ASIAN J. MATH. © 2001 International Press Vol. 5, No. 1, pp. 93–108, March 2001 007

THE CLASSIFICATION OF HOMOGENEOUS 2-SPHERES IN C P^{n ∗}

HAIZHONG LI^†, CHANGPING WANG^‡, AND FAEN WU^§

Dedicated to Professor Shiing-shen Chern at the occasion of his 90th birthday

Abstract. Let M be a connected, orientable surface. An immersion x : M → C P n is called homogeneous, if for any two points p, q ∈ M there exists a holomorphic isometry T of C P n and a diffeomorphism σ : M → M such that σ(p) = q and x ∘ σ = T ∘ x. All such T form a subgroup G of the holomorphic isometry group U(n + 1)/S^1 and x(M) is an orbit surface of G. Such surfaces in C P n have constant curvature, constant Kaehler angle, and in general are non-minimal. In this paper we show that any homogeneous surface in C P n generates a sequence of homogeneous surfaces in C P n . In the case of a homogeneous sphere x : S^2 → C P n the sequence has to stop in the both directions, and any two different homogeneous spheres in the sequence are complex orthogonal. We give a construction of homogeneous 2-spheres in C P n by using Veronese sequences in C P m with m ≤ n as foundation stones, and prove that any homogeneous 2-sphere in C P n can be obtained (up to a holomorphic isometry) by this construction.

1. Introduction. A surface in C P^n is said to be homogeneous, if it is a 2- dimensional orbit of a subgroup in the holomorphic isometry group U(n + 1)/S^1 of C P^n . Standard examples of homogeneous 2-spheres are the so-called Veronese sequence in C P^n , which are also minimal in C P^n (see, for examples, [B-J-R-W], [B-O] and [B-W]).

As is well-known, any surface in C P^n sits in a sequence of surfaces in C P^n , which can be constructed by using derivatives with respect to its complex coordinate z and z̄. Surfaces in the sequence may contain singularities. If x : M → C P^n is minimal (harmonic), then all surfaces in the sequence are minimal (harmonic), and the sequence is called the harmonic sequence of x. In this paper we show that any homogeneous surface in C P^n generates a sequence of homogeneous surfaces. In case of homogeneous 2-sphere we show that any two different homogeneous spheres in its homogeneous sequence are complex orthogonal, thus its homogeneous sequence has to stop in both directions.

Using the Veronese sequence in C P^k , k = 0, 1, · · · , we can give a complete construction of homogeneous 2-spheres in C P^n . For each integer n ≥ 0 we denote by

(1.1) {[ϕ^0_n], [ϕ^1_n], · · · , [ϕ^n]}

the Veronese sequence in C P^n (see §4). We make the convention that [ϕ^0] = [1] and the sequence [ϕ^1_0], [ϕ^1] : C P^1 → C P^1 are defined by [ϕ^1_0] = id and [ϕ^1]([z, w]) = [−w̄, z̄]. Let {n_1, n_2, · · · , n_r} be nonnegative integers. We take from each Veronese sequence in C P^{nα} a surface [ϕ^{nα}_{jα} ] such that

(1.2) n_1 − 2j_1 = n_2 − 2j_2 = · · · = n_r − 2j_r .

∗ Received March 24, 2000; accepted for publication April 5, 2000.

† Department of Mathematical Sciences, Tsinghua University, Beijing 100084, PR China (hli@ math.tsinghua.edu.cn). Research is partially supported by the project No. 19701017 of NSFC and U.S.-China Cooperative Research NSF Award INT-9906856.

‡ Department of Mathematics, Peking University, Beijing 100871, PR China (wangcp@pku.edu. cn). Research is supported by the 973 project, RFDP and Qiushi Award.

§ Department of Mathematics, Northern Jiaotong University, Beijing 100044, PR China (fewu@ center.njtu.edu.cn).