ASIAN J. MATH. cfl 2001 International Press Vol. 5, No. 3, pp. 509–534, September 2001 007

SCHRÖDINGER FLOW FOR MAPS INTO KÄHLER MANIFOLDS�

PETER Y. H. PANG^† , HONG-YU WANG^‡ , AND YOU-DE WANG^§

Abstract. In this paper, we show that there exists a global Schrödinger flow for a map from the unit circle S^1 into a Kähler manifold with constant holomorphic sectional curvature. Moreover, the Schrödinger flow obeys a conservative law. We also discuss the Schrödinger flow from a compact Riemann surface into a compact Kähler manifold and prove that the Cauchy problem admits a smooth local solution.

1. Introduction. Recently, in [DW], Ding and Wang considered Schrödinger flows for maps into symplectic manifolds. Let (N, ω, J, h) (sometimes denoted just by N, (N, J) or (N, J, h)) be a symplectic manifold equipped with a symplectic form ω, an almost complex structure J, and the Riemannian metric h(·, ·) = ω(·, J·). Then, given a map u_0 from a Riemannian manifold (M, g) into (N, J), the Schrödinger flow u(·, t) : M −→ N for u_0 is defined by the Cauchy problem ∂u ∂t = J(u)τ(u), u(x, 0) = u_0(x),

(1.1)

where τ(u) is the tension field of u. In local coordinates,

τ^α(u) = Δu^α + g^{ij}Γ^α_{βγ}(u) ∂u^β ∂x^i ∂u^γ ∂x^j , where Δ is the Laplace-Beltrami operator on M with respect to the metric g and Γ^α_{βγ} are the Christoffel symbols of the target manifold N.

For the case where M = S^1 and (N, J, h) is a Kähler manifold, Ding and Wang [DW] discussed existence and uniqueness for (1.1). They proved that it admits a unique local smooth solution if u_0 is smooth. Further, if (N, J, h) is a compact Kähler manifold with constant sectional curvature K, the solution is in fact global and smooth. This follows from the conservative law d dt { ∫ S1 |τ(u)|^2 dS − K 4 ∫ S1 |∇u|^4 dS} = 0. We point out that if N is a compact Kähler manifold with constant sectional curvature, then it is either a closed surface or a flat complex torus of higher dimension.

We recall that the Heisenberg spin chain system (also called ferromagnetic spin chain system) is given by ∂u ∂t = u × Δu, ∗Received September 19, 2000; accepted for publication October 2, 2000. Partially supported by National University of Singapore Academic Research Fund Grant RP3982718.

†Department of Mathematics, National University of Singapore, 2 Science Drive 2, Republic of Singapore 117543 (matpyh@nus.edu.sg).

‡Department of Mathematics, National University of Singapore, 2 Science Drive 2, Republic of Singapore 117543. Current Address: Department of Mathematics, Yangzhou University, Yangzhou, Jiangsu 225009, People’s Republic of China (hywang@yzu.edu.cn).

§Institute of Mathematics, Academy of Mathematics and Systems Sciences, Chinese Academy of Sciences, Beijing, People’s Republic of China (wyd@math03.math.ac.cn). This author is also supported by the Natural Science Foundation of China. Work done while the author was visiting the Department of Mathematics, National University of Singapore; hospitality extended gratefully acknowledged.