ASIAN J. MATH. © 2000 International Press Vol. 4, No. 2, pp. 303–314, June 2000 001

DEFORMING TRANSVERSE RIEMANNIAN METRICS OF FOLIATIONS^∗

MIROSLAV LOVRIĆ^† , MAUNG MIN-OO^‡, AND ERNST A. RUH^§

Abstract. The Ricci flow of Riemannian metrics on a compact manifold can be interpreted as a deformation of Cartan connections of hyperbolic type. The purpose of this paper is to show that there is analogous interpretation for the holonomy invariant transversal Riemannian metric defined for foliations over compact manifolds. Once the short-time existence of the transversal flow of Cartan connections is established, the theorems proved using deformation of the metric through the Ricci flow are generalized to the case of a Riemannian foliation on a compact Riemannian manifold.

1. Introduction and Results. In [9] the Ricci flow of Riemannian metrics on a compact manifold was interpreted as a deformation of Cartan connections of hyperbolic type. The purpose of this paper is to show that there is analogous interpretation for the holonomy invariant transversal Riemannian metric defined for foliations over compact manifolds.

As the first consequence, using the theorem of Hamilton [3, section 5] we obtain the short-time existence of the transversal flow of Cartan connections on M. Following the idea of Bemelmans, Min-Oo and Ruh introduced in [2] and using the maximum principle as in [1] we obtain the following smoothing property:

Theorem 1.1. Let F be a foliation of codimension q defined on a compact ndimensional Riemannian manifold M with a holonomy invariant transversal Riemannian metric g_Q on the normal bundle Q. There exists a smooth curve of transversal Riemannian metrics g(t) with g(0) = g_Q and universal constants C(q) and ϵ(q) depending only on the codimension q, such that ∞X_{k=0} tk_{((k + 1)!)2 |DkF D(g(t))|2 ≤ C(q)|F D (g(0))|2} (1.1)

uniformly for t ∈ [0, ϵ(q)], where |D^kF^D (g(t))| is the supremum of the k−th covariant derivative of the transversal curvature tensor F^D(g(t)) of the metric g(t).

Theorems proved using deformation of the metric through the Ricci flow (see [7, 8, 12]) can now be generalized to the case of a Riemannian foliation on a compact Riemannian manifold. In particular, we obtain the following theorems (see [3, 4]):

Theorem 1.2. Let F be a foliation of codimension three on a compact manifold M with a holonomy invariant transversal Riemannian metric g_Q for the normal bundle Q. Suppose that the Ricci curvature of g_Q is positive definite. The metric g_Q can be deformed to a holonomy invariant transversal Riemannian metric with constant positive sectional curvature.

∗Received January 27, 1999; accepted for publication May 7, 1999.

†Department of Mathematics and Statistics, McMaster University, Hamilton, Ontario, Canada L8S 4K1 (lovric@icarus.math.mcmaster.ca). The research of this author was partially supported by Canadian NSERC Grant OGP-0194144.

‡Department of Mathematics and Statistics, McMaster University, Hamilton, Ontario, Canada L8S 4K1. The research of this author was partially supported by Canadian NSERC Grant OPG-7873.

§Department of Mathematics, University of Fribourg, Pérolles, CH-1700 Fribourg, Switzerland. The research of this author was partially supported by Swiss NSF grant # 2000-50579.97.