ASIAN J. MATH. © 2002 International Press Vol. 6, No. 1, pp. 023–036, March 2002 002

CONFORMAL LOWER BOUNDS FOR THE DIRAC OPERATOR OF EMBEDDED HYPERSURFACES^∗

OUSSAMA HIJAZI^† , SEBASTIÁN MONTIEL^‡, AND XIAO ZHANG^§

Abstract. We find sharp lower bounds for the first nonnegative eigenvalue of the classical intrinsic Dirac operator of a compact hypersurface bounding a domain in a Riemannian spin manifold. These estimates are given in terms of scalar (spectral) conformal invariants of the enclosed domain which are involved in the solution of the Yamabe problem.

1. Introduction. In [Hij1], the first author used the conformal behavior of the nonzero eigenvalues λ of the Dirac operator to show that on a closed connected spin manifold λ^2 is, up to a dimensional constant, at least equal to the first eigenvalue of the Yamabe operator.

Using techniques for pseudo-differential operators and Sobolev embeddings, J. Lott [Lo] proved the existence of conformal lower bounds for λ^2. In [Hij2] it is shown that the Yamabe number, i.e., the infimum over a conformal class of metrics of the normalized total scalar curvatures, gives such a lower bound.

In [HMZ1], the present authors considered a domain Ω with boundary Σ inside a compact (n + 1)-dimensional spin manifold M and showed that if M has nonnegative scalar curvature, then the first nonnegative eigenvalue λ_1 of the intrinsic Dirac operator of Σ satisfies

λ_1 ≥ n 2 inf_Σ H.

(1.1)

where H is the mean curvature. The main new ingredient was to use the boundary condition of Atiyah-Patodi-Singer (APS) type for Dirac operators. If the ambient space has nonnegative Einstein tensor, (1.1) improves Friedrich’s inequality for embedded hypersurfaces. As an application, a spinorial proof of the classical Alexandrov Theorem was obtained.

The present paper is devoted to the conformal aspect of the results obtained in [HMZ1]. We improve (1.1) by showing that

λ_1 ≥ n 2 ν_1(B)

(1.2)

where ν_1(B) is the first eigenvalue of the conformal mean curvature operator B (see Theorem 9 for a precise statement). Here we don’t need to assume that M has nonnegative scalar curvature. Furthermore, the limitting-case of (1.2) is characterized by the existence of a parallel spinor on the ambient manifold for a metric in the conformal class. We then use the Hölder inequality to show that

λ_1 ≥ n 2 Q(Ω, Σ) vol (Σ)^1n

(1.3)

∗Received May 23, 2001; accepted for publication June 14, 2001. This work is partially done during the second and third authors visit to the Institut Élie Cartan, Université Henri Poincaré, Nancy 1, and they would like to thank the institute for its hospitality.

†Institut Élie Cartan, Université Henri Poincaré, Nancy I, B.P. 239, 54506 Vandœuvre-Lès-Nancy Cedex, France (hijazi@iecn.u-nancy.fr).

‡Departamento de Geometría y Topología, Universidad de Granada, 18071 Granada, Spain (smontiel@goliat.ugr.es). The author is partially supported by a Spanish MCyT grant No. BFM2001-2967.

§Institute of Mathematics, Academy of Mathematics and Systems Sciences, Chinese Academy of Sciences, Beijing 100080, P.R. China (xzhang@math.ac.cn). Research of X.Z. is partially supported by the Chinese NSF and mathematical physics program of CAS.