ASIAN J. MATH. © 2000 International Press Vol. 4, No. 3, pp. 527–552, September 2000 003

ITERATED FUNCTION SYSTEMS WITH OVERLAPS^∗

AI-HUA FAN^†, KA-SING LAU^‡ , AND SZE-MAN NGAI^§

Abstract. In general it is difficult to study the multifractal structure of a self-similar measure when the associated iterated function system does not satisfy the open set condition. In this paper we will give two methods to deal with the overlapping situation. For the first method we make use of a transition matrix to calculate the Lp-scaling spectrum τ(p) of the measure. The second method depends on the Fourier transformation and the Ruelle operator; we use it to calculate the Sobolev exponent of the measure. We apply these two methods to study the m-th convolution of the Cantor measure, and also an interesting construction investigated recently by Kenyon [K] and Rao and Wen [RW]: S_0(x) =^1_3 x, S_1(x) =^1_3 x + ˘_3 , S_2(x) =^1_3 x +^2_3 , with 0 < λ < 1, λ 2 Q.

1. Introduction. Let μ be a bounded positive Borel measure on R^d with compact support. For p > 0, the L^p-scaling spectrum (or L^p-scaling exponent) τ(p) of μ is defined as

τ(p) = lim_{h→0+} ln ∑ i μ(Q_i(h))^p ln h , (1.1)

where Q_i(h) = [n_1h, (n_1 +1)h)×· · ·×[n_dh, (n_d +1)h), (n_1, . . . , n_d) ∈ Z^d is an h-mesh cube in R^d and the sum is taken over all such cubes which intersect the support of μ. (A more general definition of τ(p) which includes negative values of p can be found in [LN1], [O], [R].) The function τ(p) plays a central role in the theory of multifractal measures. It is well known that if μ is the self-similar measure defined by a family of contractive similitudes {S_j}^m_{j=0} which satisfies the open set condition [Hu], then there is an explicit formula to calculate τ(p) ([CM], [O]). Moreover, the Legendre transformation (concave conjugate) of τ(p) (i.e., τ^∗(α) := inf{qα − τ(q) : q ∈ R}) equals the Hausdorff dimension of the set K(α) = { x ∈ supp(μ) : lim_{h→0+} ln μ(B_h(x)) ln h = α } , where B_h(x) denotes the h-ball centered at x, and supp(μ) denotes the support of μ.

The quantity lim_{h→0+} ln μ(B_h(x)) ln h is known as the local dimension of μ at x, the Hausdorff

dimension of K(α) as a function of α is called the dimension of μ, and the relationship between τ(p) and the dimension is the well-known multifractal formalism (see e.g., [F], [CM]). In general it is difficult to handle K(α) theoretically or computationally. The scaling spectrum τ(p) and the multifractal formalism hence serve as an important alternative to study the multifractal structure.

Following the terminology of Barnsley [B], we call the above family of contractive similitudes {S_j}^m_{j=0} an iterated function system (IFS). If the family does not satisfy the open set condition, it is much harder to obtain the scaling exponent τ(p) and

∗Received August 14, 1999; accepted for publication February 9, 2000.

†Département de Mathématiques, Université de Picardie, 33, rue Saint Leu, 80039 Amiens, France (ai-hua.fan@u-picardie.fr). Research supported by the Institute of Mathematical Sciences of the Chinese University of Hong Kong.

‡Department of Mathematics, The Chinese University of Hong Kong, Shatin, NT, Hong Kong (kslau@math.cuhk.edu.hk). Research partially supported by an RGC Grant from CUHK.

§School of Mathematics, Georgia Institute of Technology, Atlanta, Georgia 30332, USA (ngai@ math.gatech.edu). Research supported by a postdoctoral fellowship from the Chinese University of Hong Kong.