ASIAN J. MATH.. © 1997 International Press Vol. 1, No. 2, pp. 293–294, June 1997 006

A REMARK ON THE EXISTENCE OF SPHERE WITH PRESCRIBED MEAN CURVATURE^∗

SHING TUNG YAUy

On 1976, the author (see the open problem section in [3]) asked the following question: if ρ is a function defined on R^3, what is the condition on ρ so that there is a sphere in R^3 whose mean curvature is given by ρ. These were important works by Treibergs-Wei [2] and others on this question. Recently in a lecture that I gave in the Chinese University of Hong Kong, I realized that my work with R. Schoen on the existence of black Hole can be used to settle the prescribed mean curvature question for a large class of ρ.

Recall that in [1], we are given on a three dimensional manifold M, two tensors (g_{ij} , p_{ij} ) where g_{ij} > 0 is a Riemannian metric. Let μ = 1 2 [ R − ∑ p^{ij} p_{ij} + (∑ p^i )_2]

J^i = ∑ j D_j [ p^{ij} − (∑ p^k ) g^{ij} ]

where R is the scalar curvature of M.

For a domain Ω in M, we define

Rad(Ω) = sup { r : for any simple closed curve Γ in Ω

which is homotopically trivial, Γ does not bound a disk in a tubular

neighborhood N_r(Γ) of radius r }

Then the major theorem in [1] says Theorem 1. Let Ω be a bounded region on which μ − |J| ≥ Λ > 0 holds.

Assume that Ω ⊂ Ω_1 where the mean curvature of ∂Ω_1 (with respect to the outer normal) is strictly greater than the absolute value of the trace of p_{ij} |∂Ω_1. If Rad(Ω) ≥ √_3 2 π√ Λ , then Ω_1 contains a sphere Σ such that the mean curvature of Σ = ± tr_Σ(p_{ij} ).

Moreover, any such Σ lying within Ω has diameter at most^{2π}√_3^√_Λ and any such Σ intersecting ∂Ω has the property that Ω ∩ Σ has everywhere within distance^{2π}√_3^√_Λ of ∂Ω. In this note, we apply this theorem to the prescribed mean curvature problem: Let p_{ij} =^ρ_2 g_{ij} . Then

2μ =R + 3 2 ρ^2 J^i =(D_j ρ)g^{ij} �Received July 12, 1997; accepted for publication September 8, 1997.

yDepartment of Mathematics, Harvard University, Cambridge, MA 02138, U.S.A. (yau@math. harvard.edu) and Department of Mathematics, Chinese University of Hong Kong, Shatin, Hong Kong.