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Abstract

This paper concerns the stabilizing e�ect of viscosity on the vortex sheets. It
is found that although a vortex sheet is not a time-asymptotic attractor for the
compressible Navier-Stokes equations, a viscous wave that approximates the vortex
sheet on any �nite time interval can be constructed explicitly, which is shown to be
time-asymptotically stable in the L8-space with small perturbations, regardless of
the amplitude of the vortex sheet. The result shows that the viscosity has a strong
stabilizing e�ect on the vortex sheets, which are generally unstable for the ideal
compressible Euler equations even for short time [26, 8, 1]. The proof is based on
the L2-energy method. In particular, the asymptotic stability of the vortex sheet
under small spatially periodic perturbations is proved by studying the dynamics of
these spatial oscillations. The �rst key point in our analysis is to construct an ansatz
to cancel these oscillations. Then using the Galilean transformation, we are able to
�nd a shift function of the vortex sheet such that an anti-derivative technique works,
which plays an important role in the energy estimates. Moreover, by introducing a
new variable and using the intrinsic properties of the vortex sheet, we can achieve
the optimal decay rates to the viscous wave.
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1 Introduction

The three-dimensional (3D) compressible isentropic Navier-Stokes (NS) equations read,#
Btρ� divm � 0,

Btm� divpρub uq �∇ppρq � µ△u� �
µ� λ

�
∇divu,

x P R3, t ¡ 0, (1.1)

where ρpx, tq ¡ 0 is the density,mpx, tq � ρupx, tq P R3 is the momentum with upx, tq P R3

being the velocity, the pressure ppρq is the gamma law, satisfying ppρq � ργ with γ ¡ 1,
and the viscous coe�cients µ and λ are assumed to satisfy

µ ¡ 0 and µ� λ ¥ 0. (1.2)

In the case for µ � λ � 0, (1.1) is the 3D compressible isentropic Euler equations,#
Btρ� divpρuq � 0,

Btpρuq � divpρub uq �∇ppρq � 0,
x P R3, t ¡ 0, (1.3)

which admit rich wave phenomena such as shock waves, rarefaction waves and contact
discontinuities, i.e. vortex sheets. A vortex sheet is an inviscid �ow in which the velocity
�eld is discontinuous in a tangential direction across a surface. In particular, a planar
vortex sheet is given by,

pρ̄vs, ūvsqpx, tq �
#
pρ̄, ū�q, x3   st,

pρ̄, ū�q, x3 ¡ st,
(1.4)

where ρ̄ ¡ 0, ū� � pū1�, ū2�, ū3�q and s are constants, satisfying the Rankine-Hugoniot
(RH) conditions,

ū3� � ū3� � 0 and � spūi� � ūi�q � ū3�ūi� � ū3�ūi� � 0 for i � 1, 2, 3, (1.5)

which implies that ū3� � ū3� � s.
It is well known that both the compressible NS equations (1.1) and Euler equations

(1.3) are invariant under the Galilean transformation, i.e. if pρ,uq solves (1.1) (resp.
(1.3)), then so does

pρ�,u�qpx, tq � �
ρpx� ct, tq,upx� ct, tq � c

�
(1.6)

for any constant vector c P R3. Thus, by selecting c � �� ū1��ū1�
2

, ū2��ū2�
2

, s
�
, one can

assume without loss of generality that the planar vortex sheet (1.4) has the form,

pρ̄vs, ūvsqpx, tq �
#
pρ̄,�ūq, x3   0,

pρ̄, ūq, x3 ¡ 0,
(1.7)

where ū � pū1, ū2, 0q � 0 is a constant vector.

The stability of compressible interfacial waves is an important issue in gas dynamics.
Di�erent from the nonlinear shock waves and rarefaction waves, the linear degeneracy
makes the compressible contact discontinuities less stable, which may lead to various in-
stabilities such as the Kelvin-Helmholtz instability for vortex sheets and Rayleigh-Taylor
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instability for entropy waves (the other kind of contact discontinuities in which the ve-
locity and pressure are continuous); see [7, 11]. For the 3D compressible Euler equations,
the planar vortex sheets are violently unstable (see e.g. [31]). In two dimensions, the
rectilinear compressible vortex sheets are also violently unstable if the Mach number M
is less than

?
2, while the supersonic vortex sheets with Mach numberM ¡ ?

2 are shown
to be linearly stable; see [26, 8, 30]. The nonlinear stability of the 2D supersonic vortex
sheets was then established locally in time by [3, 4]; also see [27, 28] for similar stability
results in the non-isentropic case. However, one cannot expect the global nonlinear sta-
bility of the compressible vortex sheets for (1.3), which was observed by [1] through the
argument of nonlinear geometric optics. We also refer to [35, 2, 36, 38] and [37] for the
studies of the stabilizing e�ects of the magnetic �elds on the compressible vortex sheets
and entropy waves, respectively.

In this paper, we are concerned about the viscosity e�ect on the stability of the
compressible vortex sheets with arbitrarily large amplitude. Di�erent from the hyperbolic
theory stated above and similar to the meta-stability of the 1D entropy waves for the 1D
compressible NS equations �rst observed in [39], we are able to obtain a time-asymptotic
stability of the viscous waves associated with the vortex sheets for the compressible NS
equations by the L2-energy method. We remark here that our results hold true in both
three and two dimensions; see Remark 1.4. Due to the viscosity, the discontinuous solution
of (1.3) cannot govern the large-time behaviors of the classical solutions of (1.1), that is,
the inviscid vortex sheet (1.7) is only a meta-stable state for the Navier-Stokes equations.
Thus, the �rst step in our analysis is to investigate the viscous wave associated with
the vortex sheet (1.7). We refer the readers to [19, 39, 14, 15, 42] for the viscous waves
associated with other wave phenomena such as the shock waves and entropy waves.

Given the vortex sheet (1.7) and a �xed constant Λ ¥ 1, we consider the Cauchy
problem for (1.1) on tpx, tq : x P R3, t ¡ �Λu with the initial data,

pρ,uqpx, t � �Λq �
#
pρ̄,�ūq, x3   0,

pρ̄, ūq, x3 ¡ 0.
(1.8)

One can observe that the solution (if exists), denoted by pρvs,uvsq, is actually independent
of the transverse variables xK � px1, x2q. Thus, regardless of the transverse derivatives,
the 3D NS system (1.1) reduces to the 1D one,$'''&

'''%
Btρ� B3m3 � 0,

Btm1 � B3pρu1u3q � µB23u1,
Btm2 � B3pρu2u3q � µB23u2,
Btm3 � B3 pρu23 � ppρqq � µ̃B23u3,

x3 P R, t ¡ �Λ, (1.9)

where µ̃ :� 2µ � λ ¡ 0. It is noted that (1.9) is indeed the standard 1D compressible
isentropic NS system for pρvs, uvs3 q,#

Btρvs � B3 pρvsuvs3 q � 0,

Btmvs
3 � B3

�
ρvs |uvs3 |

2 � ppρvsq� � µ̃B23uvs3 ,
x3 P R, t ¡ �Λ, (1.10)

coupled with two scalar parabolic equations of uvsi ,

Btpρvsuvsi q � B3pρvsuvsi uvs3 q � µB23uvsi , x3 P R, t ¡ �Λ for i � 1, 2. (1.11)
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One can �rst solve (1.10) with the initial data, pρvs, uvs3 qpx3, t � �Λq � pρ̄, 0q, which gives
the unique solution,

pρvs, uvs3 qpx3, tq � pρ̄, 0q, x3 P R, t ¥ �Λ. (1.12)

Then substituting (1.12) into (1.11) yields that

Btuvsi � µ

ρ̄
B23uvsi , x3 P R, t ¡ �Λ for i � 1, 2. (1.13)

By the classical parabolic theory, the Cauchy problem (1.13) with the initial data

uvsi px3, t � �Λq �
#
�ūi, x3   0,

ūi, x3 ¡ 0,
(1.14)

admits a unique solution,

uvsi px3, tq � ūiθpx3, tq, x3 P R, t ¥ �Λ, (1.15)

where θ is the solution of$'&
'%
Btθ � µ

ρ̄
B23θ, x3 P R, t ¡ �Λ,

θpx3, t � �Λq �
#
�1, x3   0,

1, x3 ¡ 0,

(1.16)

and can be computed explicitly by

θpx3, tq � Θpξq :� 2?
π

» 1
2

b
ρ̄
µ
ξ

0

e�η2dη with ξ � x3?
t� Λ

. (1.17)

Note that Θ is independent of Λ, satisfying that#�2µΘ2pξq � ρ̄ξΘ1pξq, ξ P R,
lim

ξÑ�8
Θpξq � �1. (1.18)

Lemma 1.1. The solution θ of (1.16) is odd and strictly increasing with respect to x3.
Moreover, for any j � 1, 2, � � � , it holds that

∣∣Bj3θpx3, tq∣∣ ¤ Cjpt� Λq� j
2 exp

!
� ρ̄ |x3|2

8µpt� Λq
)

@x3 P R, t ¥ 0. (1.19)

Viscous wave. Combining (1.12) and (1.15), we can de�ne the viscous wave associ-
ated with the vortex sheet (1.7) as

ρvspx3, tq :� ρ̄ and uvspx3, tq :� θpx3, tqū � Θ
� x3?

t� Λ

	
ū. (1.20)

The viscous wave (1.20) is a smooth solution (for t ¥ 0) to the compressible NS equations
(1.1) and connects the constant states of the vortex sheet, pρ̄,�ūq, as x3 Ñ �8 for all
t ¥ 0. Moreover, for any p P r1,�8q, it holds that

∥pρvs,uvsq � pρ̄vs, ūvsq∥LppR;dx3q ¤ C |ū| rµ pt� Λqs 1
2p , t ¥ 0.
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Thus, as the viscosity µ vanishes, the viscous wave (1.20) approximates the vortex sheet
(1.7) on any �nite time interval, but not time-asymptotically.

In this paper, we �rst study a spatially periodic perturbation of the viscous wave
(1.20), i.e.

pρ,mqpx, 0q � pρvs,mvsqpx3, 0q � pv0,w0qpxq, x P R3, (1.21)

where pv0,w0qpxq � pv0, w01, w02, w03qpxq is a periodic function on T3 � r0, 1s3 with zero
average, »

T3

pv0,w0qpxqdx � 0. (1.22)

Then, we will show in Section 6 that the similar arguments can also be applied to study
a localized perturbation on the domain Ω :� T2 � R, i.e.

pρ,mqpx, 0q � pρvs,mvsqpx3, 0q � pϕ̄0, ψ̄0qpxq, x P T2 � R, (1.23)

where pϕ̄0, ψ̄0q is periodic with respect to the transverse variables xK � px1, x2q P T2 and
belongs to H3pT2 � Rq.

The compressible vortex sheets are contact discontinuities for the multi-dimensional
compressible Euler equations. For the 1D viscous conservation laws with uniform viscosity,
[39] was the �rst to prove that the inviscid contact discontinuities are meta-stable for the
viscous models, and then [22, 42] constructed an asymptotic viscous contact wave and
established the pointwise stability via the approximate Green function approach. For the
1D NS equations in Lagrangian coordinates, [13, 14, 15, 12] applied the basic L2-energy
method to achieve the asymptotic stability of the contact discontinuities. This paper gives
the �rst stability results of the contact discontinuities for the compressible NS equations in
Eulerian coordinates. Moreover, we can achieve the optimal decay rates; see Remark 1.6.

Note that for the problem (1.1), (1.21), although the perturbation pρ,mq � pρvs,mvsq
is periodic with respect to x P T3 initially, it does not remain periodic with respect to
x3 for all positive time, due to the non-triviality of the background wave (1.20) and the
nonlinearity of (1.1). Thus, it is more challenging to deal with the oscillating perturbation
(1.21) than the localized one (1.23). On the other hand, the theories of the compressible
Navier-Stokes equations and Euler equations are connected to each other very closely,
and the study of periodic perturbations is an important and interesting topic in the
hyperbolic theories. In particular, for the isentropic compressible Euler equations, the
spatially periodic solutions decay to constant states as tÑ �8; see [20, 9, 5, 6]. However,
there appears a resonance phenomenon in the non-isentropic case; as a result, the spatially
periodic solutions may oscillate in time simultaneously, which never happens neither in the
isentropic case nor for the BV solutions; see [23, 33, 29, 34]. Recently, the works [41, 40, 45]
also found a new phenomenon of the periodic perturbations in the stability theory of
shocks, that is, a new kind of shock shifts is generated by the periodic oscillations, which
generally depend on the structures of the equations, while in the case for the localized
perturbations, the shock shifts depend only on the initial data.

In this paper, we show that with the initial perturbations in (1.21) and (1.23), the
viscous wave associated with the vortex sheet is time-asymptotically stable in the L8-
norm. The framework is based on an anti-derivative technique and the L2-energy method,
that is, we need to study the integrated system of the perturbation in addition. The anti-
derivative technique was initiated by [19] to prove the shock stability for the 1D scalar
conservation laws, and then was widely used for more 1D models to study the stability
of both shocks and contact discontinuities; see [25, 10, 21, 32, 22, 14, 15, 42] for instance.
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In the multi-dimensional case, as shown by [44, 43], this method is also e�ective to prove
the stability of planar viscous shock pro�les with spatially periodic perturbations for the
NS equations. A key observation in [43, 44] is that, with the aid of Poincaré inequality, it
su�ces to use the anti-derivative technique in the estimate of the zero modes associated
with the multi-dimensional perturbations. It is noted that a premise in the application
of the anti-derivative technique is that the perturbations should be of zero masses for
all time. In the previous works concerning localized perturbations, one can just choose
constant shifts of the background waves to make the excessive masses of the perturbations
vanish; and in the case for the spatially periodic perturbations, the shifts should be some
speci�c functions of time to cancel the in�uence of the oscillations; see [40, 17, 46, 43].
However, for the vortex sheets with periodic perturbations, there is a new di�culty in
determining the shift curves. More precisely, the previous analysis relies essentially on the
assumption that crossing the interface of the background wave, all the quantities, i.e. the
density, momentum and total energy, must be discontinuous. However, this assumption
fails for the vortex sheets, whose density and normal momentum are continuous across
the interface. To overcome this technical di�culty, in this paper we have an important
observation that for the problem (1.1), (1.21), the asymptotic behaviors of the solution
at the spatial in�nity x3 Ñ �8 coincide with each other after a Galilean transformation;
see (2.1) and Lemma 2.2. Based on the key property, we are able to �nd one shift curve
of the vortex sheet such that the perturbation is of zero mass for all time. This is the �rst
novelty of this paper. The second key element in our analysis is that we introduce a new
variable in terms of the anti-derivatives (see (4.10)), which plays an important role in the
L2-estimates. Furthermore, this new variable is also essential in overcoming the di�culty
caused by the large amplitude of the vortex sheet and helps us achieve the optimal decay
rates without the aid of the Green function.

Now we state the main results of this paper. To the best of our knowledge, this is
the �rst result about the stabilizing e�ect of viscosity on the compressible vortex sheets.
Also, this is the �rst stability result of vortex sheets in a time-asymptotic sense.

Theorem 1.2. Let pρ̄vs, ūvsqpx3, tq be the given vortex sheet (1.7) and pρvs,uvsqpx3, tq be
the corresponding viscous wave, which is a smooth solution to the 3D compressible Navier-
Stokes equations with the form (1.20). Then there exist Λ0 ¥ 1 and ε0 ¡ 0 such that if

Λ ¥ Λ0 and ∥v0,w0∥H6pT3q ¤ ε0Λ
� 1

4 , (1.24)

then the Cauchy problem (1.1), (1.21) admits a unique classical bounded solution pρ,uqpx, tq
globally in time, which is periodic in the transverse variables xK � px1, x2q P T2. Moreover,
the solution satis�es that

sup
x3PR

∣∣pρ5,u5qpx3, tq � pρvs,uvsqpx3, tq
∣∣ ¤ C

?
ε0pt� 1q� 3

4 ,

sup
xPR3

∣∣pρ7,u7qpx, tq∣∣ ¤ Cε0e
�α0t,

(1.25)

where pρ5,u5q and pρ7,u7q denote the zero mode and non-zero mode of the solution, re-
spectively, namely,

pρ5,u5qpx3, tq :�
»
T2

pρ,uqpxK, x3, tqdxK,
pρ7,u7qpx, tq :� pρ,uqpx, tq � pρ5,u5qpx3, tq;

(1.26)

and C ¡ 0 and α0 ¡ 0 in (1.25) are some generic constants.
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Theorem 1.3. If in Theorem 1.2, the initial data (1.21) is replaced by (1.23), then there
exist Λ0 ¥ 1 and ε0 ¡ 0 such that if

Λ ¥ Λ0 and
∥∥ϕ̄0, ψ̄0

∥∥
L2
3pΩq

� ∥∥∇ϕ̄0,∇ψ̄0

∥∥
H2pΩq ¤ ε0, (1.27)

where ∥�∥2L2
3pΩq :�

³
Ω
px23� 1q 3

2 |�|2 dx, then for the problem (1.1), (1.23), all the results still
hold true, except the decay rate of the zero mode, which is replaced by

sup
x3PR

∣∣pρ5,u5qpx3, tq � pρvs,uvsqpx3, tq
∣∣ ¤ C

?
ε0pt� 1q� 1

2 . (1.28)

Remark 1.4. The results of Theorems 1.2 and 1.3 also hold true in two dimensions, since
we allow the constant ū1 in (1.7) to be zero and meanwhile, allow the initial perturbations
to be independent of x1.

Remark 1.5. 1) The zero-average condition (1.22) is just assumed without loss of gener-
ality. In fact, if the average,

³
T3pv0,w0qpxqdx :� pv̄, w̄q, is nonzero, then one can rewrite

the initial data (1.21) as

pρ0,m0q � pρvs � v̄,mvs � w̄q � pv0 � v̄,w0 � w̄q. (1.29)

Recall that ρvs � ρ̄ ¡ 0 is a constant. Then using the Galilean transformation (1.6) with
c � �ρ̄�1w̄, the initial data (1.29) reduces to

pρ0,m0q � pρvs � v̄,mvsq � pv0 � v̄,w0 � w̄q.

If |v̄| is suitably small, pρvs � v̄,mvsq is actually the viscous wave associated with the
vortex sheet,

pρ,uq �
#
pρ̄� v̄,� ρ̄

ρ̄�v̄
ūq, x3   0,

pρ̄� v̄, ρ̄
ρ̄�v̄

ūq, x3 ¡ 0.

2) In (1.27), the L2
3pΩq-integrability of pϕ̄0, ψ̄0q is to ensure that the anti-derivatives of

the perturbations belong to L2pRq; see (6.15) for the details.
Remark 1.6. In the special case that the initial perturbations in (1.21) and (1.23) are
independent of the transversal variables, the Cauchy problem for (1.1) reduces to a 1D
one for (1.9), whose associated hyperbolic system,$'&

'%
Btρ� B3m3 � 0,

Btmi � B3
�
1
ρ
m3mi

� � 0, i � 1, 2,

Btm3 � B3
�
1
ρ
m2

3 � ppρq� � 0,

(1.30)

has two linearly degenerate characteristics with eigenvalues λ1 � λ2 � u3 (see Section 6).
One can easily verify that the contact discontinuities of (1.30), associated with λ1 or λ2
(see [20]), just coincide with the zero mode of the planar vortex sheet (1.4) and satisfy the
RH conditions (1.5). If the hyperbolic system (1.30) has uniform viscosity, [42] constructed
an asymptotic ansatz that consists of a viscous contact wave and some di�usion waves
propagating in the transversal characteristic �elds, and established the pointwise estimates
with the optimal decay rate t�

3
4 . Here the viscous contact wave constructed in [42] is just

the same as the zero mode of (1.20). Thus, this paper actually extends the stability results
of [42] to a multi-dimensional and physical model. On the other hand, compared to the
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results in [42], one can see that the rates in (1.25) and (1.28) are both optimal. Indeed,
the spatially periodic perturbations do not generate di�usion waves in the transversal
characteristic �elds (see (2.7)), thus we are able to achieve the rate t�

3
4 ; while in the case

for the localized perturbations, the rate is at most same as the di�usion waves, that is
t�

1
2 .

Notations. Throughout this paper, we use the following notations.

� Ω denotes the in�nitely long nozzle domain

Ω :� T2 � R.

� v�w denotes the di�erence of the states associated with the vortex sheet (1.7). For
instance, vuw � u� � u� and vu1m1w � ū1�m̄1� � ū1�m̄1�, etc.

� C ¥ 1 is a generic constant. The conventions A À B, A Á B, A � B and A � Op1qB
mean A ¤ CB, A ¥ C�1B, C�1B ¤ A ¤ CB and |A| ¤ C |B|, respectively.

� ei pi � 1, 2, 3q denotes the i-th column of the 3 � 3 identity matrix Id3�3, and δij
denotes the Kronecker delta function.

� For any vector v � pv1, v2, v3q, vK denotes

vK :� pv1, v2q. (1.31)

� For any fpxq P L8pR3q that is periodic in the spatial variables xK � px1, x2q P T2,
f 5 and f 7 denote its zero mode,

f 5px3q :�
»
T2

fpxK, x3qdxK, (1.32)

and non-zero mode,
f 7pxq :� fpxq � f 5px3q, (1.33)

respectively.

Outline of the paper. In Section 2, we construct the key ansatz in our analysis,
which relies on the Galilean transformation and a careful choice of a shift function. In
Section 3, we �rst formulate the perturbed system, the zero-mode system and the anti-
derivative system, respectively, and then give some useful lemmas. Section 4 is devoted
to the a priori estimates, consisting of three subsections showing the lower-order esti-
mates of the zero-modes, non-zero modes and the higher-order estimates of the original
perturbations, respectively. Finally, in Section 5 we prove the optimal decay rate of the
perturbations and complete the proof of the main result.
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2 Construction of Ansatz

As the solution pρ,mq to the Cauchy problem (1.1), (1.21) is periodic in the transverse
directions xK P T2, it su�ces to consider the problem on the domain Ω � T2�R. However,
since the perturbation, pρ,mq � pρvs,mvsq, keeps oscillating as |x3|Ñ �8, it is necessary
to construct a suitable ansatz to cancel out the oscillations in order to use the energy
method. Motivated by [40, 43], it is plausible that as |x3|Ñ �8,

|pρ,mq � pρ�,m�q| px, tq Ñ 0 @xK P R2, t ¡ 0. (2.1)

Here pρ�,m�q � pρ�,m1�,m2�,m3�qpx, tq denotes the periodic solution of (1.1), satisfy-
ing the periodic initial data

pρ�,m�qpx, 0q � pρ̄, m̄�q � pv0,w0qpxq, x P R3, (2.2)

where pρ̄, m̄�q � pρ̄,�ρ̄ūq is the plus or minus constant state of the vortex sheet (1.7)
and pv0,w0q is the periodic perturbation in (1.21). The global existence and exponential
decay rate of pρ�,m�q can be found in the following lemma, which has been shown in
[16].

Lemma 2.1 ([16]). Consider the Cauchy problem (1.1) with the periodic initial data

pρ,mqpx, 0q � pρ̄, m̄q � pv0,w0qpxq, x P R3, (2.3)

where pρ̄, m̄q is any constant state with ρ̄ ¡ 0 and pv0,w0q is any periodic function on
T3 � r0, 1s3 with zero average. Then there exists ε0 ¡ 0 such that if

∥v0,w0∥Hk�2pT3q ¤ ε0 for some k ¥ 1,

then the Cauchy problem (1.1), (2.3) admits a unique global periodic solution pρ,mq P
C
�p0,�8q;Hk�2pT3q�, satisfying»

T3

pρ� ρ̄,m� m̄qpx, tqdx � 0, t ¥ 0,

and
∥pρ,mq � pρ̄, m̄q∥Wk,8pR3q À ∥v0,w0∥Hk�2pT3q e

�ct, t ¥ 0.

Here the constant c ¡ 0 is a constant, independent of ∥v0,w0∥Hk�2pT3q and t.

It follows from Lemma 2.1 that for ε � ∥v0,w0∥H6pT3q ¤ ε0 with ε0 being suit-

ably small, the periodic solution pρ�,m�q to the Cauchy problem (1.1), (2.2) exists in
Cp0,�8;W 4,8pR3qq with the constant average pρ̄, m̄�q, and for some generic constant
α ¡ 0, the periodic perturbation,

pv�,w�, z�q :� pρ�,m�,u�q � pρ̄, m̄�, ū�q, (2.4)

satis�es that
∥pv�,w�, z�q∥W 4,8pR3q À εe�2αt, t ¥ 0. (2.5)

Now we are ready to construct the ansatz. Note that the viscous wave (1.20) can be
rewritten as

pρvs,mvsqpx3, tq � 1

2

�
pρ̄, m̄�q

�
1�Θ

� x3?
t� Λ

		
� pρ̄, m̄�q

�
1�Θ

� x3?
t� Λ

		�
. (2.6)

9



Asymptotic Ansatz. Inspired by (2.1), (2.6) and [40, 43] we set the ansatz as

pρ̃, m̃qpx, tq :� 1

2

�
pρ�,m�qpx, tq

�
1�Θ

�x3 � σptq?
t� Λ

		

� pρ�,m�qpx, tq
�
1�Θ

�x3 � σptq?
t� Λ

		�
,

(2.7)

where σ � σptq is a curve to be determined later. For convenience, denote

Θσ :� Θ
� x3 � σ?

t� Λ

	
.

De�ne also

ũ :� m̃

ρ̃
, (2.8)

which satis�es that

ũ � 1

2

�
u�p1�Θσq � u�p1�Θσq

�
� 1

4ρ̃
pv� � v�qpu� � u�q

�
1�Θ2

σ

�
.

(2.9)

Note that pρ�,m�q are solutions of (1.1). Then direct calculations yield that$'''&
'''%
Btρ̃� divm̃ � f0,

Btm̃� divpũb m̃q �∇
�
ppρ̃q�� µ△ũ� pµ� λq∇divũ

�
3°

i�1

BiF1,i � f2 :� g � pg1, g2, g3q,
(2.10)

where f0, F1,i � pF1,i1, F1,i2, F1,i3q and f2 :� pf2,1, f2,2, f2,3q are errors, given by

f0 � Θ1
σ

2
?
t� Λ

�
� pρ� � ρ�q

�
σ1ptq � x3 � σptq

2pt� Λq
	
� pm3� �m3�q

�
, (2.11)

F1,i � ũim̃� 1

2
ui�m�p1�Θσq � 1

2
ui�m�p1�Θσq

� �
ppρ̃q � 1

2
ppρ�qp1�Θσq � 1

2
ppρ�qp1�Θσq

�
ei

� µ
�Biũ� 1

2
Biu�p1�Θσq � 1

2
Biu�p1�Θσq

�
� pµ� λq�divũ� 1

2
divu�p1�Θσq � 1

2
divu�p1�Θσq

�
ei,

(2.12)

and

f2 :� Θ1
σ

2
?
t� Λ

!
� pm� �m�q

�
σ1ptq � x3 � σptq

2pt� Λq
	

� u3�m� � u3�m� � µB3pu� � u�q
� �

ppρ�q � ppρ�q � pµ� λqdivpu� � u�q
�
e3

)
,

(2.13)

respectively.

Recall that ΘÑ �1 as x3 Ñ �8. Then for all xK P T2 and t ¥ 0, it holds that

|ρ̃� ρ�|� |m̃�m�|� |ũ� u�|Ñ 0 as x3 Ñ �8.
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Then for i � 1, 2, 3 and all xK P T2 and t ¥ 0, it holds that

|F1,ipx, tq|Ñ 0 as x3 Ñ �8,
which, together with the dominated convergence theorem, yields that∣∣F5

1,ipx3, tq
∣∣Ñ 0 as x3 Ñ �8.

Thus, by subtracting (2.10) from (1.1) and integrating the resulting equations over T2�R,
one can get that

d

dt

� »
R

�
ρ5 � ρ̃5,m5 � m̃5�dx3� � �

»
R

�
f 50, f

5
2

�px3, tqdx3, t ¡ 0, (2.14)

where one can obtain from (2.11) and (2.13) that

f 50 �
Θ1

σ

2
?
t� Λ

�
� pρ5� � ρ5�q

�
σ1ptq � x3 � σptq

2pt� Λq
	
� �

m5
3� �m5

3�
��
, (2.15)

and

f 52 �
Θ1

σ

2
?
t� Λ

!
� �

m5
� �m5

�
��
σ1ptq � x3 � σptq

2pt� Λq
	

� pu3�m�q5 � pu3�m�q5 � µB3
�
u5� � u5�

�
� ��

ppρ�q
�5 � �

ppρ�q
�5 � pµ� λqB3

�
u53� � u53�

��
e3

)
.

(2.16)

Using the Galilean transformation (1.6), one can prove that the periodic solutions
pρ�,u�q of (1.1) satisfy the following coincide-property.

Lemma 2.2. Let pρ̄,�ūq � pρ̄,�ū1,�ū2, 0q be the constant states in the vortex sheet
(1.7) and assume that (1.22) holds. Then the periodic solutions to the Cauchy problem
(1.1), (2.2) satisfy that

pρ�,u�qpx� ūt, tq � pρ�,u�qpx� ūt, tq � p0, 2ūq @x P R3, t ¥ 0. (2.17)

Moreover, the zero modes on the right-hand sides of (2.15) and (2.16) satisfy that

pρ5�,u5�q � pρ5�,u5�q � p0, 2ūq,
m5

� �m5
� � 2ρ5�ū,

pu3�m�q5 � pu3�m�q5 � 2m5
3�ū,

pppρ�qq5 � pppρ�qq5.

(2.18)

Proof. By the Galilean invariance of the NS equations, the pairs pρ��,u��q and pρ��,u��q
de�ned by

pρ��,u��qpx, tq :� pρ�,u� � ūqpx� ūt, tq,
pρ��,u��qpx, tq :� pρ�,u� � ūqpx� ūt, tq,

are both periodic solutions to (1.1) with the initial data

pρ��,u��qpx, t � 0q � pρ̄, 0, 0, 0q � pv0,w0qpxq.
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Thus, it follows from the uniqueness (see Lemma 2.1) that

pρ��,u��qpx, tq � pρ��,u��qpx, tq @x P R3, t ¥ 0,

which yields (2.17).
Now the identities in (2.18) can be veri�ed one by one as follows. First, it follows from

Lemma 2.1 and (2.17) that

pρ5�,u5�qpx3, tq �
»
T2

pρ�,u�qpxK, x3, tqdxK

�
»
T2

pρ�,u�qpx1 � 2ū1t, x2 � 2ū2t, x3, tqdxK � p0, 2ūq
� pρ5�,u5�qpx3, tq � p0, 2ūq @x3 P R, t ¥ 0.

Recall that ū � pū1, ū2, 0q. Then one can prove that

m5
�px3, tq �

»
T2

pρ�u�qpx, tqdxK �
»
T2

pρ�u�qpx� 2ūt, tqdxK � 2ρ5�px3, tqū
�m5

�px3, tq � 2ρ5�px3, tqū,
pu3�m�q5px3, tq �

»
T2

pρ�u3�u�qpxK, x3, tqdxK

�
»
T2

pρ�u3�u�qpxK, x3, tqdxK � 2ū

»
T2

pρ�u3�qpxK, x3, tqxK
� pu3�m�q5px3, tq � 2m5

3�px3, tqū.

It is direct to prove that pppρ�qq5px3, tq � pppρ�qq5px3, tq. The proof is �nished.

Using (2.18) on (2.15) and (2.16), one can get that�
f 50, f

5
2,3

� � 0, (2.19)

and

f 52,i �
ūiΘ

1
σ?

t� Λ

�
� ρ5�

�
σ1ptq � x3 � σ

2pt� Λq
	
�m5

3�
�
, i � 1, 2. (2.20)

Here recall that pρ5�,m5
3�q � pρ5�,m5

3�q. Then integrating (2.20) on R yields that»
R
f 52,ipx3, tqdx3 � ūi

��Dpσ, tqσ1ptq �Npσ, tq�, i � 1, 2, (2.21)

where

Dpσ, tq :� 1?
t� Λ

»
R
ρ5�px3, tqΘ1

� x3 � σ?
t� Λ

	
dx3,

Npσ, tq :� 1?
t� Λ

»
R

�
� x3 � σ

2pt� Λqρ
5
�px3, tq �m5

3�px3, tq
�
Θ1
� x3 � σ?

t� Λ

	
dx3.

(2.22)

Thus, if we choose the curve σptq to satisfy that

σ1ptq � Npσ, tq
Dpσ, tq , t ¡ 0, (2.23)

12



then it holds that»
R
f 52,1px3, tqdx3 � 0 and

»
R
f 52,2px3, tqdx3 � 0 @t ¥ 0. (2.24)

This, together with (2.14) and (2.19), yields that»
R
pρ5 � ρ̃5,m5 � m̃5qpx3, tqdx3 �

»
R
pρ5 � ρ̃5,m5 � m̃5qpx3, 0qdx3

�
»
R

�
0, rΘpx3q �Θpx3 � σp0qqsm̄�

dx3

� p0, 2σp0qm̄q @t ¥ 0. (2.25)

Thus, if the curve σptq solves the problem (2.23) with the initial data,

σp0q � 0, (2.26)

then one has that »
R
pρ5 � ρ̃5,m5 � m̃5qpx3, tqdx3 � 0 @t ¥ 0. (2.27)

The existence and large time behavior of the curve σptq can be found in the following
lemma.

Lemma 2.3. Under the assumptions of Lemma 2.2, there exists an ε0 ¡ 0 such that if
Λ ¥ 1 and ε :� ∥v0,w0∥H6pT3q ¤ ε0, then the problem (2.23), (2.26), admits a unique
global solution σ � σptq P C1p0,�8q, satisfying that

|σ1ptq| À εe�αt, |σptq| À εΛ
1
2 e�αt, t ¥ 0, (2.28)

where α are the constants in (1.20) and (2.5), respectively.

The proof of Lemma 2.3 is similar to that in [40, 43]. For readers' convenience, we
also give a detailed proof in Appendix A.

Then based on Lemmas 2.1 and 2.3, the desired ansatz is well constructed by (2.7). If
ε ¤ ε0 with ε0 being suitably small, it holds that

ρ̄{2 ¤ inf
xPR3

t¡0

ρ̃px, tq ¤ sup
xPR3

t¡0

ρ̃px, tq ¤ 2ρ̄, (2.29)

and
sup
t¡0

∥∇ρ̃,∇ũ∥W 3,8pR3q À ε� Λ�1{2. (2.30)

Moreover, the di�erence between the background viscous wave (2.6) and the ansatz (2.7)
satis�es that

∥pρ̃, m̃q � pρvs,mvsq∥W 4,8pR3q À ∥pρ̃, m̃qp�, tq � pρvs,mvsqp� � σ, tq∥W 4,8pR3q
� ∥pρvs,mvsqp� � σ, tq � pρvs,mvsqp�, tq∥W 4,8pRq

À ∥pv�,w�qp�, tq∥W 4,8pT3q �
|σptq|?
t� Λ

13



À εe�αt. (2.31)

Similarly, one can show that

∥ũ� uvs∥W 4,8pR3q À εe�αt. (2.32)

Since the ansatz constructed in (2.7) is time-asymptotically equivalent to the viscous wave
associated with the vortex sheet in the L8pR3q-norm, it remains to study the large time
behavior of the perturbation, pρ,mq � pρ̃, m̃q.

3 Reformulated Problems

In the following part of this paper, we always denote Λ as the positive constant in
(1.20) and ε :� ∥pv0,w0q∥H6pT3q.

With the ansatz (2.7), we denote the perturbation as

ϕ � ρ� ρ̃, ψ � pψ1, ψ2, ψ3q :�m� m̃, (3.1)

and

ζ � pζ1, ζ2, ζ3q :� u� ũ � ψ � ũϕ

ρ
. (3.2)

It follows from (1.1) and (2.10) that$'&
'%
Btϕ� divψ � �f0,
Btψ � div

�
mbm

ρ
� m̃bm̃

ρ̃

��∇pppρq � ppρ̃qq
�µ△�

m
ρ
� m̃

ρ̃

�� pµ� λq∇div
�
m
ρ
� m̃

ρ̃

� � �g.
(3.3)

Due to (1.21), (2.2), (2.7) and (2.26), the perturbation pϕ, ψq satis�es initially

pϕ, ψqpx, 0q � pϕ0, ψ0qpxq � 0, x P R3. (3.4)

On the other hand, the equivalent system for pϕ, ζq takes the form,$'&
'%
Btϕ� ρdivζ � u �∇ϕ� divũϕ�∇ρ̃ � ζ � �f0,
ρBtζ � ρu �∇ζ �∇

�
ppρq � ppρ̃q�� ρζ �∇ũ� ϕpBtũ� ũ �∇ũq

�µ△ζ � pµ� λq∇divζ � �g � f0ũ,

(3.5)

and (3.4) implies that

pϕ, ζqpx, 0q � pϕ0, ζ0qpxq � 0, x P R3. (3.6)

For any T ¡ 0, the solution space for (3.5) can be taken as

Bp0, T q :�
!
pϕ, ζq : pϕ, ζq is periodic in xK � px1, x2q P T2,

pϕ, ζq P Cp0, T ;H3pΩqq,
∇ϕ P L2p0, T ;H2pΩqq,∇ζ P L2p0, T ;H3pΩqq

)
.
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Theorem 3.1. Under the assumptions of Theorem 1.2, there exist Λ0 ¥ 1 and ε0 ¡ 0
such that if Λ ¥ Λ0 and εΛ

1
4 ¤ ε0, then the Cauchy problem, (3.5), (3.6) admits a unique

solution pϕ, ζq P Bp0,�8q, satisfying that∥∥pϕ5, ζ5qp�, tq∥∥
L8pRq ¤ CpεΛ 1

4 q 1
2 pt� 1q� 3

4 ,∥∥pϕ7, ζ7qp�, tq∥∥
L8pR3q ¤ CεΛ

1
4 e�α0t,

(3.7)

where C ¡ 0 and α0 P p0, αq are some generic constants.

We are going to use the L2-energy method to prove Theorem 3.1. We �rst integrate
(3.3) with respect to xK P T2 to get the zero-mode system,$'&

'%
Btϕ5 � B3ψ53 � 0,

Btψ5 � B3
��

m3m
ρ

� m̃3m̃
ρ̃

�5�� B3
� pppρq � ppρ̃qq5 �e3

�µB23
��

m
ρ
� m̃

ρ̃

�5�� pµ� λqB23
��

m3

ρ
� m̃3

ρ̃

�5�
e3 � �g5,

(3.8)

where we have used (2.19), and it follows from (3.4) that

pϕ5, ψ5qpx3, 0q � 0, x3 P R. (3.9)

In the linearization of (3.8), there appear some zero-order terms (e.g. B3uvsψ53) whose
coe�cients decay at slow rates, which make it di�cult to control their L2-estimates.
Nevertheless, such di�culties can be overcome by considering the integrated system of
(3.8) instead of itself. Thanks to (2.27), it is plausible to write pϕ5, ψ5q � B3pΦ,Ψq, where

pΦ,Ψqpx3, tq :�
» x3

�8
pϕ5, ψ5qpy3, tqdy3, x3 P R, t ¥ 0. (3.10)

To make sense of the integrated system, we �rst make the following a priori assumptions
that, for any �xed T ¡ 0, assume that pϕ, ζq P Bp0, T q is a solution to (3.5), and the
associated anti-derivative variable (3.10) satis�es that

pΦ,Ψq P Cp0, T ;L2pRqq. (3.11)

Anti-derivative argument. With the a priori assumption (3.11), one can integrate
(3.8) and (3.9) with respect to x3 from �8 to x3 to get that$'&

'%
BtΦ� B3Ψ3 � 0,

BtΨ� uvsB3Ψ3 � p1pρ̄qB3Φe3 � µ
ρ̄
B3
�B3Ψ� uvsB3Φ

�� µ�λ
ρ̄
B23Ψ3e3

� �G�N,

(3.12)

and
pΦ,Ψqpx3, 0q � 0, x3 P R, (3.13)

where G denotes the anti-derivative variable of g5, i.e.

Gpx3, tq :�
» x3

�8
g5py3, tqdy3, (3.14)

and N is given by
N � �Q5

1 �Q5
2 � B3

�
Q5

3 �Q5
4

�
, (3.15)
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with

Q1 :� m3m

ρ
� m̃3m̃

ρ̃
� m̃

ρ̃
ψ3 � m̃3

ρ̃
ψ � m̃3m̃

ρ̃2
ϕ� �

ppρq � ppρ̃q � p1pρ̃qϕ�e3,
Q2 :� pũ� uvsqψ3 � ũ3ψ � ũ3ũϕ�

�
p1pρ̃q � p1pρ̄q�ϕe3,

Q3 :� µ
�m
ρ
� m̃

ρ̃
� 1

ρ̃
ψ � m̃

ρ̃2
ϕ
	
� pµ� λq

�m3

ρ
� m̃3

ρ̃
� 1

ρ̃
ψ3 � m̃3

ρ̃2
ϕ
	
e3,

Q4 :� µ
��1
ρ̃
� 1

ρ̄

	
ψ �

� ũ
ρ̃
� uvs

ρ̄

	
ϕ
�
� pµ� λq

��1
ρ̃
� 1

ρ̄

	
ψ3 � ũ3

ρ̃
ϕ
�
e3.

(3.16)

One can prove that the errors of the ansatz, i.e. the source terms f0,g and G in (3.5)
and (3.12), decay exponentially fast in time; see Appendix B.

Lemma 3.2. Suppose that the hypotheses of Theorem 1.2 hold true. Then there exist
constants Λ0 ¥ 1 and ε0 ¡ 0, such that if Λ ¥ Λ0 and ε ¤ ε0, then the source terms f0,g
and G in (3.5) and (3.12) satisfy that

∥G∥H3pRq � ∥f0∥H3pΩq � ∥g∥H2pΩq À εΛ
1
4 e�αt, t ¥ 0, (3.17)

where Λ and α are the constants in (1.20) and (2.5), respectively.

Now we show the local existence theorem and the a priori estimates.

Theorem 3.3 (Local existence). Suppose that the hypotheses of Theorem 1.2 hold true,
and the initial data pϕ0, ψ0qpxq is periodic in xK, satisfying that

pϕ0, ψ0q P H3pΩq and pΦ0,Ψ0q :�
» x3

�8

»
T2

pϕ0, ψ0qpxK, y3qdxKdy3 P L2pRq,

with ∥ϕ0, ψ0∥H3pΩq � ∥Φ0,Ψ0∥L2pRq ¤ ν0. Then there exist positive constants Λ0 ¥ 1 and

ε0 such that if Λ ¥ Λ0 and εΛ
1
4 ¤ ε0, then the problem (3.5) with the initial data

pϕ, ψqpx, 0q � pϕ0, ψ0qpxq, (3.18)

admits a unique solution pϕ, ζq P Bp0, T0q for some T0 ¡ 0, which depends on ν0 and ε0.
Moreover, the anti-derivative variable,

pΦ,Ψqpx3, tq :�
» x3

�8

»
T2

pϕ, ψqpxK, y3, tqdxKdy3,

exists and belongs to Cp0, T0;L2pRqq, and it holds that

sup
tPp0,T0q

�
∥Φ,Ψ∥2L2pRq � ∥ϕ, ζ∥2H3pΩq

�
¤ C0

�
∥ϕ0, ψ0∥2H3pΩq � ∥Φ0,Ψ0∥2L2pRq � ε2Λ

1
2

�
,

(3.19)

where C0 is a positive constant, independent of Λ, ε and T0.

The local existence of pϕ, ζq P Bp0, T0q for some small T0 ¡ 0 is standard (see [24]
for instance). The existence of the anti-derivative variable pΦ,Ψq P Cp0, T0;L2pRqq can
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be derived from a linear parabolic theory. Roughly speaking, given the local solution
pϕ, ζq P Bp0, T0q to (3.5), Ψ is the unique solution to the problem,#

BtΨ� µ
ρ̄
B23Ψ� µ�λ

ρ̄
B23Ψ3e3 � J5 �G P Cp0, T0;H2pRqq, x3 P R, t ¡ 0,

Ψpx3, 0q � Ψ0px3q, x3 P R.
(3.20)

where

J � µ
�
B3ζ � B3ψ

ρ̄

	
� pµ� λq�B3ζ3 � B3ψ3

ρ̄

�
e3 �

�
u3m� ũ3m̃

�� �
ppρq � ppρ̃q�e3.

The existence of Φ can be proved similarly. We refer to [43, Section 6] for the detailed
argument.

Proposition 3.4 (A priori estimates). Suppose that the hypotheses of Theorem 1.2 hold
true. For any T ¡ 0, suppose that pϕ, ζq P Cp0, T ;H3pΩqq is a solution to the problem
(3.5) and satis�es the a priori assumption (3.11). Then there exist a large constant Λ0 ¥ 1
and small positive constants ε0 and ν0 such that, if

Λ ¥ Λ0, εΛ
1
4 ¤ ε0,

and
ν :� sup

tPp0,T q

�
∥Φ,Ψ∥L2pRq � ∥ϕ, ψ∥H3pΩq

� ¤ ν0, (3.21)

then it holds that

sup
tPp0,T q

�
∥Φ,Ψ∥2L2pRq � ∥ϕ, ζ∥2H3pΩq

�� » T

0

�
∥∇ϕ∥2H2pΩq � ∥∇ζ∥2H3pΩq

	
dt

À ∥pΦ,Ψqp�, 0q∥2L2pRq � ∥pϕ, ψqp�, 0q∥2H3pΩq � εΛ
1
4 .

(3.22)

The proof of Proposition 3.4 will be given in Section 4.

At the end of this section, we present some lemmas to be used later.

Note that the perturbations ϕ, ψ and ζ in (3.1) and (3.2) are not always of zero averages
with respect to x1 or x2. As stated in [18], these perturbations often do not satisfy the
classical 3D Gagliardo-Nirenberg (G-N) inequalities, since the 1D and 2D cases cannot
be excluded. To overcome this di�culty, we use the following G-N type inequality on the
domain Ω � T2 � R.

Lemma 3.5 ([18], Theorem 1.4 & Lemma 3.3). Assume that upxq is a bounded function

that is periodic in xK � px1, x2q. Then there exists a decomposition upxq �
3°

k�1

upkqpxq
such that

i)

up1q �
»
T2

upxK, x3qdxK � u5px3q,

up2q � up3q � upxq �
»
T2

upxK, x3qdxK � u7pxq;
(3.23)
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ii) if ∇lu belongs to LppΩq with an order l ¥ 0 and p P r1,�8s, then each upkq satis�es
that ∥∥∇lupkq

∥∥
LppΩq À

∥∥∇lu
∥∥
LppΩq ; (3.24)

iii) each upkq satis�es the classical k-dimensional Gagliardo-Nirenberg inequality, i.e.∥∥∇jupkq
∥∥
LppΩq À

∥∥∇mupkq
∥∥θk

LrpΩq
∥∥upkq∥∥1�θk

LqpΩq , (3.25)

where 0 ¤ j   m is any integer, 1 ¤ p ¤ �8 is any number and θk P r j
m
, 1q satis�es

1

p
� j

k
�
�1
r
� m

k

	
θk � 1

q

�
1� θk

�
.

Lemma 3.6. Suppose that upxq belongs to W 1,ppΩq with p P r1,�8s. Then its non-zero
mode u7 satis�es that ∥∥u7∥∥

LppΩq À
∥∥∇xKu

7∥∥
LppΩq À ∥∇u∥LppΩq . (3.26)

Proof. Note that u7 has zero average on the transverse torus T2. Then (3.26) follows
directly from the Poincaré inequality.

At last, we present an inequality in [12], which is helpful in obtaining the optimal
decay rate. For a �xed constant β ¡ 0, set

κpx3, tq :� 1?
t� Λ

exp

"
� βx23
t� Λ

*
, (3.27)

and

Kpx3, tq �
» x3

�8
κpy3, tqdy3.

Lemma 3.7 ([12], Lemma 1). For 0   T ¤ �8, suppose that h � hpx3, tq satis�es
h P L2p0, T ;H1pRqq and Bth P L2p0, T ;H�1pRqq.

Then it holds that»
R
h2κ2dx3 � 4β

d

dt

� »
R
h2K2dx3

	
À ∥B3hp�, tq∥2L2pRq � xBth, hK2yH�1pRq�H1pRq. (3.28)

4 A priori estimates

To prove Proposition 3.4, we �rst establish the H2-estimates of the anti-derivatives
and the H1-estimates of the non-zero modes of the perturbations in Sections 4.1 and 4.2,
respectively. Afterwards, we go back to the original system (3.5) in Section 4.3 to deal
with the higher-order derivatives to complete the proof.

Denote
ν :� sup

tPp0,T q

!
∥Φ,Ψ∥L2pRq � ∥ϕ, ζ∥H3pΩq

)
. (4.1)

18



It follows from Lemma 3.5 that for any h P H2pΩq,

∥h∥L8pΩq À ∥∇h∥
1
2

L2pΩq ∥h∥
1
2

L2pΩq �
∥∥∇2h

∥∥ 1
2

L2pΩq ∥h∥
1
2

L2pΩq �
∥∥∇2h

∥∥ 3
4

L2pΩq ∥h∥
1
4

L2pΩq . (4.2)

Then one has that

sup
tPp0,T q

∥ϕ, ζ∥W 1,8pΩq À sup
tPp0,T q

∥ϕ, ζ∥H3pΩq À ν. (4.3)

Similarly, the perturbation of momentum, ψ � ρζ � ϕũ, satis�es that

sup
tPp0,T q

∥ψ∥W 1,8pΩq À sup
tPp0,T q

∥ψ∥H3pΩq À sup
tPp0,T q

∥ϕ, ζ∥H3pΩq À ν.

It follows from (2.29), (2.30) and (4.3) that if the positive constants Λ�1, ε and ν are
small, then

ρ̄{4 ¤ inf
xPΩ

tPp0,T q
ρpx, tq ¤ sup

xPΩ
tPp0,T q

ρpx, tq ¤ 4ρ̄,

and
sup

tPp0,T q
∥∇ρpx, tq,∇upx, tq∥L8pΩq À Λ�1{2 � ε� ν. (4.4)

Besides, it follows from the Sobolev inequality and Lemma 3.5 that

sup
tPp0,T q

∥∥ϕ5, ψ5∥∥
W 2,8pRq À sup

tPp0,T q

∥∥ϕ5, ψ5∥∥
H3pRq À sup

tPp0,T q
∥ϕ, ψ∥H3pΩq À ν, (4.5)

and
sup

tPp0,T q

∥∥ϕ7, ζ7∥∥
W 1,8pΩq À sup

tPp0,T q

∥∥ϕ7, ζ7∥∥
H3pΩq À sup

tPp0,T q
∥ϕ, ζ∥H3pΩq À ν. (4.6)

Then it holds that

sup
tPp0,T q

∥Φ,Ψ∥W 3,8pRq À sup
tPp0,T q

∥Φ,Ψ∥H4pRq

À sup
tPp0,T q

�
∥Φ,Ψ∥L2pRq �

∥∥ϕ5, ψ5∥∥
H3pRq

�
À ν. (4.7)

Moreover, using Lemma 1.1, one can choose the positive constant β in (3.27) to be suitably
small (e.g. β � ρ̄

32µ
) such that

|B3θ|2 À Λ� 1
2κ,

∣∣B23θ∣∣ À κ2,
∣∣B33θ∣∣ À Λ� 1

2κ2, (4.8)

and for j � 1, 2, � � � , ∣∣Bj3θ∣∣ À pt� Λq� j�1
2 κ. (4.9)

To carry out the L2-estimate for (3.12), we may encounter a di�culty that the linear
terms such as uvsB3Ψ3 and

µ
ρ̄
uvsB23Φ cannot get controlled due to the large amplitude of the

vortex sheet. Nevertheless, we can overcome this di�culty by introducing a new variable.
New variable. Set

Z � pZ1, Z2, Z3qpx3, tq :� Ψ� uvsΦ. (4.10)
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It holds that

sup
tPp0,T q

∥Z∥W 3,8pRq À sup
tPp0,T q

∥Z∥H4pRq À sup
tPp0,T q

∥Φ,Ψ∥H4pRq À ν. (4.11)

Note that uvs � ūθ and Btθ � µ
ρ̄
B23θ. Then it follows from (3.12) that#

BtΦ� B3Z3 � 0,

BtZ� �
p1pρ̄qe3 � µ

ρ̄
B3θū

�B3Φ� µ
ρ̄
B23Z� µ�λ

ρ̄
B23Z3e3 � �G�N.

(4.12)

With the aid of (4.10), we can successfully get rid of the bad linear terms in (3.12)2; and
the linear term, �µ

ρ̄
B3θūB3Φ in (4.12)2, has smallness due to the largeness of the constant

Λ in (1.20). Moreover, the introduction of (4.10) plays an important role in achieving the
optimal decay rate of the zero mode, pϕ5, ζ5q.

Recall the notation “K” in (1.31) and the fact that ū � pūK, 0q. For a later use, we
also decompose (4.12)2 into

BtZK � µ

ρ̄
B3θB3ΦūK � µ

ρ̄
B23ZK � �GK �NK, (4.13)

and

BtZ3 � p1pρ̄qB3Φ� µ̃

ρ̄
B23Z3 � �G3 �N3 with µ̃ � 2µ� λ. (4.14)

Then we give two lemmas that will be needed in the energy estimates later. The
readers may skip them at �rst reading.

Lemma 4.1. Under the assumptions of Proposition 3.4, there exist a large constant Λ0 ¥
1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0, then the
remainders (3.16) satisfy that

|Q1|� |Q3| À |ϕ|2 � |ψ|2 ,
|B3Q1|� |B3Q3| À

�
εe�αt � pt� Λq� 1

2

��
|ϕ|2 � |ψ|2

�
� �

|B3ϕ|� |B3ψ|
� p|ϕ|� |ψ|q ,∣∣Bk3Q2

∣∣� ∣∣Bk3Q4

∣∣ À ķ

j�0

εe�αt
� ∣∣Bj3ϕ∣∣� ∣∣Bj3ψ∣∣ �, k � 0, 1.

(4.15)

Proof. The estimates (4.15)1 and (4.15)3 follows from (2.31), (2.32) and (3.16) directly.
It su�ces to estimate B3Q1 and B3Q3.

By (3.16), direct calculations yield that

B3Q1 � B3m̃3

�m
ρ
� m̃

ρ̃
� 1

ρ̃
ψ � m̃

ρ̃2
ϕ
	
� B3m̃

�m3

ρ
� m̃3

ρ̃
� ψ3

ρ̃
� m̃3

ρ̃2
ϕ
	

� B3ρ̃
�m3m

ρ2
� m̃3m̃

ρ̃2
� m̃

ρ̃2
ψ3 � m̃3

ρ̃2
ψ � 2m̃3m̃

ρ̃3
ϕ
	

� B3ψ3ζ � ζ3B3ψ � B3ϕpu3u� ũ3ũq
� �

p1pρq � p1pρ̃q�B3ϕe3 � �
p1pρq � p1pρ̃q � p2pρ̃qϕ�B3ρ̃e3.

Using (2.31) and (2.32), one can get that

|B3Q1| À εe�αt
�
|ϕ|2 � |ψ|2

�� pt� Λq� 1
2

�
|ϕ|2 � |ψ3|2

�
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� |ζ| |B3ψ|� |B3ϕ| |ζ|� |ϕ| |B3ϕ| ,

which yields the estimate of B3Q1 in (4.15). The estimate of B3Q3 in (4.15) can be proved
similarly.

Lemma 4.2. Under the assumptions of Proposition 3.4, there exist a large constant Λ0 ¥
1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0, then

�∥∥ζ5∥∥
L2pΩq À � ∥B3Z∥L2pRq � ∥B3Φ,Φκ∥L2pRq � ν

∥∥∇ϕ7∥∥
L2pΩq � ενe�αt, (4.16)

�∥∥B3ζ5∥∥L2pΩq À �∥∥B23Z∥∥L2pRq �
∥∥B23Φ∥∥L2pRq � pt� Λq� 1

2 ∥B3Φ,Φκ∥L2pRq

� ν
∥∥∇ϕ7,∇ζ7∥∥

L2pΩq � ενe�αt, (4.17)

�∥∥B23ζ5∥∥L2pRq À �∥∥B33Z∥∥L2pRq � pt� Λq� 1
2

∥∥B23Φ∥∥L2pRq
� pt� Λq�1 ∥B3Φ,Φκ∥L2pRq � ν

∥∥∇2ϕ,∇2ζ7
∥∥
L2pΩq � ενe�αt, (4.18)

and

�∥∥∇ψ7∥∥
L2pΩq À �∥∥∇ζ7∥∥

L2pΩq �
∥∥∇ϕ7∥∥

L2pΩq � ενe�αt, (4.19)

�∥∥∇3ψ
∥∥
L2pΩq À �∥∥∇3ζ

∥∥
L2pΩq �

∥∥∇3ϕ
∥∥
L2pΩq �

2̧

j�1

pt� Λq j�4
2

∥∥Bj3Φ∥∥L2pRq

� pΛ� 1
2 � νq∥∥∇2ϕ

∥∥
L2pΩq � ενe�αt. (4.20)

The proof of Lemma 4.2 is given in Appendix C.

For convenience, in the following energy estimates, we write “B3p� � � q” and “divp� � � q”
to denote the terms which vanish after integration with respect to x3 P R and x P Ω,
respectively. Besides, we use ci,5, ci,� and ci for i � 0, 1, 2, � � � to denote some positive
generic constants, which are independent of x, t, ε,Λ and ν.

4.1 Estimates of zero-modes.

In this section, we establish the H2pRq-estimates of the anti-derivatives, which is the
key part in the a priori estimates.

Lemma 4.3. Under the assumptions of Proposition 3.4, there exist a large constant Λ0 ¥
1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0, then

d

dt
Ap1q

0,5 �
µ

ρ̄
∥B3Z∥2L2pRq À pΛ� 1

2 � νq ∥B3Φ,Φκ,Zκ∥2L2pRq

� ν
∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq � ενΛ
1
4 e�αt.

(4.21)

where

Ap1q
0,5 :� p1pρ̄q ∥Φ∥2L2pRq � 2 ∥Z∥2L2pRq �

2µ

ρ̄p1pρ̄q
»
R
B3θūK � ZKZ3dx3. (4.22)
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Proof. Multiplying p1pρ̄qΦ and Z on (4.12)1 and (4.12)2, respectively, and adding the
resulting two equations together, one has that

Bt
�1
2

�
p1pρ̄qΦ2 � |Z|2

��� µ

ρ̄
|B3Z|2 � µ� λ

ρ̄
|B3Z3|2

� B3p� � � q � p�G�Nq � Zlooooooomooooooon
I1

�µ
ρ̄
B3θB3ΦūK � ZKloooooooooomoooooooooon

I2

. (4.23)

It follows from Lemmas 3.2 and 4.1 that»
R
|G| |Z| dx3 À ∥G∥L2pRq ∥Z∥L2pRq À ενΛ

1
4 e�αt, (4.24)

and ∣∣∣∣»
R
N � Zdx3

∣∣∣∣ À ∣∣∣∣»
R
pQ5

1 �Q5
2q � Zdx3

∣∣∣∣� ∣∣∣∣»
R
pQ5

3 �Q5
4q � B3Zdx3

∣∣∣∣
À ∥Z∥H1pRq ∥Q2,Q4∥L2pΩq � ∥Z∥W 1,8pRq ∥Q1,Q3∥L1pΩq
À ν ∥ϕ, ψ∥2L2pΩq � εν2e�αt.

(4.25)

Note that ϕ5 � B3Φ and ψ5 � B3Ψ. Then it follows from (3.26) that

∥ϕ∥2L2pΩq �
∥∥ϕ5∥∥2

L2pRq �
∥∥ϕ7∥∥2

L2pΩq À ∥B3Φ∥2L2pRq �
∥∥∇ϕ7∥∥2

L2pΩq , (4.26)

∥ψ∥2L2pΩq À ∥B3Ψ∥2L2pRq �
∥∥∇ψ7∥∥2

L2pΩq . (4.27)

By (4.10), one can verify easily that

∥B3Ψ∥2L2pRq À ∥B3Z, B3Φ,Φκ∥2L2pRq . (4.28)

Then it follows from (4.26) to (4.28) that

∥ϕ, ψ∥2L2pΩq À ∥B3Φ, B3Z,Φκ∥2L2pRq �
∥∥∇ϕ7,∇ψ7∥∥2

L2pΩq . (4.29)

This, together with (4.19), yields that»
R
I1dx3 À ενΛ

1
4 e�αt � ν ∥B3Φ, B3Z,Φκ∥2L2pRq � ν

∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq . (4.30)

Now we estimate I2. Using (4.14), one can get that

ρ̄p1pρ̄q
µ

I2 � B3θūK � ZK
�
G3 �N3

�� B3θūK � ZKBtZ3 � µ̃

ρ̄
B3θūK � ZKB23Z3

:� I2,1 � I2,2 � I2,3.

First, similar to the estimate of I1, one can prove that»
R
I2,1dx3 À ενe�αt � ν ∥B3Φ, B3Z,Φκ∥2L2pRq � ν

∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq . (4.31)

For I2,2, it holds that

I2,2 � Bt
�B3θūK � ZKZ3

�� B3BtθūK � ZKZ3�B3θūK � BtZKZ3looooooooomooooooooon
I2,4

. (4.32)
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Using (4.13), one has that

I2,4 � B3θZ3ūK � pGK �NKq � µ

ρ̄
|ū|2 |B3θ|2 Z3B3Φ� B3

�µ
ρ̄
B3θZ3ūK � B3ZK

	
� µ

ρ̄
B3θB3Z3ūK � B3ZK � µ

ρ̄
B23θZ3ūK � B3ZK.

(4.33)

Collecting (4.32) and (4.33), one can use (4.8) and a similar proof of (4.30) to get that»
R
I2,2dx3 ¤ d

dt

� »
R
B3θūK � ZKZ3dx3

	
� C

�
Λ� 1

2 � ν
�
∥Φκ,Zκ, B3Φ, B3Z∥2L2pRq

� Cενe�αt � Cν
∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq .
(4.34)

Moreover, it holds that

I2,3 � B3
�
� µ̃

ρ̄
B3θūK � ZKB3Z3

	
� µ̃

ρ̄
B23θūK � ZKB3Z3 � µ̃

ρ̄
B3θūK � B3ZKB3Z3,

which, together with (4.8), yields that»
R
I2,3dx3 À Λ� 1

2 ∥ZKκ, B3Z∥2L2pRq . (4.35)

Then collecting (4.30), (4.31), (4.34) and (4.35), one can obtain (4.21) if Λ�1 ¡ 0 and
ν ¡ 0 are suitably small.

Let Kpx3, tq :�
³x3

�8 κ
2py, tqdy, which satis�es that

∥K∥L8pRq À pt� Λq� 1
2 and ∥BtK∥L8pRq À pt� Λq� 3

2 , t ¥ 0. (4.36)

Lemma 4.4. Under the assumptions of Proposition 3.4, there exist a large constant Λ0 ¥
1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0, then

∥Φκ,Zκ∥2L2pRq À
d

dt
Ap2q

0,5 � ∥B3Z∥2L2pRq � pΛ� 1
2 � νq ∥B3Φ∥2L2pRq

� ν
∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq � ενΛ
1
4 e�αt,

(4.37)

where Ap2q
0,5 denotes a linear combination of the following terms,

»
R
Z3ΦKdx3,

»
R
|ZK|2K2dx3,

»
R
B3θūK � ZKZ3K2dx3. (4.38)

Proof. Multiplying ΦK on (4.14) and integrating the resulting equation on R, one has
that»

R

1

2

�
p1pρ̄qΦ2 � Z2

3

�
κ2dx3 � d

dt

� »
R
Z3ΦKdx3

	
� �

»
R
Z3ΦBtKdx3 � µ̃

ρ̄

»
R
B3Z3

�B3ΦK� Φκ2
�
dx3 �

»
R
p�G3 �N3qΦKdx3,

(4.39)
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here we have used the fact that Z3BtΦK � �Z3B3Z3K � �B3
�
1
2
Z2

3K
� � 1

2
Z2

3κ
2. Similar to

the proof of (4.30), one can show that»
R
p�G3 �N3qΦKdx3 À ενe�αt � ν ∥B3Φ, B3Z,Φκ∥2L2pRq � ν

∥∥∇ϕ7,∇ψ7∥∥2

L2pΩq . (4.40)

Thus, by (4.36) and (4.40), integrating (4.39) over p0, T q yields that

∥Φκ, Z3κ∥2L2pRq À
d

dt

� »
R
Z3ΦKdx3

	
� pt� Λq� 3

2 ∥Φ, Z3∥2L2pRq

� pΛ� 1
2 � νq ∥B3Φ, B3Z∥2L2pRq � ν

∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq � ενe�αt.

(4.41)

To estimate
³T
0
∥ZKκ∥2L2pRq dt, it �rstly follows from Lemma 3.7 that

∥ZKκ∥2L2pRq �
d

dt

� ρ̄

8µ

»
R
|ZK|2K2dx3

	
À ∥B3ZK∥2L2pRq �

»
R
BtZK � ZKK2 dx3. (4.42)

Here we have used that h � |ZK|2 and β � ρ̄
32µ

in (3.28). Using (4.13), one can get that»
R
BtZK � ZKK2 dx3

� �µ
ρ̄

»
R
|B3ZK|2K2dx3 � 2µ

ρ̄

»
R
B3ZK � ZKKκdx3

� µ

ρ̄

»
R
B3θB3ΦūK � ZKK2dx3looooooooooooooomooooooooooooooon

I3

�
»
R

��GK �NK
� � ZKK2 dx3.

Similar to the estimate of I2 in (4.23), one can use (4.8) and (4.14) to obtain that»
R
I3dx3 À d

dt

� »
R
B3θūK � ZKZ3K2dx3

	
� �

Λ� 1
2 � ν

�
∥Φκ,Zκ, B3Φ, B3Z∥2L2pRq

� ν
∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq � ενe�αt.

This, together with (4.9), (4.42) and a similar proof of (4.30), yields that

∥ZKκ∥2L2pRq �
d

dt

� ρ̄

8µ

»
R
|ZK|2K2dx3

	
À ∥B3Z∥2L2pRq �

d

dt

� »
R
B3θūK � ZKZ3K2dx3

	
� �

Λ� 1
2 � ν

�
∥B3Φ,Φκ, Z3κ∥2L2pRq � ν

∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq � ενΛ
1
4 e�αt.

(4.43)

Collecting (4.21), (4.41) and (4.43), one can �nish the proof.

Lemma 4.5. Under the assumptions of Proposition 3.4, there exist a large constant Λ0 ¥
1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0, then it
holds that

d

dt
Ap3q

0,5 � p1pρ̄q ∥B3Φ∥2L2pRq

À ∥B3Z∥2L2pRq � ν ∥Φκ∥2L2pRq � ν
∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq � ενΛ
1
4 e�αt,

(4.44)
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where

Ap3q
0,5 :�

µ̃

ρ̄
∥B3Φ∥2L2pRq � 2

»
R
Z3B3Φdx3. (4.45)

Proof. Multiplying µ̃
ρ̄
B3Φ and B3Φ on B3(4.12)1 and (4.14), respectively, and adding the

resulting two equations together, one has that

Bt
� µ̃
2ρ̄

|B3Φ|2 � Z3B3Φ
	
� p1pρ̄q |B3Φ|2 � B3p� � � q � |B3Z3|2 � p�G3 �N3qB3Φ. (4.46)

Similar to the proof of (4.30), one can prove that»
R
p�G3 �N3qB3Φdx3 À ν ∥B3Φ, B3Z,Φκ∥2L2pRq � ν

∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq � ενΛ
1
4 e�αt.

This, together with , can yield (4.50).

Collecting Lemmas 4.3�4.5, one has that

d

dt
A0,5 � c0,5B0,5 À ν

∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq � ενΛ
1
4 e�αt, (4.47)

where A0,5 denotes a linear combination of Ap1q
0,5 , A

p2q
0,5 and Ap3q

0,5 , satisfying that

A0,5 � ∥Φ∥2H1pRq � ∥Z∥2L2pRq ; (4.48)

and
B0,5 :� ∥B3Φ, B3Z,Φκ,Zκ∥2L2pRq . (4.49)

Then integrating (4.47) with respect to t yields that

sup
tPp0,T q

�
∥Φ∥2H1pRq � ∥Z∥2L2pRq

�� » T

0

∥B3Φ, B3Z,Φκ,Zκ∥2L2pRq dt

À ∥Φ0∥2H1pRq � ∥Ψ0∥2L2pRq � ν

» T

0

∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq dt� ενΛ
1
4 .

(4.50)

Lemma 4.6. Under the assumptions of Proposition 3.2, there exist a large constant Λ0 ¥
1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0, then it
holds that

d

dt
A1,5 � c1,5B1,5 À pt� Λq�1 ∥B3Φ,Φκ∥2L2pRq � ν

∥∥B23Φ, B33Z∥∥2

L2pRq

� ν
∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq � ενΛ
1
4 e�αt.

(4.51)

where
A1,5 � p1pρ̄q ∥B3Φ∥2L2pRq � ∥B3Z∥2L2pRq and B1,5 �

∥∥B23Z∥∥2

L2pRq . (4.52)

Proof. Multiplying �p1pρ̄qB23Φ and �B23Z on (4.12)1 and (4.12)2, respectively and adding
up the resulting two equations, one can get that

d

dt

�
p1pρ̄q
2

∥B3Φ∥2L2pRq �
1

2
∥B3Z∥2L2pRq



� µ

ρ̄

∥∥B23Z∥∥2

L2pRq �
µ� λ

ρ̄

∥∥B23Z3

∥∥2

L2pRq

� �µ
ρ̄

»
R
B3θB3Φū � B23Zdx3loooooooooooooomoooooooooooooon

I4

�
»
R
pG�Nq � B23Zdx3loooooooooooomoooooooooooon

I5

.
(4.53)
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One can show that

|I4| ¤ Cpt� Λq�1 ∥B3Φ∥2L2pRq �
µ

4ρ̄

∥∥B23Z∥∥2

L2pRq . (4.54)

It follows from Lemmas 3.2 and 4.1 that

I5 �
»
R

�
G�Q5

1 �Q5
2

� � B23Zdx3 �
»
R

�
Q5

3 �Q5
4

�B33Zdx3
À ενΛ

1
4 e�αt � ∥ϕ, ψ∥2L4pΩq

∥∥B23Z∥∥H1pRq . (4.55)

Using Lemma 3.5, it holds that∥∥ϕ5∥∥
L4pRq � ∥B3Φ∥L4pRq À

∥∥B23Φ∥∥ 5
8

L2pRq ∥Φ∥
3
8

L2pRq À ν
1
2

∥∥B23Φ∥∥ 1
2

L2pRq , (4.56)

and similarly, ∥∥ψ5∥∥
L4pRq À ν

1
2

∥∥B23Ψ∥∥ 1
2

L2pRq . (4.57)

On the other hand, it follows from Lemma 3.5 that

∥h∥L4pΩq À
3̧

k�1

∥∇h∥
k
4

L2pΩq ∥h∥
1� k

4

L2pΩq À ∥h∥H1pΩq @h P H1pΩq. (4.58)

Then using (4.56) to (4.58), one can get that

∥ϕ, ψ∥2L4pΩq À
∥∥ϕ5, ψ5∥∥2

L4pRq �
∥∥ϕ7, ψ7∥∥2

L4pΩq
À ν

∥∥B23Φ, B23Ψ∥∥
L2pRq � ν

∥∥ϕ7, ψ7∥∥
H1pΩq ,

which, together with (3.26), (4.10) and (4.19), yields that

∥ϕ, ψ∥2L4pΩq À ν
∥∥B23Φ, B23Z∥∥L2pRq � νpt� Λq� 1

2 ∥B3Φ,Φκ∥L2pRq

� ν
∥∥∇ϕ7,∇ζ7∥∥

L2pΩq � ενe�αt.
(4.59)

Collecting (4.54), (4.55) and (4.59), one can �nish the proof of (4.51).

Lemma 4.7. Under the assumptions of Proposition 3.2, there exist a large constant Λ0 ¥
1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0, then it
holds that

d

dt
A2,5 � c2,5B2,5 À B1,5 � νpt� Λq�1 ∥B3Φ,Φκ∥2L2pRq � ν

∥∥∇ζ7∥∥2

L2pΩq

� ν
∥∥∇2ϕ

∥∥2

H1pΩq � ενΛ
1
4 e�αt.

(4.60)

where B0,0 and B1,5 are given by (4.52) and

A2,5 � µ̃

2ρ̄

∥∥B23Φ∥∥2

L2pRq �
»
R
B3Z3B23Φdx3 and B2,5 �

∥∥B23Φ∥∥2

L2pRq . (4.61)
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Proof. Multiplying µ̃
ρ̄
B23Φ and B23Φ on B23(4.12)1 and B3(4.14), respectively, and adding up

the resulting two equations, one can get that

d

dt

�
µ̃

2ρ̄

∥∥B23Φ∥∥2

L2pRq �
»
R
B3Z3B23Φdx3



� p1pρ̄q∥∥B23Φ∥∥2

L2pRq

� ∥∥B23Z3

∥∥2

L2pRq �
»
R
pG3 �N3q B33Φdx3loooooooooooomoooooooooooon

I6

.

Similar to the estimate of I5 in (4.53), one can use Lemma 4.1 and (4.19) and (4.59) to
prove that

I6 �
»
R

�
G3 �Q5

1,3 �Q5
2,3

� � B33Φdx3 �
»
R

�
Q5

3,3 �Q5
4,3

�B43Φdx3
À ενΛ

1
4 e�αt � ∥ϕ, ψ∥2L4pΩq

∥∥B33Φ∥∥H1pRq

À ενΛ
1
4 e�αt � ν

∥∥B23Φ∥∥2

H2pRq � ν
∥∥B23Z∥∥2

L2pRq

� νpt� Λq�1 ∥B3Φ,Φκ∥2L2pRq � ν
∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq .

Note that ∥B33Φ∥H1pRq À ∥∇2ϕ∥H1pΩq and
∥∥∇ϕ7∥∥

L2pΩq À
∥∥∇2ϕ7

∥∥
L2pΩq À ∥∇2ϕ∥L2pΩq . Then

the proof is �nished.

Lemma 4.8. Under the assumptions of Proposition 3.2, there exist a large constant Λ0 ¥
1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0, then it
holds that

d

dt
A3,5 � c3,5B3,5 À pt� Λq�2 ∥B3Φ,Φκ∥2L2pRq � pt� Λq�1

∥∥B23Φ, B23Z∥∥2

L2pRq

� ν
∥∥∇2ϕ

∥∥2

H1pΩq � ν
∥∥∇3ζ

∥∥2

L2pΩq � ενΛ
1
4 e�αt.

(4.62)

where Bi,5 for i � 0, 1, 2 are given by (4.52) and (4.61) and

A3,5 � p1pρ̄q∥∥B23Φ∥∥2

L2pRq �
∥∥B23Z∥∥2

L2pRq and B3,5 �
∥∥B33Z∥∥2

L2pRq . (4.63)

Proof. Multiplying �p1pρ̄qB33Φ and �B33Z on B3(4.12)1 and B3(4.12)2, respectively and
adding up the resulting two equations, one can get that

d

dt

�
p1pρ̄q
2

∥∥B23Φ∥∥2

L2pRq �
1

2

∥∥B23Z∥∥2

L2pRq



� µ

ρ̄

∥∥B33Z∥∥2

L2pRq �
µ� λ

ρ̄

∥∥B33Z3

∥∥2

L2pRq

� �µ
ρ̄

»
R
B3
�B3θB3Φ�ū � B33Zdx3looooooooooooooooomooooooooooooooooon

I7

�
»
R
pB3G� B3Nq � B33Zdx3loooooooooooooomoooooooooooooon

I8

.

Using (1.19), one has that

I7 ¤ µ

4ρ̄

∥∥B33Z∥∥2

L2pRq � C
2̧

j�1

pt� Λqj�3
∥∥Bj3Φ∥∥2

L2pRq . (4.64)
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To achieve the optimal rate of pϕ5, ζ5q, we need to deal with the term I8 very carefully.
In this respect, the subtle estimate (4.15)2 plays an important role. It follows from
Lemmas 3.2 and 4.1 that

I8 �
»
R

�B3G� B3Q5
1 � B3Q5

2

� � B33Zdx3 �
»
R

�B3Q5
3 � B3Q5

4

�B43Zdx3
À ∥∥B33Z∥∥H1pRq pI8,1 � I8,2q � ενΛ

1
4 e�αt, (4.65)

where

I8,1 � pt� Λq� 1
2 ∥ϕ, ψ∥2L4pΩq and I8,2 � ∥∇ϕ,∇ψ∥L4pΩq ∥ϕ, ψ∥L4pΩq . (4.66)

First, it follows from (4.10) that∥∥B43Z∥∥L2pRq À
∥∥B33ψ5, B33ϕ5∥∥L2pRq � Λ� 1

2

∥∥B23ϕ5∥∥L2pRq

� pt� Λq�1
∥∥B23Φ∥∥L2pRq � pt� Λq� 3

2 ∥B3Φ,Φκ∥L2pRq .
(4.67)

Using (3.26) and (4.59), it holds that

I8,1 À νpt�Λq� 1
2

�∥∥B23Φ, B23Z∥∥L2pRq�pt�Λq�
1
2 ∥B3Φ,Φκ∥L2pRq�

∥∥∇3ϕ7,∇3ζ7
∥∥
L2pΩq

�
. (4.68)

To estimate I8,2, it follows from Lemma 3.5, (3.26) and (4.58) that for j � 0, 1,∥∥∇jϕ
∥∥
L4pΩq À

∥∥Bj�1
3 Φ

∥∥
L4pRq �

∥∥∇jϕ7
∥∥
L4pΩq

À ∥∥B33Φ∥∥ 3�4j
10

L2pRq ∥Φ∥
7�4j
10

L8pRq �
∥∥∇jϕ7

∥∥
H1pΩq

À ν
7�4j
10

� ∥∥B33Φ∥∥ 3�4j
10

L2pRq �
∥∥∇3ϕ7

∥∥ 3�4j
10

L2pΩq
�
, (4.69)

Similarly, one can prove that∥∥∇jψ
∥∥
L4pΩq À ν

7�4j
10

� ∥∥B33Ψ∥∥ 3�4j
10

L2pRq �
∥∥∇3ψ7

∥∥ 3�4j
10

L2pΩq
�
, j � 0, 1. (4.70)

This, together with (4.69), yields that

I8,2 À ν
∥∥B33Φ, B33Ψ∥∥

L2pRq � ν
∥∥∇3ϕ,∇3ψ

∥∥
L2pΩq

À ν
∥∥B33Z∥∥L2pRq � νpt� Λq�1 ∥B3Φ,Φκ∥L2pRq

� νpt� Λq� 1
2

∥∥B23Φ∥∥L2pRq � ν
∥∥∇3ϕ,∇3ψ

∥∥
L2pΩq . (4.71)

Thus, collecting (4.20), (4.64), (4.67), (4.68) and (4.71), one can obtain (4.62).

Then collecting Lemmas 4.6�4.8, there exist generic numbers Mi,5 ¥ 1 for i � 1, 2, 3,
such that if Λ�1, ε and ν are small, then it holds that

d

dt

� 3̧

i�1

Mi,5Ai,5
	
� 1

2

� 3̧

i�1

ci,5Mi,5Bi,5
	

À pt� Λq�1 ∥B3Φ,Φκ∥2L2pRq � ν
∥∥∇2ϕ

∥∥2

H1pΩq � ν
∥∥∇3ζ

∥∥2

L2pΩq � ενΛ
1
4 e�αt,

(4.72)
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and
3̧

i�1

Mi,5Ai,5 � ∥B3Φ, B3Z∥2H1pRq ,

3̧

i�1

ci,5Mi,5Bi,5 �
∥∥B23Φ∥∥2

L2pRq �
∥∥B23Z∥∥2

H1pRq .

(4.73)

4.2 Estimates of non-zero modes

The estimate of the non-zero modes is similar to [43, Section 7]. However, if we follow
the analysis of [43] to study the system of pϕ7, ψ7q, we will encounter a new di�culty in the
energy estimates due to the large amplitude of the background wave (1.20). Nevertheless,
this di�culty can be overcome by considering the system of pϕ7, ζ7q instead of pϕ7, ψ7q.

To formulate the system for pϕ7, ζ7q, we �rst subtract (3.3) by (3.8) to get that$'''&
'''%
Btϕ7 � divψ7 � �f 70,
Btψ7 �

3°
i�1

Bi
�
uvsi ψ

7 �mvsζ7i � n1,i

��∇
�
p1pρ̄qϕ7 � n2

�
� µ△ζ7 � pµ� λq∇divζ7 � g7,

(4.74)

where
n1,i �

�
uim� ũim̃

�7 � uvsi ψ
7 �mvsζ7i ,

n2 �
�
ppρq � ppρ̃q�7 � p1pρ̄qϕ7.

(4.75)

Note that ψ � ρ̃ζ � ũϕ� ϕζ, which implies that

ψ7 � ρ̄ζ7 � uvsϕ7 � n3, (4.76)

where
n3 � rpρ̃� ρ̄qζ � pũ� uvsqϕs7 � ζ5ϕ7 � ϕ5ζ7 � pϕ7ζ7q7. (4.77)

Then plugging (4.76) into (4.74) and using the fact that divuvs � 0, the system of pϕ7, ζ7q
can be formulated as$'&

'%
Btϕ7 � ρ̄divζ7 � uvs �∇ϕ7 � �f 70 � divn3,

ρ̄Btζ7 � ρ̄uvs �∇ζ7 � p1pρ̄q∇ϕ7 � Btuvsϕ7 � µ△ζ7 � pµ� λq∇divζ7

� n4 � Btn3 � uvsf 70 � g7.

(4.78)

with n4 :� �°3
i�1 Bin1,i �∇n2 � uvsdivn3 � uvs �∇n3.

Combining (3.26) and (4.58), the remainder (4.77) satis�es that∥∥∇jn3

∥∥
L2pΩq À ν

∥∥∇jϕ7,∇jζ7
∥∥
L2pΩq � ενe�αt, j � 0, 1, 2. (4.79)

This, together with (3.26) and (4.76), yields that∥∥∇jψ7
∥∥
L2pΩq À

∥∥∇jζ7,∇jϕ7
∥∥
L2pΩq � ενe�αt, j � 0, 1. (4.80)

Note that (4.75) yields that

n1,i �
�pũi � uvsi qψ � pm̃�mvsqζi

�7 � ζ7iψ
5 � ζ5iψ

7 � pζ7iψ7q7,
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n2 �
�
a1pρ̃� ρ̄q�7 � �

a2ϕ
7�7,

where

a1 �
» 1

0

�
p1pρ̄� ϕ5 � spρ̃� ρ̄q � sϕ7q � p1pρ̄� spρ̃� ρ̄qq�ds � Op1q� ∣∣ϕ5∣∣� ∣∣ϕ7∣∣ �

a2 �
» 1

0

�
p1pρ̄� ϕ5 � spρ̃� ρ̄q � sϕ7q � p1pρ̄q�ds � Op1q� |ρ̃� ρ̄|� ∣∣ϕ5∣∣� ∣∣ϕ7∣∣ �.

Thus, it holds that

∥n1,i∥H1pΩq À ν
∥∥∇ζ7,∇ϕ7∥∥

L2pΩq � ενe�αt for i � 1, 2, 3, (4.81)

∥n2∥H1pΩq À ν
∥∥∇ϕ7∥∥

L2pΩq � ενe�αt, (4.82)

which, together with (4.79), yields that

∥n4∥L2pΩq À ν
∥∥∇ϕ7,∇ζ7∥∥

L2pΩq � ενe�αt. (4.83)

Moreover, we claim that

∥Btn3∥L2pΩq À ν
∥∥∇ϕ7,∇2ζ7

∥∥
L2pΩq � ενΛ

1
4 e�αt. (4.84)

In fact, it follows from (4.78) that∥∥Btϕ7, Btζ7∥∥L2pΩq À
∥∥∇ϕ7,∇2ζ7

∥∥
L2pΩq � ∥Btn3∥L2pΩq � εΛ

1
4 e�αt.

Using the Sobolev inequality and (3.5), it holds that∥∥Btζ5, Btϕ5∥∥L8pRq À
∥∥Btζ5, Btϕ5∥∥H1pRq À ∥Btζ, Btϕ∥H1pΩq ,

which, together with (3.5) and (4.3), yields that∥∥Btζ5, Btϕ5∥∥L8pRq À ∥ϕ, ζ∥H3pΩq � ∥f0,g∥H1pΩq À ν � εΛ
1
4 e�αt.

Then it follows from (4.77) that

∥Btn3∥L2pΩq À
∥∥Btζ5, Btϕ5∥∥L8pRq

∥∥ϕ7, ζ7∥∥
L2pΩq � ν

∥∥Btϕ7, Btζ7∥∥L2pΩq � ενe�αt

À ν
∥∥∇ϕ7,∇2ζ7

∥∥
L2pΩq � ν ∥Btn3∥L2pΩq � ενΛ

1
4 e�αt,

which yields (4.84).

Now we establish the a priori estimates of pϕ7, ζ7q.
Lemma 4.9. Under the assumptions of Proposition 3.4, there exist a large constant Λ0 ¥
1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0, then

d

dt
A1,7 � c1,7B1,7 À pΛ�1 � νq∥∥∇ϕ7,∇2ζ7

∥∥2

L2pΩq � ενΛ
1
4 e�αt, (4.85)

where

A1,7 � p1pρ̄q
ρ̄2

∥∥ϕ7∥∥2

L2pΩq �
∥∥ζ7∥∥2

L2pΩq and B1,7 �
∥∥∇ζ7∥∥2

L2pΩq .
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Proof. Multiplying p1pρ̄q
ρ̄
ϕ7 and ζ7 on (4.78)1 and (4.78)2, respectively, and using the fact

that divuvs � 0, one can obtain that

Bt
�p1pρ̄q

2ρ̄

∣∣ϕ7∣∣2 � ρ̄

2

∣∣ζ7∣∣2 	� µ
∣∣∇ζ7∣∣2 � pµ� λq ∣∣divζ7∣∣2

� divp� � � q � pn4 � Btn3q � ζ7 � p1pρ̄q
ρ̄

divn3ϕ
7 � Btuvs � ζ7ϕ7

� p1pρ̄q
ρ̄

f 70ϕ
7 � pf 70uvs � g7q � ζ7.

Then integrating the equality above over Ω, and using (3.17), (3.26), (4.83) and (4.84),
one can get (4.85).

Lemma 4.10. Under the assumptions of Proposition 3.4, there exist a large constant
Λ0 ¥ 1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0,
then

d

dt
A2,7 � c2,7B2,7 À B1,7 � ν

∥∥∇2ζ7
∥∥2

L2pΩq � ενΛ
1
4 e�αt, (4.86)

where

A2,7 � µ̃

2ρ̄2
∥∥∇ϕ7∥∥2

L2pΩq �
»
Ω

ζ7 �∇ϕ7dx and B2,7 �
∥∥∇ϕ7∥∥2

L2pΩq .

Proof. Multiplying µ̃
ρ̄
∇ϕ7 and ∇ϕ7 on ∇(4.78)1 and (4.78)2, respectively, leads to

Bt
� µ̃
2ρ̄

∣∣∇ϕ7∣∣2 � ρ̄ζ7 �∇ϕ7
	
� p1pρ̄q ∣∣∇ϕ7∣∣2

� divp� � � q �∇ϕ7 �∇uvs∇ϕ7 � ρ̄uvs �∇ζ7∇ϕ7 � ϕ7Btuvs �∇ϕ7
� ρ̄divζ7

�
ρ̄divζ7 � uvs �∇ϕ7 � f 70 � divn3

�
�∇ϕ7 �

�
� µ̃

ρ̄
∇f 70 � uvsf 70 � g7

	
�∇ϕ7 � pn4 � Btn3q � µ̃

ρ̄
∇ϕ7 �∇divn3,

(4.87)

where we have used the fact that for any h0 P H1pΩq,h � ph1, h2, h3q P H2pΩq,
∇h0 � p△h�∇divhq � divp∇h0 � curlhq. (4.88)

To estimate the term � µ̃
ρ̄
∇ϕ7 � ∇divn3 on the right-hand side of (4.87), one �rst notes

that ∣∣∣∣»
Ω

∇ϕ7 � �ζ5 �∇�
∇ϕ7dx

∣∣∣∣ � 1

2

∣∣∣∣»
Ω

divζ5
∣∣∇ϕ7∣∣2 dx∣∣∣∣ À ν

∥∥∇ϕ7∥∥2

L2pΩq ,

and it follows from (3.26) and (4.2) that∥∥∥∇ϕ7 � �pζ7 �∇q∇ϕ7�7∥∥∥
L1pΩq

À ∥∥∇ϕ7∥∥
L2pΩq

∥∥ζ7∥∥
L8pΩq

∥∥∇2ϕ7
∥∥
L2pΩq

À ν
∥∥∇ϕ7∥∥

L2pΩq
∥∥ζ7∥∥

H2pΩq
À ν

∥∥∇ϕ7∥∥
L2pΩq

∥∥∇2ζ7
∥∥
L2pΩq .
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Thus, using (4.77), one can get that∣∣∣∣»
Ω

∇ϕ7 �∇divn3dx

∣∣∣∣ À ν
∥∥∇ϕ7,∇2ζ7

∥∥
L2pΩq � ενe�αt. (4.89)

This, together with (4.79), (4.83) and (4.84), can yield (4.86) by integrating (4.87) over
Ω.

Lemma 4.11. Under the assumptions of Proposition 3.4, there exist a large constant
Λ0 ¥ 1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0,
then

d

dt
A3,7 � c3,7B3,7 À B1,7 � B2,7 � ενΛ

1
4 e�αt, (4.90)

where

A3,7 �
∥∥∇ζ7∥∥2

L2pΩq and B3,7 �
∥∥∇2ζ7

∥∥2

L2pΩq .

Proof. Multiplying �△ζ7 on (4.78)2 and using (4.88), one can obtain that

Bt
� ρ̄
2

∣∣∇ζ7∣∣2 	� µ̃
∣∣△ζ7∣∣2

� divp� � � q � ρ̄puvs �∇qζ7 �△ζ7 � p1pρ̄q∇ϕ7 �△ζ7 � ϕ7Btuvs �△ζ7
� pn4 � Btn3q �△ζ7 � puvsf 70 � g7q �△ζ7.

Note that
∥∥△ζ7∥∥2

L2pΩq Á
∥∥∇2ζ7

∥∥2

L2pΩq. Then one can obtain (4.90) with the use of (3.26),

(4.79) and (4.83).

Collecting Lemmas 4.9�4.11, there exist some generic numbersMi,� ¥ 1 for i � 1, 2, 3,
such that if Λ�1, ε and ν are small, then

d

dt

� 3̧

i�1

Mi,�Ai,�
	
� 1

2

� 3̧

i�1

ci,�Mi,�Bi,�
	
À ενΛ

1
4 e�αt, (4.91)

and
3̧

i�1

Mi,�Ai,� �
∥∥ϕ7, ζ7∥∥2

H1pΩq ,

3̧

i�1

ci,�Mi,�Bi,� �
∥∥∇ϕ7∥∥2

L2pΩq �
∥∥∇ζ7∥∥2

H1pΩq .

(4.92)

It follows from (3.26) that

3̧

i�1

Mi,�Ai,� À
∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq À
3̧

i�1

ci,�Mi,�Bi,�.

Then there exists a generic constant α1 P p0, αq such that∥∥ϕ7, ζ7∥∥2

H1pΩq À
�
∥ϕ0, ψ0∥2H1pΩq � ενΛ

1
4

�
e�α1t. (4.93)
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4.3 Estimates of higher-order derivatives.

Now we return to the original perturbed system (3.5) to estimate the higher-order
derivatives of the perturbation. It is noted that in the proof of Lemmas 4.12 and 4.13,
we use only the a priori assumption that suptPp0,T q ∥pϕ, ζq∥H2pΩq is small. Thus, with a

higher-order assumption (3.21), one can use similar arguments to estimate the third-order
derivatives, i.e. Lemmas 4.14 and 4.15, whose proofs are omitted for convenience.

Lemma 4.12. Under the assumptions of Proposition 3.4, there exist a large constant
Λ0 ¥ 1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0,
then

d

dt
A1 � c1B1 À

1̧

j�0

pt� Λq�2�j
∥∥∇jpϕ, ζq∥∥2

L2pΩq

� ∥∥∇2ζ
∥∥2

L2pΩq � ν
∥∥∇3ζ

∥∥2

L2pΩq � ενΛ
1
4 e�αt,

(4.94)

where

A1 �
3̧

i�1

»
Ω

� µ̃

2ρ2
|∇Biϕ|2 �∇Biϕ � Biζ

	
dx and B1 �

∥∥∇2ϕ
∥∥2

L2pΩq . (4.95)

Proof. For i P t1, 2, 3u, taking the derivative ∇Bi on (3.5)1 and multiplying the resulting
equation by �∇Biϕ

ρ2
, one can get that

Bt
� |∇Biϕ|2

2ρ2

	
� 1

ρ
∇Bidivζ �∇Biϕ � divp� � � q � I9, (4.96)

where

I9 � � 1

ρ2
∇Biϕ �

!�
∇Bipρdivζq � ρ∇Bidivζ

�� �
∇Bipu �∇ϕq � pu �∇q∇Biϕ

�
�∇Bi

�
divũϕ�∇ρ̃ � ζ�� 3

2

�
divũ� divζ

�
∇Biϕ�∇Bif0

)
.

Using (2.31), (2.32) and (3.17), one can get that

∥I9∥L1pΩq À
∥∥∇2ϕ

∥∥
L2pΩq �

�
∥∇ϕ∥L4pΩq

∥∥∇2ζ
∥∥
L4pΩq �

∥∥∇2ϕ
∥∥
L2pΩq ∥∇ζ∥L8pΩq

�
2̧

j�0

pt� Λq� 3�j
2

∥∥∇jϕ
∥∥
L2pΩq � εe�αt ∥ϕ, ζ∥H2pΩq � εΛ

1
4 e�αt

�
.

(4.97)

It follows from Lemma 3.5 that

∥∇ϕ∥L4pΩq À
3̧

k�1

∥∥∇2ϕ
∥∥ 1

2
� k

8

L2pΩq ∥ϕ∥
1
2
� k

8

L2pΩq À ν
1
2

∥∥∇2ϕ
∥∥ 1

2

L2pΩq ,

∥∥∇2ζ
∥∥
L4pΩq À

3̧

k�1

∥∥∇3ζ
∥∥ k

4

L2pΩq
∥∥∇2ζ

∥∥1� k
4

L2pΩq ,

(4.98)

which yields that

∥∇ϕ∥L4pΩq
∥∥∇2ζ

∥∥
L4pΩq À ν

∥∥∇2ϕ
∥∥
L2pΩq � ν

∥∥∇2ζ
∥∥
H1pΩq . (4.99)
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Using (4.2) with h � ∇ζ therein, it holds that∥∥∇2ϕ
∥∥
L2pΩq ∥∇ζ∥L8pΩq À ν

∥∥∇2ϕ
∥∥
L2pΩq � ν

∥∥∇2ζ
∥∥
H1pΩq . (4.100)

Then combining (4.97), (4.99) and (4.100), one has that

∥I9∥L1pΩq À pΛ� 1
2 � νq∥∥∇2ϕ

∥∥2

L2pΩq �
1̧

j�0

pt� Λq�2�j
∥∥∇jϕ

∥∥2

L2pΩq

� ν
∥∥∇2ζ

∥∥2

H1pΩq � ενΛ
1
4 e�αt.

(4.101)

On the other hand, multiplying �∇Biϕ on Bi
�
1
ρ
�(3.5)2

�
, one can get that

Bt
�
∇Biϕ � Biζ

�� p1pρq
ρ

|∇Biϕ|2 � µ̃

ρ
∇Biϕ �∇divBiζ � divp� � � q � I10, (4.102)

where

I10 � �∇Biϕ �
�
Bipu �∇ζq � Bi

�p1pρq
ρ

	
∇ϕ� Bi

�p1pρq � p1pρ̃q
ρ

∇ρ̃
	
� Bipζ �∇ũq

� Bi
�ϕ
ρ
pBtũ� ũ �∇ũq

	
� Biρ
ρ2

�
µ△ζ � pµ� λq∇divζ

�� Bi
�g � f0ũ

ρ

	�

� µ

ρ2

3̧

j�1

Bjρ∇Biϕ �
�BjBiζ �∇Biζj

�� divBiζBiBtϕ.

Here we have used the fact that for any ph0,hq P H1pΩq �H2pΩq,
1

ρ
∇h0 � p△h�∇divhq

�
3̧

j�1

Bj
�1
ρ
∇h0 � pBjh�∇hjq

�
� 1

ρ2

3̧

j�1

Bjρ∇h0 �
�Bjh�∇hj

�
.

Note that ∥ϕ, ζ∥H2pΩq À ν, then it holds that

∥I10∥L1pΩq À
∥∥∇2ϕ

∥∥
L2pΩq

�∥∥∇2ζ
∥∥
L2pΩq � ∥∇ζ∥2L4pΩq � ∥∇ϕ∥2L4pΩq

� pt� Λq� 1
2 ∥∇ϕ,∇ζ∥L2pΩq � pt� Λq�1 ∥ϕ, ζ∥L2pΩq

� εe�αt ∥ϕ, ζ∥H2pΩq � ∥∇ϕ∥L4pΩq
∥∥∇2ζ

∥∥
L4pΩq � εΛ

1
4 e�αt

�
� ∥∥∇2ζ

∥∥
L2pΩq ∥∇Btϕ∥L2pΩq .

(4.103)

Using (4.98)1, one has that

∥∇ϕ∥2L4pΩq À ν
∥∥∇2ϕ

∥∥
L2pΩq and ∥∇ζ∥2L4pΩq À ν

∥∥∇2ζ
∥∥
L2pΩq . (4.104)

It follows from (3.5)1 that

∥∇Btϕ∥L2pΩq À
∥∥∇2ζ

∥∥
L2pΩq � ∥∇ϕ∥L4pΩq ∥∇ζ∥L4pΩq �

∥∥∇2ϕ
∥∥
L2pΩq

�
1̧

j�0

pt� Λq� 2�j
2

∥∥∇jϕ
∥∥
L2pΩq � εΛ

1
4 e�αt.

(4.105)
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Then using (4.99) and (4.103) to (4.105), one can get that

∥I10∥L1pΩq ¤
�p1pρq
16ρ

� ν
	∥∥∇2ϕ

∥∥2

L2pΩq � C
∥∥∇2ζ

∥∥2

L2pΩq � Cν
∥∥∇3ζ

∥∥2

L2pΩq

� C
1̧

j�0

pt� Λq�2�j
∥∥∇jpϕ, ζq∥∥2

L2pΩq � CενΛ
1
4 e�αt.

(4.106)

Thus, summing (4.96) and (4.102) together and using (4.101) and (4.106), one can obtain
(4.94).

Lemma 4.13. Under the assumptions of Proposition 3.4, there exist a large constant
Λ0 ¥ 1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0,
then

d

dt
A2 � c2B2 À

1̧

j�0

pt� Λq�2�j
∥∥∇jpϕ, ζq∥∥2

L2pΩq �
∥∥∇2ϕ,∇2ζ

∥∥2

L2pΩq � ενΛ
1
4 e�αt, (4.107)

where

A2 �
∥∥∇2ζ

∥∥2

L2pΩq and B2 �
∥∥∇3ζ

∥∥2

L2pΩq .

Proof. For �xed i P t1, 2, 3u, taking the derivative Bi on 1
ρ
�(3.5)2 and multiplying the

resulting equation by �p�△Biζq, yield that

1

2
Bt
�
|∇Biζ|2

�� µ

ρ
|△Biζ|2 � µ� λ

ρ
|∇divBiζ|2 � divp� � � q � I10, (4.108)

where

I11 � △Biζ � Bi
�
u �∇ζ � p1pρq

ρ
∇ϕ� p1pρq � p1pρ̃q

ρ
∇ρ̃� ζ �∇ũ� ϕ

ρ
pBtũ� ũ �∇ũq

�
�△Biζ � Biρ

ρ2
�
µ△ζ � pµ� λq∇divζ

��△Biζ � Bi
�g � f0ũ

ρ

	
� µ� λ

ρ2
divBiζ∇ρ � p△Biζ �∇divBiζq.

Here we have used the fact that for any h P H2pΩq,
1

ρ
∇divh � �∇divh�△h

� � div
�1
ρ
divh

�
∇divh�△h

��� divh

ρ2
∇ρ � �∇divh�△h

�
.

Then it holds that

∥I11∥L1pΩq À
∥∥∇3ζ

∥∥
L2pΩq

�∥∥∇2ζ
∥∥
L2pΩq � ∥∇ζ∥2L4pΩq �

∥∥∇2ϕ
∥∥
L2pΩq � ∥∇ϕ∥2L4pΩq

� ∥∇ϕ∥L4pΩq
∥∥∇2ζ

∥∥
L4pΩq �

1̧

j�0

pt� Λq� 2�j
2

∥∥∇jpϕ, ζq∥∥
L2pΩq

� εe�αt sup
tPp0,T q

∥ϕ, ζ∥H2pΩq � εΛ
1
4 e�αt

�
,

(4.109)
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which, together with (4.99) and (4.104), yields that

∥I11∥L1pΩq ¤
� µ

16ρ
� ν

	 ∥∥∇3ζ
∥∥2

L2pΩq � C
∥∥∇2ϕ,∇2ζ

∥∥2

L2pΩq

� C
1̧

j�0

pt� Λq�2�j
∥∥∇jpϕ, ζq∥∥2

L2pΩq � CενΛ
1
4 e�αt.

By integration by parts, it holds that ∥△Biζ∥L2pΩq � ∥∇2Biζ∥L2pΩq . Then one can integrate
(4.108) on Ω to obtain (4.107).

With a higher-order a priori assumption that suptPp0,T q ∥pϕ, ζq∥H3pΩq is small, one can

prove the estimate of the third-order derivatives of pϕ, ζq similarly. We omit the proofs
for convenience.

Lemma 4.14. Under the assumptions of Proposition 3.4, there exist a large constant
Λ0 ¥ 1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0,
then

d

dt
A3 � c3B3 À

1̧

j�0

pt� Λq�3�j
∥∥∇jpϕ, ζq∥∥2

L2pΩq

� ∥∥∇2ϕ
∥∥2

L2pΩq �
∥∥∇2ζ

∥∥2

H1pΩq � ενΛ
1
4 e�αt,

(4.110)

where

A3 �
3̧

i,j�1

»
Ω

� µ̃

2ρ2
|∇Bijϕ|2 �∇Bijϕ � Bijζ

	
dx and B3 �

∥∥∇3ϕ
∥∥2

L2pΩq .

Lemma 4.15. Under the assumptions of Proposition 3.4, there exist a large constant
Λ0 ¥ 1 and small positive constants ε0 and ν0 such that, if Λ ¥ Λ0, ε ¤ ε0 and ν ¤ ν0,
then

d

dt
A4 � c4B4 À

1̧

j�0

pt� Λq�3�j
∥∥∇jpϕ, ζq∥∥2

L2pΩq

� ∥∥∇2ϕ,∇2ζ
∥∥2

H1pΩq � ενΛ
1
4 e�αt,

(4.111)

where

A4 �
∥∥∇3ζ

∥∥2

L2pΩq and B4 �
∥∥∇4ζ

∥∥2

L2pΩq .

Collecting Lemmas 4.12�4.15, there exist some generic numbersMi ¥ 1 for i � 1, 2, 3, 4
such that if Λ�1, ε and ν are small, then

d

dt

� 4̧

i�1

MiAi

	
� 1

2

� 4̧

i�1

ciMiBi

	

À ∥∥∇2ζ
∥∥2

L2pΩq �
1̧

j�0

pt� Λq�2�j
∥∥∇jpϕ, ζq∥∥2

L2pΩq � ενΛ
1
4 e�αt,

(4.112)
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and

�
4̧

i�1

MiAi À �∥∥∇2ϕ,∇2ζ
∥∥2

H1pΩq � ∥∇ζ∥2L2pΩq ,

4̧

i�1

ciMiBi �
∥∥∇2ϕ,∇3ζ

∥∥2

H1pΩq .

(4.113)

Using (3.26) and (4.18), one has that

d

dt

� 4̧

i�1

MiAi

	
� 1

4

� 4̧

i�1

ciMiBi

	
À pt� Λq�1

∥∥B23Φ, B23Z∥∥2

L2pRq � pt� Λq�2 ∥B3Φ, B3Z,Φκ∥2L2pRq

� ∥∥B33Z∥∥2

L2pRq �
∥∥∇2ζ7

∥∥2

L2pΩq � ενΛ
1
4 e�αt.

(4.114)

Proof of Proposition 3.4. Collecting (4.72), (4.73), (4.91), (4.113) and (4.114), one can
choose a linear combination of Ai,5,Ai,� and Aj (resp. Bi,5,Bi,� and Bj) for i � 1, 2, 3
and j � 1, 2, 3, 4, denoted by E1 (resp. D1), such that

d

dt
E1 �D1 À pt� Λq�1 ∥B3Φ, B3Z,Φκ∥2L2pRq � ενΛ

1
4 e�αt, (4.115)

and
�E1 À �

�
∥ϕ∥2H3pΩq � ∥B3Z∥2H1pRq �

∥∥ζ7∥∥2

H1pΩq �
∥∥∇2ζ

∥∥2

H1pΩq

	
� pt� Λq�1 ∥Φκ∥2L2pRq � ε2ν2e�αt,

D1 � ∥∇ϕ∥2H2pΩq �
∥∥B23Z∥∥2

H1pRq �
∥∥∇ζ7∥∥2

H1pΩq �
∥∥∇3ζ

∥∥2

H1pΩq .

(4.116)

Here we have used (4.17) with j � 1 in the proof of (4.116)1.

With (4.50) and (4.80), integrating (4.115) with respect to t P p0, T q yields that

sup
tPp0,T q

E1ptq �
» T

0

D1ptqdt À ∥Φ0,Ψ0∥2L2pRq � ∥ϕ0, ψ0∥2H3pΩq � ενΛ
1
4 . (4.117)

It follows from (4.17), (4.18) and (4.116) that

�E1 À � ∥ϕ, ζ∥2H3pΩq � ∥Φκ∥2L2pRq � ε2ν2e�αt,

�D1 À �� ∥∇ϕ∥2H2pΩq � ∥∇ζ∥2H3pΩq
�� pt� Λq�1 ∥B3Φ,Φκ∥2L2pRq � ε2ν2e�αt.

(4.118)

This, together with (4.50) and (4.117), yields that

sup
tPp0,T q

�
∥Φ,Ψ∥2L2pRq � ∥ϕ, ζ∥2H3pΩq

�

�
» T

0

�
∥B3Φ, B3Z,Φκ,Zκ∥2L2pRq � ∥∇ϕ∥2H2pΩq � ∥∇ζ∥2H3pΩq

�
dt

À ∥Φ0,Ψ0∥2L2pRq � ∥ϕ0, ψ0∥2H3pΩq � εΛ
1
4 .

(4.119)

Here we have used the fact that ενΛ
1
4 À εΛ

1
4ν2 � εΛ

1
4 with (4.1) and the smallness of

εΛ
1
4 . Then the proof of Proposition 3.4 is �nished.
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5 Decay rate

Combining Theorem 3.3 and Proposition 3.4, for the problem (3.5), (3.6), there exist

Λ0 ¥ 1 and ε0 ¡ 0 such that, if Λ ¥ Λ0 and εΛ
1
4 ¤ ε0, then the global existence of the

solution pϕ, ζq P Bp0,�8q can be proved by a standard argument. To �nish the proof of
Theorem 3.1, it remains to prove (3.7).

Since the estimate (4.119) holds for T � �8, then using (3.4) and (3.13), one has
that

sup
t¡0

�
∥Φ,Ψ∥2L2pRq � ∥ϕ, ζ∥2H3pΩq

�
�
» �8

0

�
∥B3Φ, B3Z,Φκ,Zκ∥2L2pRq � ∥∇ϕ∥2H2pΩq � ∥∇ζ∥2H3pΩq

	
dt À εΛ

1
4 ,

(5.1)

and

sup
t¡0

E1ptq �
» �8

0

D1ptqdt À εΛ
1
4 . (5.2)

It follows from (4.18), (4.116) and (5.1) that

E1 À D1 � ∥B3Φ, B3Z∥2L2pΩq � pt� Λq�1 ∥Φκ∥2L2pRq � ε3Λ
1
4 e�αt. (5.3)

With (5.1) and (5.3), multiplying pt�1q on (4.115) and integrating the resulting inequality
with respect to t, one can get that

pt� 1qE1 �
» t

0

pτ � 1qD1dτ

À E1p0q �
» t

0

E1dτ �
» t

0

∥B3Φ, B3Z,Φκ∥2L2pRq dτ � pεΛ 1
4 q 3

2

À εΛ
1
4 . (5.4)

Here we have used the fact that E1p0q À ε3Λ
1
4 , which is derived from (3.4), (3.13) and

(4.116)1.

On the other hand, collecting (4.62), (4.113) and (4.114), one can choose a linear
combination of A3,5 and Ai (resp. B3,5 and Bi) for i � 1, 2, 3, 4, denoted by E2 (resp. D2),
such that

d

dt
E2 �D2 À pt� Λq�2 ∥B3Φ, B3Z,Φκ∥2L2pRq

� pt� Λq�1
∥∥B23Φ, B23Z∥∥2

L2pRq � pεΛ 1
4 q 3

2 e�αt,
(5.5)

and
�E2 À �

�∥∥B23Φ, B23Z∥∥2

L2pRq �
∥∥∇2ϕ,∇2ζ

∥∥2

H1pΩq

	
� pt� Λq�1 ∥B3Φ,Φκ∥2L2pRq � ε3Λ

1
2 e�αt,

D2 �
∥∥B33Z∥∥2

L2pRq �
∥∥∇2ϕ,∇3ζ

∥∥2

H1pΩq .

(5.6)

It follows from (4.18) and (4.116)2 that

E2 À D1 � pt� Λq�1 ∥B3Φ,Φκ∥2L2pRq � ε3Λ
1
2 e�αt.

38



Then multiplying pt�1q2 on (5.5) and integrating the resulting inequality with respect
to t, one has that

pt� 1q2E2 �
» t

0

pτ � 1q2D2dτ

À E2p0q �
» t

0

pτ � 1qD1dτ �
» t

0

∥B3Φ, B3Z,Φκ∥2L2pRq dτ � pεΛ 1
4 q 3

2

À εΛ
1
4 . (5.7)

Note that ∥κ∥2L8pRq À pt� Λq�1. Then it follows from (4.118), (5.1) and (5.4) that∥∥ϕ5, ζ5∥∥2

L2pRq À E1 � pt� Λq�1 ∥Φ∥2L2pRq � ε3Λ
1
4 e�αt

À εΛ
1
4 pt� 1q�1. (5.8)

In addition, it follows from (4.17) and (5.6) to (5.8) that∥∥B3ϕ5, B3ζ5∥∥2

L2pRq À E2 � pt� Λq�1
∥∥ϕ5∥∥2

L2pRq � pt� Λq�2 ∥Φ∥2L2pRq � ε3Λ
1
4 e�αt

À εΛ
1
4 pt� 1q�2. (5.9)

Combining (5.8) and (5.9), one can get that∥∥ϕ5, ζ5∥∥
L8pRq À

∥∥B3�ϕ5, ζ5�∥∥ 1
2

L2pRq
∥∥ϕ5, ζ5∥∥ 1

2

L2pRq À pεΛ 1
4 q 1

2 pt� 1q� 3
4 ,

which yields (3.7)1. Using (4.93) and (5.1), one can obtain (3.7)2 immediately. The proof
of Theorem 3.1 is �nished.

Proof of Theorem 1.2. Once Theorem 3.1 is proved, it remains to prove (1.25) to
complete the proof of Theorem 1.2. In fact, using (2.31), (2.32) and (3.7), one has that∥∥pρ5,u5q � pρvs,uvsq∥∥

L8pRq À
∥∥pρ̃5, ũ5q � pρvs,uvsq∥∥

L8pRq �
∥∥pϕ5, ζ5q∥∥

L8pRq

À pεΛ 1
4 q 1

2 pt� Λq� 3
4 .

To prove (1.25)2, note that pρ7,u7q � pρ̃7, ũ7q � pϕ7, ζ7q. Note that if hpxq P L8pR3q is
periodic on T3 with the average h̄ � ³

T3 hpxqdx, then it holds that h7 � ph� h̄q7. Then it
follows from (2.7) and (2.9) that

ρ̃7 � 1

2

�
v7�p1�Θσq � v7�p1�Θσq

�
,

ũ7 � 1

2

�
z7�p1�Θσq � z7�p1�Θσq

�
�
�1
ρ̃
pv� � v�qpu� � u�q

�7
p1�Θ2

σq,

where v� and z� de�ned in (2.4). Thus, it follows from (2.5) that∥∥ρ̃7, ũ7∥∥
L8pΩq À ∥v�, v�, z�, z�∥L8pΩq À εe�αt. (5.10)

This, together with (3.7)2, yields that∥∥pρ7,u7q∥∥
L8pΩq À

∥∥pρ̃7, ũ7q∥∥
L8pΩq �

∥∥pϕ7, ζ7q∥∥
L8pΩq À εΛ

1
4 e�α0t.

The proof of Theorem 1.2 is �nished.
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6 Localized perturbations on T2
� R

In this section, we outline the main ideas to solve the problem (1.1) with the initial
data (1.23). In order to use the anti-derivative technique, we �rst follow [22, 15] to
introduce some di�usion waves propagating along the transverse characteristics to carry
the excessive mass of the perturbation pϕ̄0, ψ̄0q.

As the viscosity in (1.9) vanishes, the resulting hyperbolic system takes the form,

Bt
�
ρ
m

	
� Apρ,uqB3

�
ρ
m

	
� 0, (6.1)

where

Apρ,uq �

�
���

0 0 0 1
�u1u3 u3 0 u1
�u2u3 0 u3 u2

p1pρq � u23 0 0 2u3

�
��
. (6.2)

This matrix has four real eigenvalues,

λ0 � u3 �
a
p1pρq, λ1 � λ2 � u3, λ3 � u3 �

a
p1pρq, (6.3)

with the associated right eigenvectors,

r0pρ,uq �

�
���

1
u1
u2
λ0

�
��
, r1 �

�
���

0
1
0
0

�
��
, r2 �

�
���

0
0
1
0

�
��
, r3pρ,uq �

�
���

1
u1
u2
λ3

�
��
. (6.4)

For the constant states pρ̄,�ūq in (1.7), we denote

λ�i :� λipρ̄,�ūq and r�i :� ripρ̄,�ūq, i � 0, 3.

Di�usion waves. De�ne ϑpx3, tq � 1

2
?

πpt�1q exp
 � x2

3

4pt�1q
(
and

ϑ�px3, tq :� ϑpx3 � λ�0 pt� 1q, tq,
ϑ�px3, tq :� ϑpx3 � λ�3 pt� 1q, tq. (6.5)

Then it holds that

Btϑ� � λ�0 B3ϑ� � B23ϑ�, Btϑ� � λ�3 B3ϑ� � B23ϑ�,
and »

R
ϑ�px3, tqdx3 �

»
R
ϑ�px3, tqdx3 � 1 @t ¥ 0.

Denote
ϵ :� ∥∥ϕ̄0, ψ̄0

∥∥
L2
3pΩq

� ∥∥∇ϕ̄0,∇ψ̄0

∥∥
H2pΩq . (6.6)

Decompose the mass,
³
Ω
pϕ̄0, ψ̄0qdx, into»
Ω

pϕ̄0, ψ̄0qdx � α0r
�
0 � α1r1 � α2r2 � α3r

�
3 , (6.7)
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where each αi P R is a constant, satisfying that

max
i�0,��� ,3

|αi| À
∥∥ϕ̄0, ψ̄0

∥∥
L1pΩq À

∥∥ϕ̄0, ψ̄0

∥∥
L2
3pΩq

À ϵ.

Ansatz. In the case for the H3pΩq-perturbations, we set the ansatz as
pρ̃, m̃qpx3, tq :� pρvs,mvsqpx3, tq � α0r

�
0 ϑ�px3, tq � α3r

�
3 ϑ�px3, tq

� pα1r1 � α2r2qϑpx3, tq,
(6.8)

and

ũpx3, tq :� m̃px3, tq
ρ̃px3, tq .

Equivalently, (6.8) reduces to

ρ̃ � ρ̄� α0ϑ� � α3ϑ�,

m̃i � ρ̄ūiθ � ūipα3ϑ� � α0ϑ�q � αiϑ, i � 1, 2,

m̃3 � λ�0 α0ϑ� � λ�3 α3ϑ�.

(6.9)

Remark 6.1. The construction (6.8) is di�erent from [15], since we do not shift the back-
ground vortex sheet to cancel the excessive mass in the linearly degenerate characteristic
�elds. In fact, we �nd that the shift is not essential for the contact discontinuities, since
after shifting, the di�erence between two contact discontinuities decays just same as the
di�usion waves. However, it should be mentioned that the shifts are an essential point in
the stability theory of shocks.

It follows from (6.9) that#
Btρ̃� divm̃ � B3F,
Btm̃� div

�
m̃bm̃

ρ̃

��∇ppρ̃q � µ△ũ� pµ� λq∇divũ� B3G,
(6.10)

where F � F px3, tq P R and G � Gpx3, tq � pG1, G2, G3qpx3, tq P R3 are given by

F � α0B3ϑ� � α3B3ϑ�,
Gi � αiB3ϑ�

�m̃3m̃i

ρ̃
� ūi

�
α3λ

�
3 ϑ� � α0λ

�
0 ϑ�

��
� ūi

�
α3B3ϑ� � α0B3ϑ�

�� µB3pũi � ūiθq, i � 1, 2,

G3 � m̃2
3

ρ̃
� �

ppρ̃q � ppρ̄q � p1pρ̄qpρ̃� ρ̄q�� µ̃B3ũ3
� λ�0 α0B3ϑ� � λ�3 α3B3ϑ�.

(6.11)

In the following part of this section, we let

E � e�
c0|x3|

2

1�t � e�
c0|x3�λ�0 pt�1q|2

1�t � e�
c0|x3�λ�3 pt�1q|2

1�t (6.12)

for some generic constant c0 ¡ 0 .

Lemma 6.2. For j � 0, 1, 2, � � � , it holds that∣∣Bj3F ∣∣� ∣∣Bj3G∣∣ À ϵpt� 1q�1� j
2E. (6.13)
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Proof. We prove (6.13) for j � 0 only, since the case for higher orders is similar. For
convenience, we write A � B if |A�B| À ϵpt � 1q�1E. First, it is direct to show that
|B3ϑ| � |ϑ|2 � 0, which yields that |F | � |G3| � 0. To prove that Gi � 0 for i � 1, 2, it
su�ces to show that

I :� m̃3m̃i

ρ̃
� ūi

�
α3λ

�
3 ϑ� � α0λ

�
0 ϑ�

� � 0.

In fact, it follows from (6.9) that

I � ūiθ
�
λ�0 α0ϑ� � λ�3 α3ϑ�

�� ūi
�
α0λ

�
0 ϑ� � α3λ

�
3 ϑ�

�
� ūi

�
α0λ

�
0 ϑ�pθ � 1q � α3λ

�
3 ϑ�pθ � 1q�.

Note that λ�0 � �ap1pρ̄q   0. Thus, if x3 ¥ 0, then

ϑ�pθ � 1q À ϑ� À e�
|λ�0 |2t

8 e�
|x3�λ�0 pt�1q|2

8pt�1q .

If x3   0, then by (4.9) and the fact that
³�|A|
�8 e�y2dy À e�

A2

2 , one has that

0   ϑ�pθ � 1q � ϑ�

» x3

�8
By3θpy3, tqdy3

À ϑ�

» x3

�8
ϑpy3, tqdy3

À e�
|x3�λ�0 pt�1q|2

4pt�1q e�
αx23

2pt�1q

À e�c1|x3|�c1t,

for some c1 ¡ 0 which depends only on
∣∣λ�0 ∣∣ and α. Similarly, one can prove that

0   ϑ�p1� θq À e�c0t
�
e�

c1|x3|
2

1�t � e�
c1|x3�λ�3 pt�1q|2

1�t

	
, x3 P R, t ¥ 0.

It follows from (1.1) and (6.10) that d
dt

 ³
Ω
rpρ,mq � pρ̃, m̃qsdx( � 0. This, together

with (6.7), yields that»
Ω

rpρ,mq � pρ̃, m̃qsdx �
»
Ω

rpρ,mq � pρ̃, m̃qs|t�0dx � 0. (6.14)

Using the same notations (3.1), (3.10), (3.16) and (4.10), the systems for pϕ, ζq and pΦ,Ψq
are almost same as (3.5) and (3.12), respectively, except the source terms on the right-
hand sides, in which the new ones satisfy (6.13) instead of (3.17). Denote

pϕ0, ψ0qpxq :� pϕ, ψqpx, 0q
� pϕ̄0, ψ̄0qpxq � α0r

�
0 ϑ�px3, 0q � α3r

�
3 ϑ�px3, 0q � pα1r1 � α2r2qϑpx3, 0q,

pΦ0,Ψ0qpx3q :� pΦ,Ψqpx3, 0q

�
» x3

�8
pϕ50, ψ50qpy3qdy3 � �

» �8

x3

pϕ50, ψ50qpy3qdy3.
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Then it follows from (1.27) that pϕ0, ψ0q P H3pΩq and pΦ0,Ψ0q P L2pRq. In fact,

∥Φ0∥2L2pRq �
» 0

�8

� » x3

�8
ϕ50py3qdy3

	2

dx3 �
» �8

0

� » �8

x3

ϕ50py3qdy3
	2

dx3

À ∥∥ϕ̄0

∥∥2

L2
3pΩq

» �8

0

» �8

x3

py23 � 1q� 3
2dy3dx3 � ϵ

À ϵ. (6.15)

And the L2-estimate of Ψ0 is similar.

Now we establish the a priori estimates. First, we assume a priorily that for a �xed
T ¡ 0,

pΦ,Ψq P Cp0, T ;L2pRqq and pϕ, ζq P Cp0, T ;H3pΩqq.
Denote

ν :� sup
tPp0,T q

�
∥Φ,Ψ∥L8pRq � ∥ϕ, ψ∥H3pΩq

�
. (6.16)

Remark 6.3. The de�nition of ν here is di�erent from (4.1). In fact, same as in [15], due
to the di�usion waves, the L2-norm of the anti-derivatives, ∥Φ,Ψ∥L2pRq , grows actually

at rates pt � 1q 1
4 . Nevertheless, we will show that the L2-norm of their derivatives,

∥B3Φ, B3Ψ∥L2pRq , decays at rates pt� 1q� 1
4 , which ensures the uniform boundedness of the

L8-norm, ∥Φ,Ψ∥L8pRq .

It is noted that in the anti-derivative system, the estimates of Qi for i � 1, 2, 3, 4 are
slightly di�erent from (4.15), which read

|Q1|� |Q3| À |ϕ|2 � |ψ|2 ,
|B3Q1|� |B3Q3| À

�
ϵpt� 1q�1 � pt� Λq� 1

2

��
|ϕ|2 � |ψ3|2

�
� �

|B3ϕ|� |B3ψ|
� p|ϕ|� |ψ|q ,∣∣∇kQ2

∣∣� ∣∣∇kQ4

∣∣ À ķ

j�0

ϵpt� 1q� k�j�1
2

� ∣∣∇jϕ
∣∣� ∣∣∇jψ

∣∣ �, k � 0, 1.

(6.17)

In addition, the estimates (4.16) to (4.20) still hold true with ε � 0.

Lemma 6.4. If Λ�1, ϵ and ν are small enough, then

d

dt
A0,5 � c0,5B0,5 À ν

∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq � ϵpt� 1q�1 ∥Φ,Z∥2L2pRq � ϵpt� 1q� 1
2 , (6.18)

d

dt

�
A1,5 � µ̃

4ρ̄
A2,5

�� c1,5B1,5 � µ̃

4ρ̄
c2,5B2,5

À pϵ� νq� ∥∥B33Z∥∥2

L2pRq �
∥∥∇ζ7∥∥2

L2pΩq �
∥∥∇2ϕ

∥∥2

H1pΩq
�

� pt� 1q�1 ∥B3Φ, B3Z,Φκ∥2L2pRq � ϵpt� 1q� 3
2 , (6.19)

d

dt
A3,5 � c3,5B3,5

À pϵ� νq� ∥∥∇2ϕ
∥∥2

H1pΩq �
∥∥∇3ζ

∥∥2

L2pΩq
�� pt� 1q�1

∥∥B23Φ, B23Z∥∥2

L2pRq

� pt� 1q�2 ∥B3Φ, B3Z,Φκ∥2L2pRq � ϵp1� tq� 5
2 , (6.20)
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where Ai,5 and Bi,5 for i � 0, � � � , 3, denote the same notations as in Section 4.1, satisfying
that

A0,5 � ∥Φ∥2H1pRq � ∥Z∥2L2pRq , B0,5 � ∥B3Φ, B3Z,Φκ,Zκ∥2L2pRq ,

A1,5 � µ̃

4ρ̄
A2,5 � ∥B3Φ∥2H1pRq � ∥B3Z∥2L2pRq , B1,5 � µ̃

4ρ̄
B2,5 �

∥∥B23Φ, B23Z∥∥2

L2pRq ,

A3,5 �
∥∥B23Φ, B23Z∥∥2

L2pRq , B3,5 �
∥∥B33Z∥∥2

L2pRq .

Proof. The proof is almost same as those of Lemmas 4.3�4.8. Indeed, the only di�erent
ingredients are the estimates related to the terms pF,Gq and pQ2,Q4q.

For instance, in (4.24) and (4.25), we use the di�erent estimates,

∥F,G∥L2pRq ∥Φ,Z∥L2pRq À ϵpt� 1q� 3
4 ∥Φ,Z∥L2pRq

À ϵpt� 1q�1 ∥Φ,Z∥2L2pRq � ϵpt� 1q� 1
2 ,

and

∥Q2,Q4∥L2pΩq ∥Z∥H1pRq À ϵpt� 1q�1 ∥Z∥2H1pRq � ϵ ∥ϕ, ψ∥2L2pΩq

À ϵpt� 1q�1 ∥Z∥2L2pRq � ϵ ∥B3Φ, B3Z,Φκ∥2L2pRq � ϵ
∥∥∇ϕ7,∇ζ7∥∥2

L2pΩq ;

and in the estimate of (4.65), we use the di�erent estimates,∥∥B23F, B23G∥∥
L2pRq

∥∥B23Φ, B23Z∥∥L2pRq À ϵpt� 1q�1
∥∥B23Φ, B23Z∥∥2

L2pRq � ϵpt� 1q� 5
2 ,

∥B3Q2, B3Q4∥L2pΩq
∥∥B33Z∥∥H1pRq À ϵ

∥∥B33Z∥∥2

H1pRq � ϵpt� 1q�2 ∥ϕ, ψ∥2L2pΩq

� ϵpt� 1q�1 ∥∇ϕ,∇ψ∥2L2pΩq .

Note that except these estimates, we do not use the boundedness of ∥Φ,Ψ∥L2pRq elsewhere,
that is, the remaining proof are exactly the same as in Section 4.1.

Lemma 6.5. If Λ�1, ϵ and ν are small enough, then

d

dt
A� � B� ¤ 0, (6.21)

where A7 and B7 are two energy functionals, satisfying that

A� �
∥∥ϕ7, ζ7∥∥2

H1pΩq , B� �
∥∥∇ϕ7∥∥2

L2pΩq �
∥∥∇ζ7∥∥2

H1pΩq .

Proof. Note that the ansatz (6.8) depends only on x3, and so are the error terms F and
G, which implies that pB3F q7 � 0 and pB3Gq7 � 0. Then the proof is similar as in
Section 4.2.

Lemma 6.6. If Λ�1, ϵ and ν are small enough, then

d

dt
A� cB À ∥∥B33Z∥∥2

L2pRq �
∥∥∇2ζ7

∥∥2

L2pΩq � pt� 1q�1
∥∥B23Φ, B23Z∥∥2

L2pΩq

� pt� 1q�2 ∥B3Φ, B3Z,Φκ∥2L2pRq � ϵpt� 1q� 7
2 ,

(6.22)

where A and B are two energy functionals, satisfying that

�A À �∥∥∇2ϕ,∇2ζ
∥∥2

H1pΩq � ∥∇ζ∥2L2pΩq , B � ∥∥∇2ϕ,∇3ζ
∥∥2

H1pΩq . (6.23)
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Proof. Note that∣∣Bj3ρ̃∣∣� ∣∣Bj3m̃3

∣∣� ∣∣Bj3pm̃K �mvs
K q

∣∣ À ϵpt� 1q� j�1
2 , j � 1, 2, � � � .

The proof is similar to Section 4.3.

Now we show the decay rate. First, it follows from Lemma 6.5 that∥∥ϕ7, ζ7∥∥
H1pΩq À ϵe�α1t. (6.24)

This, together with (6.18), yields that

d

dt
A0,5 � c5B0,5 ¤ C0ϵpt� 1q�1A0,5 � C0ϵpt� 1q� 1

2 . (6.25)

By Gronwall's inequality, multiplying pt�1q�C0ϵ on (6.25) yields that if ϵ is suitably small,
then

A0,5 �
» t

0

B0,5dτ À ϵpt� 1q 1
2 . (6.26)

Similar to (4.115), one can choose a linear combination of Ai,5 for i � 1, 2, 3, A7 and
A (resp. Bi,5 for i � 1, 2, 3, B7 and B), denoted by E1 (resp. D1), such that

d

dt
E1 �D1 À pt� 1q�1 ∥B3Φ, B3Z,Φκ∥2L2pRq � ϵpt� 1q� 3

2 . (6.27)

and
�E1 À �

�
∥ϕ∥2H3pΩq � ∥B3Z∥2H1pRq �

∥∥ζ7∥∥2

H1pΩq �
∥∥∇2ζ

∥∥2

H1pΩq

	
� pt� Λq�1 ∥Φκ∥2L2pRq ,

D1 � ∥∇ϕ∥2H2pΩq �
∥∥B23Z∥∥2

H1pRq �
∥∥∇ζ7∥∥2

H1pΩq �
∥∥∇3ζ

∥∥2

H1pΩq .

(6.28)

Then it holds that

pt� 1qE1 �
» t

0

pτ � 1qD1dτ À E1p0q �
» t

0

B0,5dτ � ϵpt� 1q 1
2 , (6.29)

which, together with (6.26), yields that

E1 À ϵpt� 1q� 1
2 ,

» t

0

pτ � 1qD1dτ À ϵpt� 1q 1
2 . (6.30)

Also, similar to (5.5) and (5.6), one can choose a linear combination of A3,5 A7 and A
(resp. B3,5, B7 and B), denoted by E2 (resp. D2), such that

d

dt
E2 �D2 À pt� 1q�1

∥∥B23Φ, B23Z∥∥2

L2pRq

� pt� 1q�2 ∥B3Φ, B3Z,Φκ∥2L2pRq � ϵp1� tq� 5
2 ,

(6.31)

and

�E2 À �
�∥∥B23Φ, B23Z∥∥2

L2pRq �
∥∥∇2ϕ,∇2ζ

∥∥2

H1pΩq

	
� pt� Λq�1 ∥B3Φ,Φκ∥2L2pRq ,

D2 �
∥∥B33Z∥∥2

L2pRq �
∥∥∇2ϕ,∇3ζ

∥∥2

H1pΩq .
(6.32)
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Note that E2 À D1 � pt� Λq�2 ∥B3Φ,Φκ∥2L2pRq . Then one has

pt� 1q2E2 �
» t

0

pτ � 1q2D2dτ

À
» t

0

pτ � 1qD1dτ �
» t

0

B0,5dτ � ϵpt� 1q 1
2

À ϵpt� 1q 1
2 ,

(6.33)

which yields that

E2 À ϵpt� 1q� 3
2 . (6.34)

Then combining (6.26) and (6.30), one has that

∥Φ,Ψ∥L8pRq À ∥B3Φ, B3Ψ∥
1
2

L2pRq ∥Φ,Ψ∥
1
2

L2pRq À E
1
4
1 A

1
4

0,5 À 1.

Using (4.16) and (4.17) with ε � 0 yields that∥∥ϕ5, ζ5∥∥2

L2pRq À E1 � pt� Λq�1A0,5 À ϵpt� 1q� 1
2 ,

and ∥∥B3ϕ5, B3ζ5∥∥2

L2pRq À E2 � pt� 1q�1E1 � pt� 1q�2A0,5 À ϵpt� 1q� 3
2 .

Finally, one has that∥∥ϕ5, ζ5∥∥
L8pRq À

∥∥B3�ϕ5, ζ5�∥∥ 1
2

L2pRq
∥∥ϕ5, ζ5∥∥ 1

2

L2pRq À ϵ
1
2 pt� 1q� 1

2 . (6.35)

Note that the di�usion waves propagating along the transverse characteristics, i.e. ϑ, ϑ�
in (6.8), also decay at the rate pt� 1q� 1

2 . Hence, one can obtain (1.28)1 immediately. The
proof of Theorem 1.3 is complete.

A Proof of Lemma 2.3

Proof of Lemma 2.3. If ε is small, then it follows from Lemma 2.1 that the periodic
solutions pρ�,m�q to the problem (1.1), (2.2) belong to the Cp0,�8;W 4,8pT3qq space.
Then the existence and uniqueness of (2.23) can be derived from the Cauchy-Lipschitz
theorem. It remains to show (2.28). In fact, using (2.5) and Cauchy's inequality, one has
that ρ5� � ρ̄�Op1qεe�αt and m5

3� � Op1qεe�αt. Then it follows from (2.22) that

D � 2ρ̄�Op1qεe�αt, (A.1)

and

N � � ρ̄

2
?
t� Λ

»
R

x3 � σ

t� Λ
Θ1
� x3 � σ?

t� Λ

	
dx3 �Op1qεe�αt � Op1qεe�αt. (A.2)

Here in (A.2) we have used the fact that ξΘ1pξq is odd with respect to ξ (see Lemma 1.1).
Thus, it holds that |σ1ptq| À εe�αt.
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Now we compute the limit of σptq as t Ñ �8. For i � 1 or 2, it follows from (2.10)2
that

Btm̃5
i � B3

�pũ3m̃iq5 � pppρ̃qq5� � µB23ũ5i � g5i . (A.3)

For any �xed t ¡ 0, integer N ¡ 0 and constant a P T � p0, 1q, de�ne the bounded
domain

Ωa,Nptq :� tpx3, τq : σpτq �N � a   x3   σpτq �N � a, 0   τ   tu.
Integrating (A.3) over Ba,Nptq yields that»

Ωa,N ptq
g5ipx3, τq dx3dτ �

» σptq�N�a

σptq�N�a

m̃5
ipx3, tqdx3 �

» N�a

�N�a

m̃5
ipx3, 0qdx3loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

I1

�
» t

0

�pũ3m̃iq5 � pppρ̃qq5 � µB3ũ5i � σ1pτqm̃5
i

�pσpτq �N � a, τqdτloooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooon
I2

�
» t

0

�pũ3m̃iq5 � pppρ̃qq5 � µB3ũ5i � σ1pτqm̃5
i

�pσpτq �N � a, τqdτloooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooon
I3

.

(A.4)

Denote ξ � x3?
t�Λ

. Then it holds that

I1 � 1

2

» N�a

�N�a

�
w5

i�px3 � σ, tqp1�Θpξqq � w5
i�px3 � σ, tqp1�Θpξqq�dx3looooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooon

I1,1

� m̄i

» N�a

�N�a

Θpξqdx3 � m̄i

» N�a

�N�a

Θ
� x3?

Λ

	
dx3looooooooooooooooooooooooooomooooooooooooooooooooooooooon

I1,2

.

(A.5)

Since wi�p�, tq have zero averages on T3, then

I1,1 � 1

2

� » N�a

a

w5
i�px3 � σ, tqp1�Θpξqqdx3 �

» a

�N�a

w5
i�px3 � σ, tqp1�Θpξqqdx3

�
» a

�N�a

w5
i�px3 � σ, tqp1�Θpξqqdx3 �

» N�a

a

w5
i�px3 � σ, tqp1�Θpξqqdx3

�
.

By (2.18), one has that w5
i� � w5

i� � 2ūiv
5
�. Thus, it holds that

I1,1 � ūi

� » a

�N�a

v5�px3 � σ, tqp1�Θpξqqdx3 �
» N�a

a

v5�px3 � σ, tqp1�Θpξqqdx3
�
,

which yields that

lim
NÑ�8

» 1

0

I1,1da � ūi

» 1

0

� » a

�8
v5�px3 � σ, tqp1�Θpξqqdx3

�
» �8

a

v5�px3 � σ, tqp1�Θpξqqdx3
�
da. (A.6)
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On the other hand, since Θp�q is an odd function, then it holds that» N�a

�N�a

Θpξqdx3 �
» N�a

N

Θpξqdx3 �
» N

�N

Θpξqdx3 �
» �N�a

�N

Θpξqdx3

�
» N�a

N

Θpξqdx3 �
» �N�a

�N

Θpξqdx3.

This, together with the fact that Θpξq Ñ �1 as ξ Ñ �8 and the dominated convergence
theorem, yields that

lim
NÑ�8

» 1

0

» N�a

�N�a

Θpξqdx3da �
» 1

0

�
lim

NÑ�8

» N�a

N

Θpξqdx3 � lim
NÑ�8

» �N�a

�N

Θpξqdx3
�
da

� 1.

Similarly, one can show that

lim
NÑ�8

» 1

0

» N�a

�N�a

Θ
� x3?

Λ

	
dx3da � 1.

Thus, it holds that

lim
NÑ�8

» 1

0

I1,2da � 0. (A.7)

For I2, it holds that

I2 � �
» t

0

�pu3�mi�q5 � pppρ�qq5 � µB3u5i� � σ1ptqm5
i�
�pσpτq � a, τqdτ

�
» t

0

I52,1pσpτq �N � a, τqdτ,

where I2,1 �
�
ũ3m̃i � u3�mi� � ppρ̃q � ppρ�q � µB3pũi � ui�q � σ1pτqpm̃i �mi�q

�
, which

satis�es that
∣∣I52,1pσpτq �N � a, τq∣∣ À 1�Θp N�a?

τ�Λ
q. Then one has that

lim
NÑ�8

» 1

0

I2da � �
» t

0

» 1

0

�pu3�mi�q5 � pppρ�qq5
�pσpτq � a, τqdadτ � m̄iσptq.

Similarly, one can prove that

lim
NÑ�8

» 1

0

I3da �
» t

0

» 1

0

�pu3�mi�q5 � pppρ�qq5
�pσpτq � a, τqdadτ � m̄iσptq.

Using (2.18) and (2.26), one has that

lim
NÑ�8

» 1

0

pI2 � I3qda � �2ūi
» t

0

» 1

0

m5
3�pσpτq � a, τqdadτ � 2m̄iσptq � 2m̄iσptq. (A.8)

Using (2.12) and (2.13), one can get that g5i P L8p0, t;L1pRqq. Then it follows from the
dominated convergence theorem and (2.24) that

lim
NÑ�8

» 1

0

»
Ba,N ptq

g5ipx3, tqdx3dtda �
» t

0

»
R
g5ipx3, tqdx3dt �

» t

0

»
R
f 52,ipx3, tqdx3dt � 0.

This, together with (A.6) to (A.8), yields that

σptq � 1

2ρ̄

» 1

0

� » �8

a

v5�px3 � σ, tqp1�Θpξqqdx3 �
» a

�8
v5�px3 � σ, tqp1�Θpξqqdx3

�
da

� Op1qεΛ1{2e�αt.

The proof is �nished.
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B Proof of Lemma 3.2

Proof of Lemma 3.2. For convenience, we use the convention A � B to denote that
∥A�B∥L2pΩq À εΛ1{4e�αt.

It follows from (2.9) that

ũ � 1

2

�
u�p1�Θσq � u�p1�Θσq

�
, (B.1)

which, together with (2.7), yields that

ũ3m̃ � 1

4

�
u3�m�p1�Θσq2 � u3�m�p1�Θσq2

�
� 1

2

�
u3�m�p1�Θσq � u3�m�p1�Θσq

�
. (B.2)

Similarly, one can verify that

ppρ̃q � 1

2
ppρ�qp1�Θσq � 1

2
ppρ�qp1�Θσq

� 1

2

» 1

0

p1pρ� � rpρ̃� ρ�qqdrpρ̃� ρ�qp1�Θσq

� 1

2

» 1

0

p1pρ� � rpρ̃� ρ�qqdrpρ̃� ρ�qp1�Θσq
� 0. (B.3)

1) We now prove the estimate of G. By (2.19) and (2.24), one has that for all x3 P R
and t ¥ 0,

Gipx3, tq � F 5
1,3ipx3, tq �

» x3

�8
f 52,ipy3, tqdy3

� �F 5
1,3ipx3, tq �

» �8

x3

f 52,ipy3, tqdy3 for i � 1, 2,

G3px3, tq � F 5
1,33px3, tq.

With the aid of (B.1) to (B.3) and the fact that

B3ũ � 1

2

�B3u�p1�Θσq � B3u�p1�Θσq
�� ūB3Θσ,

divũ � 1

2

�
divu�p1�Θσq � divu�p1�Θσq

�
,

it can follow from (2.12) that

F5
1,3 � �µūB3Θσ � �µū?

t� Λ
Θ1
� x3 � σ?

t� Λ

	
. (B.4)

Then one has that G3 � F 5
1,33 � 0. For i � 1 or 2, it follows from (2.20) that

» x3

�8
f 52,ipy3, tqdy3 �

�ρ̄ūi
2
?
t� Λ

» x3�σ?
t�Λ

�8
ξΘ1pξqdξ �Ri�, (B.5)
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where

Ri� � ūi?
t� Λ

» x3

�8

�
� pρ5� � ρ̄q x3 � σ

2pt� Λq � ρ5�σ
1ptq �m5

3�
�
Θ1

σdy3.

Since Θ1 ¡ 0, then it holds that |Ri�| À εe�αtp1	Θσq. It follows from (1.18) that

µΘ1pξq � � ρ̄
2

» ξ

�8
ηΘ1pηqdη � ρ̄

2

» �8

ξ

ηΘ1pηqdη @ξ P R.

This, together with (B.4) and (B.5), yields that

F 5
1,3i �

» x3

�8
f2,idy3 � Ri� and � F 5

1,3i �
» �8

x3

f 52,idy3 � Ri�,

which implies that Gi � Ri� and meanwhile, Gi � Ri�. Thus, it holds that

∥Gi∥L2pRq À εΛ1{4e�αt �
� » σ

�8
|Ri�|2 dx3

	 1
2 �

� » �8

σ

|Ri�|2 dx3
	 1

2 À εΛ1{4e�αt.

2) Using (2.11) and the fact that pρ� � ρ�,m3� �m3�q � Op1qεe�αt, one can easily

obtain that ∥f0∥L2pΩq À εΛ� 1
4 e�αt. Then we estimate g. It follows from (2.7) and (2.9)

that for j � 1, 2, 3,

Bjpũjm̃q � 1

2

�Bjpuj�m�qp1�Θσq � Bjpuj�m�qp1�Θσq
�
,

Bjppρ̃q � 1

2
Bjppρ�qp1�Θσq � 1

2
Bjppρ�qp1�Θσq,

B2j ũ � 1

2
B2ju�p1�Θσq � 1

2
B2ju�p1�Θσq � δj3ū

t� Λ
Θ2

σ,

Bjdivũ � 1

2
Bjdivu�p1�Θσq � 1

2
Bjdivu�p1�Θσq.

Using the relations above in (2.12), one can get that

3̧

j�1

BjF1,j � � µū

t� Λ
Θ2

� x3 � σ?
t� Λ

	
. (B.6)

On the other hand, it follows from (2.13) that

f2 � � m̄

2pt� Λq �
x3 � σ?
t� Λ

Θ1
� x3 � σ?

t� Λ

	
,

which, together with (1.18), yields that g � °3
j�1 BjF1,j � f2 � 0. The estimates of the

derivatives of f0 and g can be proved similarly. We omit the details.
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C Proof of Lemma 4.2

Proof. 1) Note that

ζ5 � 1

ρ̄
ψ5 � uvs

ρ̄
ϕ5 �

��1
ρ̃
� 1

ρ̄

	
ψ
�5
�
�� ũ
ρ̃
� uvs

ρ̄

	
ϕ
�5
�
�1
ρ̃
ϕζ

	5
. (C.1)

Then it holds that

�∥∥ζ5∥∥
L2pΩq À �∥∥ψ5∥∥

L2pΩq �
∥∥ϕ5∥∥

L2pΩq � ενe�αt � ν ∥ϕ∥L2pΩq ,

which yields (4.16) directly. Similarly, one has that

�∥∥B3ζ5∥∥L2pΩq À �∥∥B3ψ5∥∥L2pΩq �
∥∥B3ϕ5∥∥L2pΩq � pt� Λq� 1

2

∥∥ϕ5∥∥
L2pΩq

� ενe�αt � ν ∥B3ϕ, B3ζ∥L2pΩq ,

which gives (4.17). Moreover, it holds that

�∥∥B23ζ5∥∥L2pRq À �∥∥B23ψ5∥∥L2pRq �
2̧

j�0

pt� Λq�1� j
2

∥∥Bj3ϕ5∥∥L2pRq � ενe�αt

� ∥∇ϕ∥L4pΩq ∥∇ζ∥L4pΩq � ν
∥∥∇2ϕ,∇2ζ

∥∥
L2pΩq ,

which, together with (4.104), yields (4.18).

2) It follows from (3.26), (4.76) and (4.79)3 that∥∥∇2ψ7
∥∥
L2pΩq À

∥∥∇2ζ7
∥∥
L2pΩq �

∥∥ϕ7∥∥
H2pΩq �

∥∥∇2r3
∥∥
L2pΩq

À ∥∥∇2ζ7
∥∥
L2pΩq � ν

∥∥∇2ϕ7,∇2ζ7
∥∥
L2pΩq � ενe�αt,

which yields (4.19).

Using the identity that

ψ � ρ̄ζ � uvsϕ� ϕζ � �pρ̃� ρ̄qζ � pũ� uvsqϕ�,
one has that∥∥∇3ψ

∥∥
L2pΩq À

∥∥∇3ζ
∥∥
L2pΩq � δ

1̧

j�0

pt� 1q j�3
2

∥∥Bj3ϕ5∥∥L2pRq � δ
∥∥ϕ7∥∥

H1pΩq

� pδ � νq∥∥∇2ϕ
∥∥
H1pΩq � ∥∇ϕ∥L4pΩq

∥∥∇2ζ
∥∥
L4pΩq

� ν
∥∥∇3ζ

∥∥
L2pΩq � εe�αt ∥ϕ, ζ∥H3pΩq .

(C.2)

It follows from (4.98)1 that

∥∇ϕ∥L4pΩq À ∥ϕ∥
1
2

H2pΩq
∥∥∇2ϕ

∥∥ 1
2

L2pΩq À ν
1
2

∥∥∇2ϕ
∥∥ 1

2

L2pΩq ,

and similarly, ∥∥∇2ζ
∥∥
L4pΩq À ∥∇ζ∥

1
2

H2pΩq
∥∥∇3ζ

∥∥ 1
2

L2pΩq À ν
1
2

∥∥∇3ζ
∥∥ 1

2

L2pΩq .

Applying these two inequalities to (C.2) and using (3.26), one can obtain (4.20).
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