DELAUNAY DECOMPOSITIONS MINIMIZING ENERGY OF
WEIGHTED TOROIDAL GRAPHS

WAI YEUNG LAM

ABSTRACT. Given a weighted toroidal graph, each realization to a Euclidean
torus is associated with the Dirichlet energy. By minimizing the energy over all
possible Euclidean structures and over all realizations within a fixed homotopy
class, one obtains a harmonic map into an optimal Euclidean torus. We show
that only with this optimal Euclidean structure, the harmonic map and the
edge weights are induced from a weighted Delaunay decomposition.

1. INTRODUCTION

Let G = (V,E,F) be a cell decomposition of a topological torus S and f :
(V,E) — S be a corresponding realization of the graph (V, E). We assume the
graph is equipped with some positive edge weights ¢ : £ — R where ¢;; = ¢j;.

We parameterize the space of Fuclidean tori with unit area by the upper half
plane H C C and write S, for the corresponding Euclidean torus given by 7 € H.
For every straight-line mapping to a Euclidean torus h : (V, E) — S, it is associated
with the Dirichlet energy

(1) Ec(h) == 3 Z cijli;-
ijEE
where £ is the edge length.

There are several interpretations of the edge weights and the energy. One is to
think of the edges as springs with force constant ¢. Then the total energy stored
in the springs is the Dirichlet energy. There is also an interpretation in terms of
electric networks, where the edge weights are regarded as conductance.

In our case, it is a classical result that for every fixed Euclidean torus S, and
among all mappings h : (V, E) — S, such that h is homotopic to f, the energy E.
has a minimizer h, unique up to translations [I4] [6]. The map h, has convex faces
and is called a Tutte-like embedding [6]. It is also known to be a harmonic map
satisfying a discrete Laplace’s equation.

One can further minimize the energy by varying the Euclidean structures, i.e.
to consider the function

£.:HxC;—R
(r,h) > E.(h)

where C; denotes the space of mappings h that are homotopic to f. It is known
that & has a unique minimizer (7,h,) [I2]. Our goal is to explore the relation
between this optimal Euclidean structure 7 and the edge weights. Specifically, we
are interested in a converse question.
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Question A: Given a Euclidean structure 7 on the torus and a straight-line em-
bedding h : V' — S, such that all faces are convex, what are the positive edge
weights ¢ such that (7, k) is the minimizer of £.?

We shall relate the above question to conjugate maps. For every harmonic map
h:(V,E) — S;, its lift to the universal cover h : (V, E) — C has a conjugate map
h* : FF — C defined by

(2) hfeft(ij) - hzight(ij) = v—lcij(h; = hi)

where left(if) is the left face of the oriented edge ij. Alternatively, one can write

o 1 hfeft(ij) o h;ight(ij)
“ \/jl ?Lj — iLZ '

The map h* defines a realization of the dual decomposition of the universal
cover (V*,E* F*) = (F,E,V) and is harmonic with respect to the edge weights
¢* :=1/c. The edges of h* are orthogonal to those of h. The maps h and h* are said
to be reciprocal in the sense of the Maxwell-Cremona correspondence [I5]. Since h
is doubly periodic, one can deduce that h* projects to an Euclidean torus kS, for

some k > 0. Here kS, denotes the scaled copy of the Euclidean torus S,/ having
area k2.

Question B: Given edge weights ¢ and any Euclidean torus 7, the harmonic map
hy : (V,E) = S, defines a conjugate harmonic map h* : (V*, E*) — C over the
universal cover. Does h* project to the same torus S, up to scaling? It is shown
in [3] that this only holds for some unique Euclidean structure.

We relate the two questions above by applying discrete harmonic conjugates,
which is also known as the response matrix in electric networks [11].

Theorem 1.1. Let ¢ : E — Ryqg be positive edge weights. Then there exists a
unique 7. € H and k. > 0 such that the following holds:

(1) (7c, hr,) is the minimizer of E. over the space H x Cy with value k..

(2) The conjugate map of hy : V. — S, projects to kS, for some k > 0 if and
only if T =1, and k = k..

In other words, the scaled conjugate map hl := h% /k; projects to the same
torus as h,,. Both the maps h., and hl are respectively unique up to translations.
However, if we fix a choice for h,_, then there is a unique choice for hic such that h,,
is a realization of a weighted Delaunay decomposition with vertex weights defined
consistently, and hiﬂ is the dual Voronoi diagram [3, Theorem 4.4].

Corollary 1.2. Let ¢ : E — Rsq be positive edge weights. Then (7,h;) is the
minimizer of the energy & with value k if and only if the realization of the cell
decomposition (V, E, F) under h, is a weighted Delaunay decomposition and h' :=
hi/k is the dual Voronoi decomposition. Furthermore, the edge weighs satisfy for
every ij € £

Pt _ it
k hleft(ij) hright(ij)
V-1 hj — hi
Here left(ij) denotes the left face of the oriented edge {ij} while right(ij) denotes
the right face.

(3) Cij = >0
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A weighted Delaunay decomposition is also known as a power diagram. It is a
generalization of the classical Delaunay decomposition where the distance function
for the Voronoi cells are modified by vertex weights. One can show that the dual
edge is always perpendicular to the primal edge, which motivates the v/—1 in equa-
tion . In the case where the vertex weights are constant, one obtains the classical
Delaunay decomposition and equation (3 yields the famous cotangent weights from
the finite element discretization [I7]. Corollary provides an answer to Question
A and there are embeddings with convex faces that cannot be minimizers of &, for
any positive edge weights ¢ (See Example .

On the other hand, one observes that the minimal Dirichlet energy k. is intrinsic
to the weighted toroidal graph. It is natural to expect that k. can be expressed in
terms of the edge weights without involving the embedding h as in equation .
We first state the formula and then explain the notations.

Theorem 1.3. Let ¢ : E — Rs( be positive edge weights. Then the minimal
Dirichlet energy is given by

deto(dTCd)
deto(dT Cd)

ke :=min&, =

In the formula, we fix an arbitrary orientation for the edges and d denotes the
ExV-incidence matrix, where d” is its transpose. C' is the Ex E diagonal matrix
consisting of edge weights. Thus, A := d” Cd is a V xV-matrix that represents the
discrete Laplace operator: for every g: V — R,

(Ag)i = Zcij(fj = fi)-

Furthermore, dety denotes the product of nonzero eigenvalues of the corresponding
matrix. d is a Ex(V+2)-matrix. Its first V' columns are those of d, which can
be regarded as a basis of the space of exact 1-forms. The last two columns of d
represent closed 1-forms with nontrivial periods, whose integrals along ~; and
are respectively (1,0) and (0, 1).

In fact, Theorem and Theorem hold for edge weights with arbitrary signs
as long as the energy functional is positive definite (Section . However, Corollary
[[:2 has to be interpreted differently in this case, since the Delaunay condition is
equivalent to the edge weights being positive.

1.1. Related work. It is common in computer graphics [6] [7] and discrete confor-
mal geometry [4, 5 [16, @, [19] to consider edge weights defined by equation from
a given Delaunay decomposition. On the one hand, it includes the cotangent-weight
Laplacian which is obtained from the finite element discretization [I7]. On the other
hand, the corresponding discrete harmonic functions are related to deformations of
circle patterns [13].

Delaunay decompositions minimize energy in several other ways. An example is
Rippa’s theorem [I8]. For that setting, vertex positions are fixed while combina-~
torics are allowed to change. It is in contrast to our setting where combinatorics
and edge weights are fixed but vertex positions are allowed to move.

Realizations of graphs to other surfaces that minimize the Dirichlet energy have
been considered [20]. For a finite planar graph, one obtains the classical Tutte
embedding. For hyperbolic surfaces, one also obtain a harmonic map to an optimal
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hyperbolic surface [§]. However, its connection to Delaunay decomposition remains
unclear.

The energy that we consider is naturally associated to an electric network where
the edges weights play the role of conductance. Our main tool is to consider discrete
harmonic conjugates, which is also called the response matrix in electric networks.
If we regard the weights as those in dimer models, there are related realizations
[10].

We focus on edge weights where the energy functional is positive definite (Defini-
tion . However, it is also interesting to consider edge weights where the energy
functional fails to be positive definite [2, [13].

2. THE SPACE OF MARKED EUCLIDEAN TORI

We assume that 71,79 are the generators of the fundamental group and parame-
terize the space of Euclidean tori with unit area by the upper half plane H C C such
that for each 7 € H, the Euclidean torus S; is obtained as a quotient of R? = C by
translations and has holonomy

1 T

p’Yl(Z):Z—’_ \/m7 p’Yz(Z):z+

TmT

For every mapping h : (V, E) — S, where edges are realized as straight lines, we
consider its lift to the universal cover h : (V, E) — C. Tt satisfies

(4) hom =h+ , hoye=h+ ——

1 ~ ~
Ec(h) = = Z Cij|hj — h1‘2

ijeE
The map £ is harmonic if it is a critical point of the energy under variation of vertex
positions, equivalently for i € V'

Z Cij(ilj — ]N”LZ) =0.
J

In the following sections, we shall interpret Re h and Im h as integrals of harmonic
1-forms with specific periods.

3. DISCRETE HARMONIC 1-FORMS

A discrete 1-form is a function on oriented edges w : E — R such that wij = —Wji
for every edge ij. A discrete 1-form is closed if its summation over the boundary of
every oriented face is zero. For example, in the case of a triangulation, w is closed
if for every triangle {ijk},

Wij + Wik + Wi = 0.

For a closed discrete 1-form w on a torus, one can consider its periods

Zw:A, Zw:B
71 2



WEIGHTED TOROIDAL GRAPHS 5

where the summation is over an edge path homotopic to ;. Because w is closed,
the summation is independent of the path chosen. A 1-form w is exact if there
exists f: V — R such that

wij = fj — fi
One can show that a 1-form is exact if and only if it is closed with vanishing periods,
i.e. (A,B) = (0,0) in the case of tori.

The orientation of the primal edges naturally induces an orientation for the dual
edges. Given an oriented edge ij, the dual edge *ij is oriented from right face to
the left face of 7j. In this way, we say a 1-form w is co-closed if it is a closed 1-form
with respect to the dual decomposition, i.e. for every vertex i € V

Zwij =0
J

where the summation is over the neighboring vertices of .

For every 1-form w, there is an associated 1-form *w defined by *w = cw. The
map sending w to *w is a discrete analogue of the Hodge star operator.

We call w a harmonic 1-form on the primal decomposition (V, E, F') if w is closed
and *w = cw is co-closed. The co-closeness implies for every vertex i € V

E *W = E CijWij =0.
J

J

One can check that xw is a harmonic 1-form with respect to the dual cell decom-
position and edge weights ¢* := 1/¢. We call *w the harmonic conjugate of w.

It is known [I, Theorem 3.9] that the space of discrete harmonic 1-forms on a
torus is parameterized by the period (4, B) € R2.

4. RESPONSE MATRIX OVER THE PERIOD SPACE

For any edge weights ¢, we consider a map on the period space
L:R* 5 R?
(A,B) — (A, B)
which maps the periods of a harmonic 1-form on (V, E, F) to the periods of the
conjugate harmonic 1-form, which is also called the response matrix in the setting

of electric networks. Namely, for every (A, B) € R?, there exists a unique harmonic
1-form w : E — R such that

Z w=A, Z w=B.
71 2
Its conjugate would have periods
Sww=Ad Y =B
71 2
Then we define L(A, B) = (A, B). We shall relate it to the Dirichlet energy and
derive an explicit form.

Definition 4.1. We define a skew symmetric bilinear form over R2. For any
(4, B), (A, B) € R?,
{(A,B),(4,B)} := AB — BA.
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Given a closed 1-form w and a co-closed 1-form @ we can consider their product
E wij&;ij
ijeE
Because of the closeness and the co-closeness, the summation can be rewritten as

the product of integrals along the boundary of a fundamental domain, which is
analogous to Stokes’ theorem.

Proposition 4.2. [1] Suppose w is a closed 1-form on the primal decomposition
(V, E, F) with periods (A, B) and & is co-closed, i.e. a closed 1-form on the dual
decomposition (V*, E*, F*), with periods (A, B). Then

Zwia‘@zj = {(4,B),(4,B)}

For any harmonic 1-form w and @ on the primal graph, we take the product

D Cuwiyy = ) Wk = )
Notice that w is closed on the primal graph while *w := cw is co-closed. So we can
apply Proposition

Corollary 4.3. Suppose w,w :NE_lﬁ R are harmonic 1-forms on the primal decom-
position with periods (A, B), (A, B) respectively. Then

(5) Zcijwij@ij = {(AvB)vL(‘ZL B)} = {(A’ B)’ L(A,B)} = —{L(A, B), (‘ZL B)}
Now we are able to deduce the operator L.

Proposition 4.4. For any edge weight ¢ : E — R~, in terms of the standard basis
of R?, the operator L over the period space has the matriz form

Re 7. 1
_ kc Im 7, _kc Im 7.
L= k \Tc|é‘ —k Re 7.

¢Im 7. ¢Im 7.

for some k. > 0 and 7, € H.
Proof. In terms of the standard basis of R?, we write the L operator as a 2x 2-matrix
a b
=0 0)

Equation implies for any column vectors U,V € R?,

01 (01
U<_10)LV UL(_10>V

and we deduce that a = —d.
Furthermore, since the energy is always non-negative, Equation implies for
any nonzero column vector U € R?,

" 0 1 i c —a
0<U<_1 O)LUU(—a —b>U
c —a

—a b

det( ¢ _a)bca2>0
a —b

It is deduced that ( is positive definite. Thus
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c>0
b<0
We define
ke :=\/—bc — a2 > 0
a
Rer,:=— —
eT ;
k
Im7.:=——->0
m T, b >
and the claim follows. O

5. PROOF oF THEOREM [L.1]

We investigate harmonic maps to the torus from the information of the operator
L Throughout the section, we assume 7., k. to be the one given in Proposition

Theorem [I.1] is a restatement of Proposition [5.1] and [5.2]

Proposition 5.1. Let 7 € H represents any Fuclidean torus and hy : V. — S, be
the corresponding harmonic map. Then its energy satisfies

Ec(Tyhr) = Ec(hy) 2 ke = Ec(Te, hry)
and (Te, hr,) is the unique minimizer of ..

Proof. We abbreviate h; as h and write h the lift of h to the universal cover. For
every oriented edge ij, we consider

Wi = Re(ﬁ; — iLg), Nij = Im(i?,} — il;)
which defines harmonic 1-forms on the torus (V, E, F). Equation implies that

they have periods
Rer
w= w =
>  Te-

Im~
;n—o, %77— VimT

We compute its energy using Proposition [4.2]

Ec(hT) = Zcij‘w|2 + Zcij|77|2
ij ij
1 1 Rer 1 Rer 1 Im~ Im~
=3 ) 7L 9 +7 07 7L0a
2{(\/Im7' \/IHIT) (\/ImT \/ImT)} 2{( \/ImT) ( Imr)}
_ ke 2 2
—m(|7—c| +‘T| 2Re7—cReT)
_ ke 2 2 2
721mTCImT((ReTC Re7)” + |Im7.|* + | Im 7|%)
kel — 7|2
[ I N k
2Im7'cImT+ ¢
> ke

The equality holds if and only if 7 = 7. O
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Proposition 5.2. For any 7 € H, the conjugate map of h. : V. — S, projects to
kS, for some k > 0 if and only if (1,h;) = (7¢, hr,) and k = k..

Proof. We abbreviate h, as h and define w, 7 as in the proof of Proposition
We consider the conjugates *w and *n which have periods

1 Ret k
*W, *w) < Rer. — Rer, 7./* —=Re7.Ret
(e o) = s o) = e = )
Im7 ke
*7), xn) = L(0, = —Im7,—Rer.1I
(Z 772 " ( ImT) Im 7, ImT( T erelm7)

By Equation , the conjugate harmonic map h*:V — C is in the form

hfeft(ij) - h;ight(ij) =—*nij +V—lrw

and hence
~ ~ k Im T Re7. — Rert
h* —h* = < NIV e
°m vIm Tc( Im7, vVImt.ImT
il*o")@*il*: ke (ImTReTC+ﬁ|Tc| —ReTcReT)
Im 7. Im 7, Im 7,

Thus h* projects to kS;, i.e. in the form

- - k
h*ovy —h* =
n vVIimT
~ - k
h* o~y —h* = T
Imr
for some k > 0 if and only if 7 = 7, and k = k.. O

6. RESPONSE MATRIX L FROM LAPLACE OPERATOR A

In the section, we shall express the response matrix L : R — R? in terms of the
discrete Laplacian and prove Theorem

We first define an incidence matrix d. We fix an arbitrary orientation for every
edge e so that e, and e_ represent the head and the tail of the oriented edge e.
Then we define d : RV — R¥ by

df(e) = fles) — fle-).
We further define
A:=d"Cd
where C : RF — RF is the diagonal matrix of the corresponding edge weights and
d" is the transpose of d. One can show that the operator A : RV — RV satisfies
for every vertex i
Z cii(f5 = 1)

and A is the so called discrete Laplaman. It is semi-positive definite and the kernel
consists of constant functions.

Notice that each column vector of d represents a closed discrete 1-form that is
exact. The column vectors form a basis of the space of exact 1-forms on the cell
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decomposition G = (V, E, F). To get a basis of the space of closed 1-forms, we
consider two more closed 1-forms m; and msy that have nontrivial periods

Zml = 1,Zm1 =0
71 72
ZmQ :O,ng =1
71 2

Thus, every closed 1-form with periods

Zw:A,Zw:B
71 2

can be expressed as

.
w=df + | m1 ma (g)::df—i—M(g)
.

for some f € RY unique up to constants. The closed 1-form w is harmonic if

0=d"Cw=d"Cdf +d"CM <g) =Af+d'CM (g)

To obtain a solution in terms of f uniquely, we can pick a vertex o and demand
fo = 0. We write d; as the submatrix of d with the column corresponding to
vertex o removed and Az as the submatrix of A with the column and the row

corresponding to vertex o removed. One can show that A is invertible. The
values of f at vertices other than o can be obtained via

(6) fo = -agtien ()
Now we can compute the operator L : R? — R? in terms of the edge weights.

Proposition 6.1.

L= <_01 é) (—MTCdAZLdTCOM + MTCOM)

Proof. To compute the formula, we need further notations on the dual graph. Since
the orientation of the primal edges is chosen, it naturally induces an orientation of
the dual edges. Namely, a dual edge *e is oriented from the right face of e to the
left. We then define the incidence matrix d, : RY — RE similarly. The columns of
d, form a basis of the space of exact 1-forms on the dual graph. We further define
a |E|x2 matrix M, such that its columns m,; and m.o represent closed 1-forms on
the dual graph having nontrivial periods

Zm*l = 1azm*1 =0
71 2
Zm*g = O,Zm*g =1
7 72

For a harmonic 1-form w, it is closed and *w is co-closed. So we have

A A
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for some f: V — Rand g: F — R. Applying M” to both sides from the left yields
A A 0 1\ /A
T T _ (T T
M Cdf + M*CM <B> =(M"d,)g+ M" M, <B) =0+ (_1 0) <B>

where Proposition [4.2|is applied to Md, and M M, since the rows of M7 repre-
sent closed 1-forms on the primal graph while the columns of d, and M, represents
co-closed 1-forms. Because f, = 0, we have from Equation @

(g) . ((1) _01) (MTCdyfy + MTCM (g))

= (‘i _01) (—~MTCdsAtdE oM + MTCM) (g)

and thus
L= (? 01> (- MTCdyAdTCM + M CM)
([l
Proof of Theorem[I.3 From Proposition [£.4] the minimal energy is k.. We know
(7) k2 = det L = det(—M* Cdo A5 dEOM + MTOM)

Recall that the determinant of a block matrix satisfies

det (éDT %) =det Pdet(R — QT P™'Q)

whenever P is an invertible matrix. Applying this formula to Equation [7] yields
det ( Ass dXcm ) o

2 MTCd, MTCM _ det(dlCds)

¢ det Ags det(dLCd5)

where

is a |E|x(]V|+1) matrix. Notice that both matrices d”Cd and d”Cd are semi-
positive definite. One has

dredf =0
if and only if f € RY is a constant function. On the other hand
(T
d'Cd | A| =0
B

if and only if f € RV is a constant function while A = B = 0. Thus
det(dfCd;)  [deto(dT'Cd)
det(dX'Cd,) '\ deto(dTCd)

and dety denotes the product of non-zero eigenvalues. (I

Remark 6.2. The discrete Laplace operator dTCd is a sub-matriz of dTcd. The

Schur complement of the block (d7Cd)os of the matriz (d7Cd)os is in fact the matrix

(5 o)
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st
FIGURE 1. One-vertex triangulation of the torus. The vertex has

six neighboring edges on the universal cover.

where L is the response matriz that we used.

Example 1. We consider a one-vertex triangulation of the torus (Figure . By
computing the L operator on the period space, one finds that the minimal energy is

ke = \cica + cacs + c3cq

and the optimal Fuclidean structure is given by

—cy + iy/c1c0 F cac3 + c3cq
co +C3
where 1 = \/—1. Notice that Ret, < 0 for this weighted graph. In other words,

for this graph, any realization to a Euclidean torus S, with ReT > 0 cannot be a
minimizer of E. for any positive edge weights c.

Te =

7. WEIGHTS WITH ARBITRARY SIGN

In Theorem the assumption about edge weights being positive is not com-
pulsory. We can allow the edge weights taking negative values as long as the energy
functional is positive definite over the space of closed discrete 1-forms.

Definition 7.1. Let (V, E,F) be a cell decomposition of a torus. The edge weight
c: E — R is said to be non-degenerate if for every closed 1-form w: E — R

E.(w) = Zcijwfj >0
ij

and the equality holds if and only if w =0

Proposition 7.2. Suppose the edge weight ¢ : E — R is non-degenerate. Then
over the period space L : R2 — R? is well defined.

Proof. We first show that if w is a harmonic 1-form with vanishing periods, then
it must be trivial. Observe that w having vanishing periods implies there exists
f : V' — R such that Wij = fj — fi~ Thus

D eywh =Y FiY eii(fi—fi) =0
i

The non-degeneracy of w yields w = 0. This also implies the uniqueness of harmonic
1-form with any given periods if exist. Indeed, by dimensional argument, we thus
deduce that for any prescribed period (A, B), there exists a unique harmonic 1-form

w such that
Zw =A, Zw =B
Y1 71

Thus the map L : R? — R? as in Section [4]is well defined. (]
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For non-degenerate edge weights, one can check Proposition [.4] [5.1] and [5.2]
hold and the proofs remain the same. However, Corollary has to be interpreted
differently.
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