ASIAN J. MATH. © 2000 International Press Vol. 4, No. 4, pp. 757–774, December 2000 003

BOUNDS FOR CERTAIN EXPONENTIAL SUMS^∗

TODD COCHRANE^† AND ZHIYONG ZHENG^‡

1. Introduction. In this paper we consider exponential sums of the type S(ax^n + bx, p^m) = X xmodpm e(ax^n + bx/p^m), (1.1)

and S(ax^n + bx, χ, p^m) = X xmodpm χ(x)e(ax^n + bx/p^m), (1.2)

where p^m is a prime power , χ mod p^m is a Dirichlet character, a, b, n are integers with n ≥ 2.

The first sum was studied in connection with Waring’s problem and we have a classical result due to professor Hua [10]. The second sum has not been studied before as far as the authors know. We hope it can be used in the work of generalizing Waring’s problem. In [6], Davenport and Heilbronn showed that S(ax^n + bx, p^m) ≪_n p^{θm}(b, p^m), if p - a, (1.3)

where θ = 2/3 if n = 3, and θ = 3/4 if n ≥ 3. Hua [10] showed that θ = 1/2 for all n ≥ 2 (also see Lemma 4.1 of Vaughan [19]). Hua’s proof depends on Weil’s estimate for exponential sums over finite fields (see Bombieri [1] or Schmidt [15]). In this case we have |S(ax^n + bx, p)| ≤ (n − 1)p^{12} , if p - a. (1.4)

For m ≥ 2, following the work of Loxton and Smith [13], and Smith [17], one has that

|S(ax^n + bx, p^m)| ≤ d_{n−1}(p^m)p m^2 (Δ, p^m)^{12} ,

(1.5)

where d_{n−1}(p^m) is the number of representations of p^m as a product of n − 1 positive integers and Δ is the discriminant of the derivative of the polynomial ax^n + bx. After an improvement by Loxton and Vaughan, Theorem 1 of [14] implies the following estimate |S(ax^n + bx, p^m)| ≤ (n − 1)p m+ø0_{2 (D, pm)} 1_{2 ,}

(1.6)

where D is the different of the derivative of the polynomial ax^n + bx, and τ_0 = 1 if p ≤ n, and τ_0 = 0 if p > n. Very recently, Dabrowski and Fisher established better bounds for exponential sums of this kind. Under the restriction p - ab, p - n, and

∗Received September 11, 2000; accepted for publication October 20, 2000. †Department of Mathematics, Kansas State University, Manhattan, KS 66506 (cochrane@ math.ksu.edu).

‡Department of Mathematics, Tsinghua University, Beijing 100084, P.R. China (zzheng@ math.tsinghua.edu.cn). Supported by NNSF of China (19625102) and partially by “973” project.