ASIAN J. MATH. © 2001 International Press Vol. 5, No. 4, pp. 585–598, December 2001 001

CANONICAL KÄHLER CLASSES^∗

SANTIAGO R. SIMANCA^† AND LUISA D. STELLING^‡

Abstract. On a compact complex manifold (M, J) of Kähler type, consider the functional defined by the square of the L^2-norm of the scalar curvature with domain the space of Kähler metrics of fixed total volume. The infimum of this functional over metrics that represent a given class defines the energy of the class. We find the Euler-Lagrange equation for critical classes of this energy, and compute its Hessian at a critical class. We use these results to conclude that there exist a unique critical class for any del Pezzo surface as well as for any manifold with negative first Chern class. It follows that if the first Chern class is positive and not a critical class of the energy, it cannot be represented by an Einstein metric. We also draw some conclusions on the generic case of a manifold without holomorphic vector fields.

1. Introduction. Let (M, J) be a compact complex manifold of Kähler type. We denote by M the set of Kähler forms on (M, J), an open cone in the infinitedimensional affine space of closed (1, 1)-forms. We will identify the Kähler form ω in M with the corresponding Kähler metric g. Then, if the complex dimension of (M, J) is n and ω ∈ M, the associated volume form is dμ_ω := ω^n/n!.

It this context, it is quite natural to analyze the functional given by the square of the L^2-norm of the scalar curvature of a metric,

ω^Φ→ ∫ M s^2_ωdμ_ω , taking M as its domain. However, this functional is homogeneous of degree n − 2 and, in general, will not admit critical points without the specification of a suitable normalization for its domain. Calabi [2, 3] solved this problem by fixing a class Ω ∈ H^{1,1}(M, C ) ⊂ H^2(M, R) in the Kähler cone, and searching for critical metrics of the restriction of Φ to M_Ω = {ω ∈ M : [ω] = Ω}:

M_Ω^{ΦΩ}→ R ω → ∫ M s^2_ωdμ_ω . (1.1)

All metrics in M_Ω have fixed volume Ω^n/n!. Those which are critical points of Φ_Ω are called extremal, and their mere existence is far from being a settled issue to this date.

On the other hand, we may also consider the set M_v of Kähler metrics of fixed total volume v, and define the functional

M_v^Φ→ R ω → ∫ M s^2_ωdμ_ω . (1.2)

∗Received December 20, 2000; accepted for publication January 18, 2001. †Institute for Mathematical Sciences, Stony Brook, NY 11794 (santiago@math.sunysb.edu). This author was supported by the Gabriella and Paul Rosenbaum Foundation.

‡Departamento de Matemáticas, CIMAT, Guanajuato, México (luisa@cimat.mx). This author was supported by CONACYT through grant 28491-E.