gt sup [[ul()]f} +/ W02, + [W03)dt < &,
ot g (t,z) = ¢ OStETH @)1 i (lu® 20 + [uf)3)dt < €3

T
sup _(Ju”[Be + [hOVZu° + [ 3)(t) +/ (|u° s + [ug[p)dt < e,
0<t<T 0

T
sup (Juffby + 1918 + [0Fh)(0)+ [ (ulla + 1%+ [ufB)de <
0<t<T 0

(3.130)

T
sup (WO + [ (ROl + BV )t <
0<t<T 0

sup_(|[VAOVu]3 + [WOV2 [y + |15 + |17 51) () < i
0<t<T

T
sup (102, + V20 ) (1) + / V1% 3dt < 2,
O§t§T

ess_sup (1uf()fhe + AT 2 ()3 + (0 + t () B <
st<T*

t
[ S8y + s+ VI8 s <

Proof. Step 1: Existence. One starts with the initial iteration (v, w, g) = (u°,1°, h?),
and can obtain a classical solution (¢!, u!, 1!, h') to the problem (3.1) with ¢ = 0. In-
ductively, one constructs approximate sequences (¢*+1 uF+1 [F+1 pk+1) as follows:
given (u®, 1% h¥) for k > 1, define (¢F*1, uF+1, [F+1 hF+1) by solving the following
problem:

P b VM 4 (y = D)ot dive = 0,
) (T + u Ve 4 a TV 4 R g
+ aphF P LU = ao (IR RET (TN L Q(ub) + agF T - Q(uk),
lf“ b VI = gy (IR kL (R H (P,
ALk VREHL 4 (6 — 1)hEdiveF = 0,
(¢k+17uk+17 e+ hk-i—l)‘ =0 = (&0, ull 11, bl
=(¢o +n,u0,lo. (6o +1)*) in R,

L (¢k+1,uk+1,lk+1,hk+1) — (n,O,Z, 772L) as || - o0 for t2>0,

(3.131)

where Y*+1 = A TpkHL and pkHl = (ah#+1)P. Tt follows from Lemma 3.10 and

mathematical induction that, by replacing (v, w, g) with (u*, (¥, h¥), one can solve
(3.131) locally in time, and the solution (¢**+! uF+1 (k1 pk+l) (k = 0,1,2,--+)
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satisfies the uniform estimates (3.121). Moreover, ¢)*! satisfies
kL V(b - ") + (6 — 1)ypFdive® + adh*Vdive® = 0. (3.132)
To show the strong convergence of (¢, u¥, 1% F), we set

R+l _ ko JRHL gkl gk

“k+1 k+1 k —k'l
¢+:¢+_¢7 +:U u-,

)

k+1 k

Qj_)k+1 — wk‘-ﬁ-l o Ql}k, hk-‘rl hk+1 hk, ﬁk‘-i—l —nk

=n

Then (3.131) and (3.132) yield

(5 4 uf VT 4 ak - Vor + (v — 1) (oM diva® + ¢Fdiva®) = 0,
(Y@t 4ok vk 4 @t Vel £ a P TIVIET 4ag P VIR
+ TR 4 RV 1 aphP T Lkt 4 aph* T Luk

—((FHY ™ — (M) (uf + T VT 4 ag6P VI 4 1RV
+ a2(lkz+1)—u <hk(v(lk+1)u _ V(lk)y) . Q(ukz) + hkv(lk)y . Q(ﬂk)

+ BkV(lk)V i Q(uk—l>> + a3lzk+l X Q(uk) + agwk . Q(ﬁk)
+ax (M) ™ = ((H™)) (PFTIVEH” - Q) (3.133)
l’f-ﬁ-l +uF v L gk vk = a4(lk)u(nk+1(hk) (H (uk) _ H(ukq))
+ Bk(hk 4+ hk—l)nk—HH(uk—l) + (hk_1)2ﬁk+1H(uk_l))
+ a4((lk:)u _ (lkfl)z/)nk(hkfl)ZH(ukfl)?
D V(P PR 4 ab - gh) 4 (6 — 1) (@ dive 4 M diva®)
+ ad(R*Vdiva* + hEFVdive*~1) =0,

(GFHL @b+ P R o = (0,0,0,0) in R?,

(L @b+t P Ry 5 (0,0,0,0) as |z| = oo for t>0.

We now give some necessary estimates on (@FHL, @kt L gkt pE+1) t6 be used
later. We start with R¥!, for which one need the following lemma whose proof is
given in Remark 3.3 later.

Lemma 3.11.
RRFL D gEFL gkt e 1oo(j0, T); H2(R?))  for k=1,2,....

Remark 3.2. This lemma is helpful to deal with some singular terms of forms of
00 — 0.

Assume that Lemma 3.11 holds at this moment, one can deduce the uniform
estimate for A1 as follows. It follows from (3.131), that

hETt b VRRT 4 aF  TRE + (5 - 1) (BFdive® — BF N diveF ) = 0. (3.134)
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Multiplying (3.134) by 5|h*+1[*RF*1 and using integration by parts yield

d _ _ —
LIREL(E, 2) (6 <C(VUF| oo |RFFYE + 3|6 [1bF | oo |[RF L2
T (8 2)]e <C(IVulool 6 + u™l6]¢" oo ) 6 (3.135)
+ (|RFdivaF|g + [hE = divak = g) [RFH[2),
with a generic constant C' independent of n and k, which implies
Wt 2)|¢ <C for 0<t<T and k=0,1,2,... (3.136)

Second, multiplying (3.133), by 24! and integrating over R? lead to

LI <O o4 4 Ol 0 + [0 T
+ PR divably + |REV2ER) (3.137)
+ [0 oo | V@ |2 + [RF 16| V2P [3) |7 o,
which, along with the fact
|1/_)kdivuk]2 :|@bkdivulc — Q/Jk_ldivuk|2 < C’(|@Z)k|OO + |@Dk_1|oo)|divuk|2,
|WFV2aR |y =|hEV2uP — RFIV2R - pEZyhTl, (3.138)
SC(\thQuklg + ‘hk—lv2uk—1’2 + ’Bk’(j‘v2uk—l’3)7

the uniform estimates (3.121) for (¢*, u¥, 1% h¥) (k = 1,2,...), (3.136) and Gronwall’s
inequality that

[EFL(t, 2) o 4 [Tt 2)|e <O for 0<t<T and k=0,1,2,.... (3.139)

Moreover, (3.137), Young’s inequality and the uniform estimates (3.121) for (¢*, u*,
¥ h¥) (k =1,2,...) also imply that

d 7 - I — m —
S <CoT MR + o ([VREVE R + [0 + PRV ), (3.140)

where o € (0,1) is a constant to be determined later.
Next, multiplying (3.133), by 2¢**! and integrating over R? give

d - _ i
IO < CVUF ol ™ |2 + (086 VOF |3 + [V |26 |oo) |6 2. (3.141)

Applying 95 ([s| = 1) to (3.133),, multiplying by 205! and integrating over R3,
one gets

d - - _
|5 TE <C( VU || VO o + [V oo Vil + a¥]6] V265 [3) [VE
+ (V2P 3]0 6 + |6 |0 | Vdivid"|2) [V F o,
Hence, it holds that for ¢t € [0, T,
d - _
Sl R < CoTHIO [} + o (IVREVHS + [hFVPat ), (3.142)

where one has used that

IVt |y < CVRFVEF|y, [V2aF]y < CIRFV2aF),.
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On the other hand, it follows from the definition of n* = (ah*)® and h* > Cc;!

that
afb’ﬁk+1|6 _ ’<hk+1)b . (hk)b‘ﬁ < C|1Z}k+1‘27 (3 143)
a_bVﬁk+1 _ b((hk+1)b—1 _ (hk)b_l)Lbk—H + b(hk)b_1&k+1.

Applying derivative 95, (|s| = 1) to (3.133)5, multiplying by 20511 and integrating
over R3 lead to

L R AU R (N E
v [0 ((zky(n’““(hk)?(H(u’f) _HWEY)

_ ) (3.144)
+ hk(hk + hkfl)nk+1H(uk71) + (hk1)2nk+lH(uk1))>2ailk+l

+ (M/@i <((lk)1/ _ (lk—1>l/)nk(hk—1)2H(u >28§lk+1 Z N.
N1, Ny and N3 can be estimated by (3.121), (3.136), (3.139) and (3.143) as follows:
|N1| <C|VIFHS 4+ CIVREVEF|o| VI 5,
|No| <C(|R*Vak|s 4 |RFV2ak|o) | VIFFL,
+ C([92 + [0 s + [P ) VT2
SC(IVREVEE |5 + [RPV28|2) VI 4+ O([0F |2 + [0 ) VI,
|N3| <C|VIF|o| VIFH,.
These, along with (3.143)-(3.144), yield that

|vz’f+1 <Co '\VIFH S + o (VIFVF|3 + WP VA 3)

+ o (|97 + [VIF3 + |5 3).

(3.145)

We now estimate @*™!. Multiplying (3.133), by 2a**! and integrating over R?
yield that

d v
%’(lk—kl)—iﬂk%—l’ +G2Q‘Wvuk+l|2—I—ag(a—l—ﬁﬂ\/hkﬁdivﬂk—‘rl@

SCO'_1|(lk+1) k+1 2+a(|\ﬁVuk\2+ \th2 k‘2+ W}k’ ) (3146)
+ O T+ S + VI,

Multiplying (3.133), by 2uk+1 and integrating over R? yield that

d
+ —(a2a|\/WVa’“+1\§

2 Fa G+ 2

s (3.147)
+as (o + B)|[VhEF1diva*tt|2) = Z 0,

=1
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where, O;, 1 =1,2,--- ,8, are defined and estimated as follows:
O =— 2/(lk+1)_”(uk Y T VR AR/ L

+ alqbkvik-f—l + l_k+lv¢k+1 + lkva)k—‘rl) X aerl
<SC(IVIEVEF o + (|67 [0+ [V o) [(FF) 720 o,
6—1 _ _
a2/w/€+l . Q(Uk+1) . uiﬁ?+1
ad
§C| /hk+1v@k+1|2’(lk+1)f%ﬂi€+l’27

Oy = —2

03 _ 2a2/hk+1Luk . ﬂf-H < C‘&k+1’2|(lk+1)f%ﬁf+1 ),

Ou==2 [ () = () ) (uf + L vt
+ a1¢lek + lkv¢k) . ﬂerl < C|Vl_k+1|2|(lk+1)_%af+l 9
Os =2as/(¢’“+1 QP +¢F - Q@) -t (3.148)
<C(PF o + [VEFVEF )| (1K) " 2af T,
O =20z [ ((IFH1) = (1)) ")W1V (Y- Q) -l
<OV | () 5 a1,
O =2a, /(lk+1)—u <hk(v(lk+1)u _ v(lk)y) -Qub) + KV () - Q(ab)
FREV (1R Q(uk1)> gt
SOV 3 + [9H]z + () Vo] (BF) Tt a) (15 5+
SO(VI* g + [5¥ ]y + [RFV2aH 3 [VRFVEH3) (154 5 a1,
Os :aQ/h’;“(awukHP + (a+ B)|diva*t?) < CVREFIVERTLS
It follows from (3.147)-(3.148) and Young’s inequality that
@) 55 4 & anal VARV
<O(VIFVE + 083 + & ' [VIFVaH3) + e Va3 (3.149)

+ C(IVREIVEE S 4 | g 4 [VIMH S 4 [9F3),

where €1 > 0 is a small enough constant.

On the other hand, it follows directly from (3.133), that
[RPV2ERE <C(Jafl + [VRRVEE S + [VRRIVE S+ |68 + 108 (3.150)
+ VIR + 053 + e kP TIVEEETNE 4 g [V REIVEET),

where €9 > 0 is a small constant to be chosen.
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Hence (3.140), (3.142), (3.145)-(3.146), (3.149)-(3.150) imply that

SOFHR + W + (VTG 4 ()~ 5ak 1
+v1az0|VRFVEF T 3)
+ aga VRFIVEF 2 4 oy (DT 2aE B 4 o |REV 2R3
<Co (G5 + [V B+ 95 3 + |0 )~ sah 1 ) (3.151)
+ Co v1asa| VIR IV 2 + Co + v1 + vie]t + 02)|[VREVE |3
+Clo + v+ ) ([°F + 16" + [VI*3 + [&"13)
+ C(vaey ! + o) |[VRFIVEF 12 + (60 + v161)|hFV2EF)3
+ Cuzea WM IV 3 4 G| (%) 2 0 3,

where v1 > 0, vo > 0 are small constants to be determined later.
Now, define

r*(tv) = sap [|¢FT + sup [T+ sup [VIFT3
0<s<t 0<s<t 0<s<t

+ sup OéCLQUlh/WVﬂ’H—I‘%_f_ sup ’(lk—kl)—%ﬂk—i-l %7
Oss<t 0<s<t

3

3 1
and set vg = 80, 0 = V7, €

1 1
=i, € = v5 so that

3
’UQ—GU—U1€1='U12 > 0.

Then it follows from (3.151) and Gronwall’s inequality that

Fkﬂ(t,Ul) +/Ot (@MWVQHH% +U1\(lk+1)_%ﬂf“§
+ v1%|hkv2ﬂk\%) ds
SC(/Ot (aga(a + vy et + v2)|VREViF|3
+ (vgey t + vg)|[VRE-IV RT3
+ vgeo | RFTIV2EF 12 4+ uZy(z’f)—%fafy%)ds (3.152)
+ (0 +v1 + v (IR (t, 1) + TF(, v1)> exp (Co1t)
§C’(/Ot (agavléh/hikVﬂk@ + vf]WVﬂ’“‘H%
+ vﬁ\h’“—lv%’f—lyg + o] (%)~ 2af [3)ds

ot (DR (E, ) + TR, Ul))) exp (CoL4).
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Now one first chooses v; = © € (0,1) such that Coz < é, and then chooses
T. € (0,T] such that

(T, + 1) exp(Co 2T < 2,

1 _3 1
Cvi exp(Cvy 2 Ty) = Co? exp(CTJ_%T*) < —

3 _3
Cv3 exp(Cvy ?Ty) <
3 3 1

Cugexp(Cuvy 2Ty) < %, CuiTy exp(Cv; 2Ty) <

We can get finally that

o0 T*
S (P + [ (aaalVIETTR B+ ofal T+ o V2 Bas) < o,
k=1 0

which, along with the local estimates (3.121) independent of k, yields in particular
that

i (35 5 L+ D e o) =0,
_ _ (3.153)
lim (||| poonza + [R5 o) =0.
k—o0

for any s’ € [1,3). Then there exist a subsequence (still denoted by (¢*, u*, ¥, "))
and limit functions (¢",u", 1", 1)) such that
(6" —n.u®) = (&7 —n.u") in L%([0,T.]; H* (R?),
F—T—1"—1 in L=([0,T.]; L n D' n D* (R?)),
PP — 7 in L([0, Ti); L N LY(R?)),
R* — AT in L*°([0, T.]; L°°(R?)).

(3.154)

Again by virtue of the local estimates (3.121) independent of k, there exists a sub-
sequence (still denoted by (¢, u*, 1%, 9*)) converging to the limit (¢", u", 17, 4") in
the weak or weak™ sense. According to the lower semi-continuity of norms, the cor-
responding estimates in (3.121) for (¢",u", 1", ") still hold except those weighted
estimates on u'.

Next, it remains to show

Y = ﬁV(qb")zL. (3.155)

Set
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Then it follows from (3.128); and (3.128)4 that

( 3
Ui+ ARt + B (u")g* =0,
k=1

P* =0 as |z] > 00 for t>0,

which, together with the standard energy method for symmetric hyperbolic systems,
implies that

Y =0 for (tz)€[0,T.] x R3.
Thus (3.155) has been verified.
Note also that the following weak convergence holds true:
RFV2uF — BTV weakly* in L°°([0, T.]; L?).

Indeed, (3.154) gives
T*
/ / (W*V2u* — R7V2u") X dzdt
R3

T*
/ / — K V2uF + h1(V2P — V) X dadt
R3

sup |hF — W + || V2 k—VQu"HLoo(OT*] 12))Te =0 as k — o0
0<t<T*

for any test function X (t,z) € C°([0,Ty) x R3), which implies that
REV2uP —~ BTV weakly* in L%°([0, Ti]; L?).
Similarly, one can also obtain that
u, Vuy ) = VhAiT(Vu', Vu, ) weakly™ 1n s Lyl L),
VhE(VUF, Vul) = Vin(Vu', V) Kly* in L*([0,T]; L?
Rk — RV weakly* in L°°([0,T.]; DY),
RFV2uR — BTV weakly in L2([0, T.); DI N D?),
(W*V2uk); — (W"V2u™); weakly in L2([0,T.]; L?).

(3.157)

Hence the corresponding weighted estimates for the velocity in (3.121) still hold for
the limit. Thus, (¢"7,u",10",¢") is a weak solution in the sense of distributions to
the Cauchy problem (3.128).

Step 2: Uniqueness. Let (¢1,u1,1,%1) and (¢2, ug, l2, 102) be two strong solutions
to the Cauchy problem (3.128) satisfying the estimates in (3.121).

Set

hi =7, mi=(ah;)’, i=1,2; h=hy—hy,
G=¢1— o, U=uy—ug, L=1—1la, ¥h=1b — 1o
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Then it follows from the equations in (3.128) that
[ G+ ur-Vo+a- Voo + (v — 1)(¢divur + ¢adiva) = 0,
Uy +up - Vi + 11V + a11 VI + asli hy Lu
= —0-Vug — a1¢Vly — [Ny — as(I{hy — I5ho) Lus
Fas(M VI - Qur) — haV15 - Q(us))
Faz(Ifr - Q(ur) — lgva - Q(uz)),
Iy +ui - VI+a- Vi = ag(Il¥n1 ¢ H(ur) — I5nads H (us)), (3.158)
he +uy - Vh + - Vhy + (6 — 1)(hdivus + hidiva) = 0,

3
Pe+ > Ap(u1)Okth + Bur)d + ad(hVdivuy + by Vdiva)
k=1

A () Ortpy — B(u)va,

7Z7 B,@)’t:@ = (0,0,0,0,0) in R37
L h, ) — (0,0,0,0,0) as |z| oo for t>0.

NE

I
B

K
(&,
(&,

I~

Set

o(t) =[|9lF + [$13 + [VI[3 + asal vVl Val3 + | *al3.
In a similar way for the derivation of (3.152), one can show that

d _v
(1) + C(IVal3 + 1y * wi) < HO®(0), (3.159)

with a continuous function H(t) satisfying
t
/ H(s)ds<C for 0<t<T,.
0

It follows from Gronwall’s inequality that ¢ = [ = 0 and ¢ = @ = 0. Thus the
uniqueness is obtained.

Step 3. The time-continuity follows easily from the same procedure as in Lemma
3.1.
Thus the proof of Theorem 3.1 is completed.

Remark 3.3. It remains to prove Lemma 3.11.

Proof. Define Xg(x) = X (z/R), where X (z) € C°(R?) is a truncation function
satisfying
1 if |z <1,
0<X(z)<1, and X(z)= (3.160)
0 if |z| > 2.
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Set hF*+LE = pA+1 X5 Then (3.134) yields
PeTLE Lk RFHLE (5 — 1) (R Rdive ! + hEdivif XR)

k7 k+1 0—1 & (3.161)
=u"h ‘VXR— 6U¢XR
Multiplying (3.161) by 2h**1F and integrating over R?, one can get
d - T T - o
%|hk+1’R|g <C|VuF|oo| RFTE |y + O (|RF | o | divi o + |BF|o[diva®]s)
(3.162)

+ C(’uk’2|ﬁk+1‘oo + ’ﬂkbwk‘m)
Sé‘ﬁk+1’R|2 +C«,

with ¢ > 0 being a generic constant depending on 7, but independent of R. Then
Gronwall’s inequality yields that

IWFFLE(1)], < Cexp (CT)  for (¢, R) € [0,T] x [0,00).
Hence, h**1 € L>([0, T]; L?(R?)), which, along with h¥+1 = p#+1 — p¥ and
ad
6—1
implies that A*+1 € L>°([0, T]; H3(R?)).
Similarly, one can show that ¢FT1, k1 € L°([0, T]; H?(R?)).

Vh* =% € L>°([0,T]; LY N D' N D?),

0

3.5. Limit from the non-vaccum flows to the flow with far field vacuum.
Based on the uniform estimates in (3.121), we are ready to prove Theorem 2.1.

Proof. Step 1: The locally uniform positivity of ¢. For any n € (0,1), set
ad

0 = do+n, ¥ = 57 V(do+0)*, hf = (d0+m)*.
Then the corresponding initial compatibility conditions can be written as
Vug = (o +m)'g{, Luo= (do+n)"*g3,
V((¢o +m)*Luo) = (¢ +m)""95, Vo = (¢0 +1) "9},

where g (i = 1,2,3,4) are given as

(3.163)

L (g0 + 737)_L e (62250 + )27
n_ 0 nvVeg' L7
= Y — UQ ),
93 (¢O +77L7)_3L (93 do + n¢0 0)
n_ %
9= (o + )+

It follows from (2.6)-(2.7) that there exists a 1 > 0 such that if 0 < n < 7, then
L+ 0+ 1+ 65 = nllpiaps + luolls + [[(hg) ™l Lenpranpzsnps
1
+ 196l Lanpranpz + [V(R{) 26 + 19712 + 9312 + 19512 + |g{]2 (3.164)

+ lllo = Ul prrps + 11 oo < o,
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where ¢y is a positive constant independent of 7. Therefore, it follows from Theorem
3.1 that for initial data (¢g,u, (], (), the problem (3.128) admits a unique strong
solution (¢7,u",1",4") in [0, Ti] x R3 satisfying the local estimate in (3.121) with
co replaced by ¢y, and the life span T is also independent of 7.

Moreover, ¢" is uniform positive locally as shown below.

Lemma 3.12. For any Ry > 0 and n € (0, 1], there esists a constant ag, indepen-
dent of n such that

¢(t,x) > ap, >0, Y(t,z)€[0,T.] x Bg,. (3.165)

Proof. Tt suffices to consider the case that Ry is sufficiently large.

It follows from (2.6) and Gagliardo-Nirenberg inequality that V¢g* € L*. This
implies that the initial vacuum does not occur in the interior point but in the far
field, and for every R’ > 2, there exists a constant C'rs such that

od(x) > Cr +n>0, VuzeBp, (3.166)

where Cps is independent of 7.
Now, let x(¢; zp) be the particle path starting from zy at ¢t = 0, i.e.,

L o:20) = (1,020,

dt (3.167)
(05 o) = o,
and B(t, R') be the image of Br under the flow map (3.167).
It follows from (3.128), that
t
"(t, ) = Pl (xo) exp ( — / (v — 1)divu’7(s;aﬁ(s;m0))ds). (3.168)
0
It follows from (3.121) that for 0 < ¢ < T,
t t 1
/ |diva (¢, z(t; zo)|ds S/ [IVu"|[2ds < e3T2. (3.169)
0 0
This, together with (3.166) and (3.168), yields that for 0 < ¢ < T,
¢"(t,z) > C*(Cr +n) >0, VazeB(R), (3.170)

1
where C* = exp (— (v — 1)e3T2).
On the other hand, it follows from (3.167) and (3.119)-(3.121) that

t
|zo — x| = |xo — x(t; 20)| < / [u" (s, x(s;m0))|ds < cst <1< R'/2,
0
for all (t,x) € [0,T.] x Bg/, which implies Bgs /o C B(t, R'). Thus, one can choose
R/ = 2R0, and AR, = C*CR/.
This Lemma 3.12 is proved. (|

Step 2: Taking limit n — 0%. Due to the n-independent estimate (3.121), there
exists a subsequence (¢, u", 1", ") converging to a limit (¢, u,, ) in weak or weak™
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sense:
¢ —n — ¢ weakly* in L([0,T.]; DI N D3),
u’ — u weakly in L2([0,Ty]; HY),
Y1 —¢p weakly* in L®([0,7.]; LY N DY N D?),
o — ¢y weakly* in L>([0,T.]; H?), (3.171)
(W 0)) = (uy ) weakly* in L([0,T.); HY),
" =1 —1—1 weakly* in L*([0,T.]; D! n D?),
I} =1, weakly* in L*([0,T.]; L°° N Di N D?).
Then by the lower semi-continuity of weak convergences, (¢,u,l,1) satisfies the
corresponding estimates as in (3.121) except weighted ones on u.
On the other hand, for any R > 0, the Aubin-Lions Lemma and Lemma 3.12
imply that there exists a subsequence (still denote by (¢, u", 1", 1)) satisfying
¢" —n— ¢ in C([0,T.); D;(Br)), ¥"— ¢ in C([0,T.); D**(Br)),
u" —wu in C([0,T.); H(BR)), 1"—1—1—1 in C([0,T.]; DX(Bg)), (3.172)
K" — h in C([0,T.]; H*(BR)).
Also, one can verify that:

6

h = ¢ - 2 3.173
o v=2vn= 2y, (3173
by the same argument used in the proof of (3.155).
Furthermore, one has
T
/ / (R"V2u" — hV?u) X dzdt
R3
T*
/ / h)V2u" + h(Vu" — V?u))) X dzdt
R3

for any test function X (t,2) € C°(]0,7T%] x R3). Due to (3.172) and Lemma 3.12,
it holds that

RV — hV2u weakly* in L>([0,Ty]; L?). (3.174)
Similarly, one can also get that
VIn(Vu", V) = Vh(Vu, Vug) weakly* in L°([0,T,]; L?),
RIV2u" — hV2u weakly* in L>([0,T,]; DL),
) ) L ) (3.175)
RTV2u" — hV?u weakly in L2([0,T.]; D! n D?),

(R"V2u")y — (hV?u); weakly in L2([0,Ty]; L?).

Hence, the corresponding weighted estimates for u in (3.121) still hold for the limit
functions. Furthermore, (¢, u,l,) is a weak solution to the Cauchy problem (2.2)-
(2.5) in the sense of distributions.

Step 3. The uniqueness follows easily from the same procedure as that for
Theorem 3.1.

Step 4: Time continuity. The time continuity of (¢,1,1) can be obtained by a
similar argument as for Lemma 3.1.
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For the velocity u, the a priori estimates obtained above and Sobolev embedding
theorem imply that

u € C([0,T.]; H) N C([0,T,]; weak-H?) and ¢'Vu € C([0,T]; L?).  (3.176)
It then follows from (2.2)9 that
¢ uy € L*([0, L] H?), (¢~ *ue)y € LP([0,T4]; L?),

which implies that ¢~2u; € C([0,7%]; H'). This and the classical elliptic estimates
for

asLu = —1""¢ " (up + u - Vu+ a1¢VI + IV — a2¢® V1" - Q(u) — azl’v - Q(u))

show that u € C([0,T%]; H?) immediately.
Finally, note that

hV?u € L®([0,T,]; H) N L*([0,T.]; D?) and (hV?u); € L*([0,Ty]; L?).
Thus the classical Sobolev embedding theorem implies that
hV2u € C([0,T.]; HY).

Then the time continuity of u; follows easily. We conclude that (2.8) holds.

In summary, (¢, u,[,) is the unique strong solution in [0, T,] x R? to the Cauchy
problem (2.2)-(2.5).

Thus the proof of Theorem 2.1 is complete. ]

3.6. The proof for Theorem 1.1. Now we are ready to establish the local-in-time
well-posedness of regular solutions stated in Theorem 1.1 to the Cauchy problem
(1.8) with (1.2) and (1.9)-(1.11).

Proof. Step 1. It follows from the initial assumptions (1.18)-(1.19) and Theorem
2.1 that there exists a time T, > 0 such that the problem (2.2)-(2.5) has a unique
strong solution (¢, u,l, 1) satisfying the regularity (2.8), which implies that

€ CH[0,T] x R3), (u,Vu) € C([0,Ty] xR3), 1€ C([0,T,] x R®).

Set p = (%@7%1 with p(0,x) = pg. According to the relations between (¢, 1))

and ¢, one can obtain
1-6 0 6—1
p=ap " Y=V

Then multiplying (2.2), by g—g, (2.2), by p, and (2.2); by Ac,p” respectively shows
that the equations in (1.8) are satisfied.

Hence, we have shown that the triple (p, u, S) satisfied the Cauchy problem (1.8)
with (1.2) and (1.9)-(1.11) in the sense of distributions and the regularities in Def-
inition 1.1. Moreover, it follows from the continuity equation that p(¢,z) > 0 for
(t,z) € [0,T] x R3. In summary, the Cauchy problem (1.8) with (1.2) and (1.9)-
(1.11) has a unique regular solution (p,u, S).

Step 2. Now we will show that the regular solution obtained in the above step
in fact is also a classical one within its life span.

First, according to the regularities of (p,u,S) and the fact

p(t,x) >0 for (t,z)€[0,T.] x R3,
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one can obtain that
(p,Vp, pt,u, Vu, S, Sy, VS) € C([0,T.] x R?).
Second, by the classical Sobolev embedding theorem:
L*([0, ., H) nWh([0, ., H ') < C((0, T.J; L?),
and the regularity (1.20), one gets that
tu; € C([0,T.]; H?), and u; € C([1,T,] x R3).

Finally, it remains to show that V?u € C([r,T.] x R3). Note that the following
elliptic system holds

asLlu = —17"¢ "2 (uy +u - Vu+ a16VI + IV — ag¢p® V1" - Q(u) — azl’y - Q(u))
="V M.
It follows from the definition of regular solutions and (1.20) directly that
tV M € L™([0, T.]; H?),
and
(L7~ 2M); =17V ¢ 2 M + t(I7)sp™ 2 M + t1 ™V (¢~ %)M
+ M, € L2(0,T.); 1),
which, along with the classical Sobolev embedding theorem:
L2([0, T.); H?) nWH([0, T.); HY) < C([0, TL]; L),
for any r € [2,6), yields that
¢ M e C([0,T.); Wi, tV2u e C([0,T.]; Wh).

These and the standard elliptic regularity yield immediately that V2u € C((0, T}] x
R3).

By the way, according to the relation (1.14), one also has that (p,u,S) is also a
classical solution to the Cauchy problem (1.1)-(1.3) with x = 0 and (1.10)-(1.11))
in (0,7,] x R3.

Step 3. We show finally that if one assumes m(0) < oo additionally, then (p, u, S)
preserves the conservation of total mass, momentum and total energy within its life
span. First, we show that (p,u,.S) has finite total mass m(¢), momentum P(¢) and
total energy E(t).

Lemma 3.13. Under the additional assumption, 0 < m(0) < oo, it holds that
m(t) + [P(t)|+ E(t) < oo for te0,Ty].

Proof. Let f:RT — R be a non-increasing C? function satisfying

1 s € [0, %},
f(s) = < non-negative polynomial s € [%, 1),
e ® s>1.

It is obvious that there exists a generic constant C' > 0 such that

()| < Cf(s).
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For any R > 1, define fr(x) = f(%). Then it holds that for any p > 0,
|z|P fr(z) < C and | 1|im |z|? fr(z) = 0. (3.177)
T|—00

According to the regularity of solutions obtained and the definition of f, one can
make sure that,

[ o+ aivipul) e < (1),
[ (1o 2t Gl |+ olul D) < o),

for any fixed R > 1, where C'(R) is a positive constant depending on R.
Since the continuity equation (1.1); holds everywhere, one can multiply (1.1); by
fr(z) and integrate with respect to x to get

d

pr pfr(x) = —/diV(pU)fR($)- (3.178)

Then it follows from integration by parts that

_/div(pu)fR(fL‘) =/P“'xf’(1€|)R1x| = C%/mm’

which, along with (3.178) and Gronwall’s inequality, shows that

ess sup /PfR(fC) < C/pofR(x),

0<t<T
with C' a generic constant independent of R. Note that
pfr(z) - p as R — o0

for all x € R3, thus by Fatou’s lemma (i.e., Lemma 5.6)

ess sup /pgess sup liminf/pr(x) < 0. (3.179)
0<t<T 0<t<T R—00

Second, based on (3.179), one has
PO =] [ pu] < Clolifuls < o0

E(t) :/(;p|u]2+ﬂ> (3.180)

_ =
<C(lplilul3 + 1pI3 Hplle |oo) < oo

The proof of this lemma is complete.
O

We are now ready to prove the conservation of total mass, momentum and total
energy.

Lemma 3.14. Under the additional assumption, 0 < m(0) < oo, it holds that
m(t) =m(0), P(t)=P(0), E()=FE0) for te][0,T,].
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Proof. First, (1.1)2 and the regularity of the solution imply that

P, = —/div(pu ®u) — /VP + /div']I‘ =0, (3.181)
where one has used the fact that
(1),(9) Voor 5 v 1,13 .
put’uV’ plecv  and p°eew Vu e WHH(R?) for i, j=1, 2, 3.
Second, the energy equation (1.1)3 implies that
E, = —/div(pgu + Pu—uT) =0, (3.182)
where the following facts have been used:
1 S s,
ip\u|2u, plecwwu and plee’uVu € WHLHRY).
Similarly, one can show the conservation of the total mass. (Il
Hence the proof of Theorem 1.1 is complete. O
4. REMARKS ON THE ASYMPTOTIC BEHAVIOR OF u
4.1. Non-existence of global solutions with L*>° decay on u.

4.1.1. Proof of Theorem 1.2. Now we prove Theorem 1.2. Let T > 0 be any con-
stant, and (p,u,S) € D(T). It follows from the definitions of m(t), P(t) and Ey(t)

that
P(t)] < /p(t,:n)|u(t, z)| < V2m(t)E(t),

which, together with the definition of the solution class D(T'), implies that

[P(0)[? 1 2
0 Er(t) < —m(0)]u(t for te|0,T].
< gty < B0 < gmOO, for te (0.7
Then one obtains that there exists a positive constant C, = ‘E(—(%))l such that

|u(t)|oo > Cy  for te0,T].
Thus one obtains the desired conclusion as shown in Theorem 1.2.

4.1.2. Proof of Corollary 1.1. Let (p,u, S)(t,x) defined in [0, T] x R3 be the regular
solution obtained in Theorem 1.1. Tt follows from Theorem 1.1 that (p,u, S) € D(T),
which, along with Theorem 1.2, yields that Corollary 1.1 holds.

4.2. Non-conservation of momentum for constant viscosities. However, for
flows of constant viscosities and thermal conductivity [7,40], in Corollary 1.2, we
will show that the classical solution exists globally and keeps the conservation of
total mass, but can not keep the conservation of momentum for large time for a
class of initial data with far field vacuum. This is essentially due to that T does not
belong to WH1(IR3).
Set:
F2 (2u+Ndivu — P, w2V xu,

to be the effective viscous flux and the vorticity respectively. Then F' and w satisfy
the following elliptic equations:

AF =div(pt) and plw =V x (pi). (4.1)
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The proof of Corollary 1.2 is divided into three steps:

Step 1: Local-in-time well-posedness. It follows easily from the initial assumption
(1.28)-(1.29) and the arguments used in Appendix B of [40] that there exists a time
Tp > 0 and a unique classical solution (p, u,6) in (0, Tp] x R3 to the Cauchy problem
(1.1)-(1.3) with (1.26)-(1.27) satisfying (1.34)-(1.36), and

p(t,x) >0, O(t,x) >0, (tz)€][0,00)x R

Step 2: Global-in-time well-posedness. It follows from the local-in-time well-
posedenss obtained in Step 1, the smallness assumption (1.30) and the conclusions
obtained in Theorems 2.13 and 2.17, Remark 2.14, Lemma 3.1 and Proposition 4.1
of [40] that the Cauchy problem (1.1)-(1.3) with (1.26)-(1.27) has a unique global
classical solution (p,u,6) in (0,00) x R? satisfying

m(t) = m(0) and ogEk(t)g%m(O)\u(t,-) <oo for te[0,T), (4.2)

%
for arbitrarily large 7" > 0, and (1.32)-(1.37) for any 0 < 7 < T < o0.

Step 3: Large time behavior on u. First, by the Gagliardo-Nirenberg inequality
in Lemma 5.1 and the standard regularity theory for elliptic systems, one has

1 11 1 1
|uloo SClulg|Vul§ < CIVulZ (IF[§ + wlg +1PIg)

(4.3)
o 1 1 . 1
<C|Vulj (lpil2 +[Pls)> < C|Vul3 (|\/pil2 +[VO]2)2,
which, together with (1.32)-(1.33) and (1.37), implies that
lim sup |u(t, )| = 0. (4.4)
t—00

Finally, it follows from (4.2), (4.4), and the proof of Theorem 1.2 that if m(0) > 0
and [P(0)| > 0, the law of conservation of momentum of the global solution obtained
in Step 2 can not be preserved for all the time ¢ € (0, c0).

Thus the proof of Corollary 1.2 is complete.

5. APPENDIX
For convenience of readers, we list some basic facts which have been used fre-
quently in this paper.
The first one is the well-known Gagliardo-Nirenberg inequality.

Lemma 5.1. [22] Let function u € L% N DY(RY) for 1 < q1,r < co. Suppose also
that real numbers £ and qo, and natural numbers m, i and j satisfy

1 ] 1 ) 1-— j
—‘7+(—Z>§—|— 3 and Z.Sfél-
T

@ d d q1 7

Then u € D742 (]Rd), and there exists a constant C' depending only on 1, d, j, q1, 7
and & such that

IV9ul| e < CIIVull ]|ul far. (5.1)

Moreover, if 7 =0, ir < d and q1 = 00, then it is necessary to make the additional
assumption that either u tends to zero at infinity or that u lies in L*(RY) for some
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finite s > 0; if 1 < r < o0 and i — j — d/r is a non-negative integer, then it is
necessary to assume also that & # 1.

The second one concerns commutator estimates, which can be found in [32].

Lemma 5.2. [32] Let r, 1 and ro be constants such that

1 1 1
-—=—4+—, and 1<y, ro, r < o00.
T Ty T
For s > 1, if f,g € W™ N W?*"2(R3), then it holds that
IV*(fg) — fVigl, < CS(|vf’r1 ’v3719’7“2 + ‘st‘m‘g‘m), (5.2)
|vs(f9) - fv89|r < CS(|vf|r1 ’vs_19|r2 + |st|7“1|g|1"2)7 (5-3)

where Cs > 0 is a constant depending only on s, and V°f (s > 1) is the set of all
05 f with || =s. Here ¢ = (§1,§2,§3)T € R? is a multi-indez.

The third lemma gives some compactness results obtained via the Aubin-Lions
Lemma.

Lemma 5.3. [37] Let Xg C X C X; be three Banach spaces. Suppose that X is
compactly embedded in X and X is continuously embedded in X1. Then the following
statements hold.

i) If J is bounded in L"([0,T]; Xo) for 1 < r < +o0, and %—‘Z is bounded in
LY([0,T); X1), then J is relatively compact in L"([0,T]; X);

i) If J is bounded in L*([0,T]; Xo) and % is bounded in L"([0,T); X1) for
r > 1, then J is relatively compact in C([0,T]; X).
The following lemma, is used to improve weak convergence to strong one.

Lemma 5.4. [32] If the sequence {wy}72, converges weakly to w in a Hilbert space
X, then it converges strongly to w in X if and only if

lwllx > Tim supy, oo [[wp | x-

The following lemma is used to obtain the time-weighted estimates of .
Lemma 5.5. [1] If f(t,z) € L*([0,T); L?), then there exists a sequence sy such that
sp— 0 and sgp|f(sp,z)3 =0 as k— oo.

Finally, we list the well-known Fatou’s lemma.

Lemma 5.6. Given a measure space (V,F,F) and a set X € F, let {fx} be a
sequence of (F, Br.,)-measurable non-negative functions f : X — [0,00]. Define a
function f: X — [0, 00] by

() = Tipminf fi(x),

for every x € X. Then f is (F, BR>O) measumble and

/f dF<hm1nf/ Jr(z)dF.
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