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AN OPTIMIZATION ON A MANIFOLD APPROACH FOR SOLVING
AN ANTENNA ARRAY PROBLEM*

JOHN B. MOORE!, JEREMY S. THORNE!, AND TAT M. LOK!

Abstract. There is a fundamental existence and construction question which arises in many
array signal processing problems. Although there is a wealth of experience and intuition about this
question, a fundamental theorem and proof is only now here documented. The question concerns exis-
tence and calculation of power gains p; > 0 which satisfy the set of equalities ping(E piging)_lgi =
z; for given vectors g; and scalars 1 > x; > 0. The results will have application in antenna array
optimization and direct sequence CDMA communication system design.

1. Introduction. In the optimization of certain antenna array pro em an
the e1 nof irect e ence comm nication y tem therei af n amenta
e 1 tence an con tr ction e tion hich ari e he rtcha en ei1 totac e the
1 e of in arity inherent in the pro em to achie e ane 1 tence re t an n

er tan the meanin of the nece ary an cient con ition for app ication he
ne t cha en ei1 to pro i e practica a orithm inc 1in ecentraize a orithm

for achie in on ine optimization for a apti e po er contro  or thi it a oimpor
tant to n er tan  hen there 1 arantee con er ence an to no the rate of
con er ence

1.1. Ant nn Arr . on1 eracomm nication y tem ith er rin
each ym o inter a the th er for en a ata ym o ith zero
mean an  nit ariance to the a e tation t the a e tation an antenna array
of eement 1 e to capt re the 1 na he recei ¢ 1 na 1 therefore an

1men iona ector of the form

here  repre ent the tran mitte po er of the 1 na of the th er he e ement
of  repre ent the ain from the tran mitter of the th er to the antenna at the
a e tation he ector n repre ent the contri  tion of therma noi e
e coni er a ecentraize inear recei er for each er at the ae tation
herefore the eciion tati tic for the ym o of the th er i1 of the form

he 1 na to noi e ratio for the th eri1 ien y

here 1 the ariance of the therma noi e an 1 the imen iona 1 entity
matri e pic to ma imize the 1aenty e pic to ma imize the
1 na to tota po er ratio
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Itcan e ho n  that ho e cho en a
an there tin 1 1en y
ritten in a compact form the for the th eri the th ia ona e ement of
PG G PG G
ppo e that for ati factory performance each er re 1ire a certain tar et
1aenty e can pecify the re irement for the th er a a tar et of
here e o ieto no hether the et of er can e
pporte ith  ita e choice of hi e the app ication of antenna array in
iree comm nication y tem ha een a topic of inten e re earch intere t
thi e 1 tence pro emha not een o e econ i erthi e 1 tence pro em
an are intere te 1in the ca e here ince then the y tem 1 interference
imite e o ne ectthee ect oftherma noi e he ecome the ia ona

e ement of

PG G PG G

1. . Dir ¢t S u nc CDMA. on1 er a ynchrono irect e ence

comm nication y tem ith er rin each ym o inter a the th

er for en a ata ym o ith zero mean an  nit ariance to the

ae tation he ym o 1 prea ya inat re e ence of en th efore

tran mi ion  herecei e 1 mna i therefore an imen iona ector of the form
o n

here  repre ent the tran mitte po er of the 1 na of the th er he ector
n repre ent the contri  tion of therma noi e

It can e ho n that the minim m mean are error recel er i

aaln ien y ith the re  tin len y ati factory performance
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etermine y tar et may e achie e y aryin the po er o tp t of each
of the er hi po er contro pro em ha een of m ch intere t in iree
comm nication
re 10 re earch on po er contro in 1 erent iree comm nication y tem
ha e een foc e on the e ect of po er contro the e e opment of
a orithm an the proof of con er ence of iterati e a orithm
o e er the pro em on the e 1 tence of a po er contro o tioni not
f ya re e Inthi paper e coni er the e i1tence of a po er contro o tion

for a ynchrono y tem ith recel er
1. . E it nc Pro . eo er ethat an a e a thecorre
pon in recel er arel entica e are face  ith the ame pro emin othcae

e foc on the antenna array ettin In fact e picitre t areeaily eri e to
pro 1 e optima o tion for the ca e

hen then m erof er 1 e a tothen m erof antenna in the array
p one
hen the n m er of antenna in the array 1 e¢ a to one
o e er for the cae hen then m er of er 1 reater than the n m er
of antenna in the array p  one ony iterati e a orithm area aia e a
proof of e i tence ha een eft open the ca e hen the n m er of er 1 e
than the n m er of antenna in the array 1 tri ia In thi paper eeta 1h the
e 1 tence of a o tion for the ca e of n er certain con traint in an
optimization on a manifo approach
hi paperi or anize a fo o ection et po rpro em tate o r main
eiltencere t an proi e emma concernin con ition in o re itence re t
In ection eeta 1horeitencere t ycontr ction in an optimization
on a manifo ar ment ra lent o are e ne hich are arantee to o
toan ni e o tionata o a minim m ithin the manifo ection pro 1 e

ana ytica re t for the pecia caee ampe an an iterati e a orithm hich 1
a ymptotica y e ton an hence a ratica y con er ent i1 intro ce to proi e
practica cac ation of the eire o tion 0 a ecentra ize a orithm
1 1 en hichi more practica in ome app ication ection 1 e conc ion

.Eitnec R ut.

.1. Pro St t nt. on 1 er the e ation

R PG G PG G

1ith matri ia ona con traint I an I
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ere enote a 1a ona matrl here the e ement of  are the
1a ona e ement of an G enote the ermitian tran po e con ate of G
fcore iti1 nece ary that Gi f ran an that P 1 ran to en re the
e 1 tence of thein ere G PG
a in the trace of then for a P ati fyin
tr R tr PG G PG G tr tr

in the trace operator property tr tr o that nece ary con ition for

to ho are that tr tr R

otice that if ome P* 1 a o tion of oa o1 P* for an ar itrary

nonzero cain factor

. MinEitnec T or

G G

P | o
G P*G
P=O=>0= G P**G
G

he remain er of thi ectioni e ote to e eopin a proof of thi theorem
he nece ity re tha eentri ia yeta 1he in

. G n ricit Condition on G. he concept of a eneric G ha important
imp ication inthe e e opmentofo rprooffor heorem on e
G eection areno e eope
If G1 eneric in that on ition of heorem ho then for an ar itrary
et ith an e 1 aentcon ition i

ence of eneric

ran

o for anel en a e ecompo ition 1 e thef rther e 1 aentcon ition

here for an 1 nitary
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ear y for eneric G ho an
t ince 1 nitary o that the rte ationin
ho from hich the econ fo o a then oe
on 1 er the re ate epen ent are ermitian matri
here hen
G
im p im inf
or eneric G ho a then oe o that
he eire re tfo o from app ication of the emma re t
.0 ti i tionon M niod. r proof of heorem 1y con tr ction
in an optimization approach et  here ee a o tion of y minimizin

the co t f nction e ne a
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nmeroforre t foc onthet o et

hecot f nctioni e ne ony o er the open mooth manifo

PP PG G PG

an 1 ect to the con traint ct a ythi ater con trainti ati e
fora P

otice that if the co t f nction 1 zero on the manifo  then R an the
a oclate a eof P enote P* 1 a o tion of that1 R P*

he intro ction of the term 1 toa 1tineta 1hin thefo o in
o a minim m of the co t f nction eon to

here are no oca minim m or other critica point in other than the
0 a minim m
here are no imitin o tion of or imitin critica point of P on
the o n ary of enote an e ne interm of a matri con ition
n m er a
PP G PG

r rtta 1 to ho that n er the con ition of the theorem the ony
po 1 ecritica point of P enote P eon in to arethe o a minim m

of P hich o occ rat P* a o tion of that1 R P*
.1. Co t Function Gr di nt . he ra ient of P are 1 en from
P
otin that
G PG
an
G PG
then

tit tin for — an — in the econ part of 1e
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P
It fo o that
P
G PG G PRG G PG
G PG G P RG G PG
P
P
R
P P
he rtine aitie in o 1n fo o from the e nition of
he rt etofine aitie onthe ra ient fo o imme iate y from tit tin the
r t ine aitie 1nto
o reca thatthe m ofthe arezero o thatinthecaeR at ea t for
one pair i then In an e pan ion of the r1 ht han 1 e of in o in
term then at ea t one of the mman o e nonzero o that the

ine alitle can e tren thene to trict ine aitie a c alme

. Co t Function Pro rti . ny critica point P of P  ithin
are characterize y

er e that the con traint 1 ati e fora P o there 1 no
nee for any pro ection onto thi con traint ef e 1 aentcon ition to
are 1 en in the fo o In emma
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R P*
P P
P P
P P
ece ity of fo o y imp ication from or ciency
r t note that for e ne in an app yin the con traint
then from
P
n er the con traint
P from
P
from
iei1e orin 1ith an the r t part of the emma are e ta 1 he he

a t part fo o from app ication of the econ partre ttothe emma

romthere t ofar e eethefo o in In ee in to minimize P on ia
a ra lent o fore ampe ifthe ra ient o a a ay repe e ythe o n ary
it o con er e to a critica point in y the a 0 e emma thi critica point
P* o e the eire o tion of

rnet tepi tof rther t y the cot f nction on the o n ary an to
e ¢ ethecaethata o tion of ei1t a a imitin o tion approachin the
o n ary

P
P

RP P

ir t con 1 er the re or anization

G PG

G PG

ith o 10 e nition of P G  not f nction of tit tion into
yie
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G PG

P
G —G

an appyin the atri In er ion emma then

P
G —G
o conlera e enccof P a P hich re ce P

a ncrea e ch a can e e tracte from ra ilent o e ation onlera o

that a hen e 1hto t ythe imitin eha ior a

of

P
G —G
et a methat therei a et of n ice enote ch that
at the ame ma Im m rate a h for ome
im — im —

et a oconlera a et of In ice enote ch that

at the ame ma Im m rate a

h

a ain for ome

im —— im —
he are t are ef 1incethe o tion of
P o that 1ith achan e of cain

1 1n arlant of the cain of
the ro e of zero an

in nity can e interchan e
econ 1 er imitin of fort ocae of or
C 1 or .. on1ier rtan appication of
a
e P
minf G ——G

mm inf

for ome con tant eary 1ith eneric G a in on ition
an the roperty te

of heorem
that the r1 ht han

1 eofthea o e
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ine aity ha ran o the con ition of emma an  emma

are met h et 1 entifyin ¥ ith an 1m a an
pper o n on the eft han 1 e of the a o eine aity hen app ication of the
ri ht han e ation of yie

. P
im G —G
a in  imit in an inc in the corre pon in a it ationre t itho t
1in etai then
im
here the ine aityfo o fromthe on ition of heorem 1 aenty there
1 a ymptotici con itionin of PG G PG an P con er e tothe manifo
o n ary a fo o
im P
he nonzero imit on e ta 1 he for an for in
1 ethere tthat P ore 1 aenty the o tion of oe not
eilta a imitonthe o n ary of an the emmai e ta 1 he
or comp etene ea thef rther imitin re ¢t
C or . oni er the ine aity hich
fo o y ne ectin term in o in a
P
G —G —
rom the eneric a mption property reca that an th oth
term a o earef ran o ta in 1imit inthea o eine a ity then app ication
of the r t of the imit inin er e form ea to the imit
. P .
m G ——-G im —
It fo o that
. P
im G —G
pp ication in 1 e thefo o in  hichinc e the corre pon in are t

m
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here the ine aity fo o from the on ition of heorem

G

G G
hea o e eri ation are mmarize inthe r t part of the proofofthefo o in
emma

P

GP G PG P

he r t part of the proof fo o  from the eri ation of
he econ partfo o ince at the o n ary then ho for at ea t one
a eof o eta etheminim m a eto 1 eaminim mco ta inthe emma

e procce y rt ho in that any ra ient o re «cin the cot f nction
an con er in to a imitin point P on the o n ary of name y oe not
achie e a imitin o tion P** of

.Gr dint Fo . et rtconiert o o nhi ra ient o  for

P ore iaenty R on the manifo ith o n ary In
partic ar

P P

ere the et are € ne 1n an con it at time of the ch

that re pecti ey an an the ine aity

propertie of emma are ma e e p icit he ain factor are cho en to e

po iti e t oa to pper o n the rate of chan e of or to e than ome

e ponentia rate prefera y 1 erin for each to a oi any ten ency to ar 1
con itionin
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R P* P>

he rtre tfo o 1mme 1ateyfrom emma he econ re t

in part fo oy the ine aitie in the ra ient o ein propertie of emma
pre entin increa in forthe rt o an ecreain forthe econ o

en ho ome et of approach zerointhe rt o orin nityin the econ

o then the ain e ection en re that there 1 a imite rate of e ponentia
ro th of for re pecti ey one enty there1 no nite
e cape time for or ent a y the cot f nctioni o er than

any prior thre ho an in partic ar the o er o n of the cot f nction on the
o n ary
e enty therei no attraction to the o n ary for either of thet o o
an oth o con er e to the ame critica point ithin pp ication of emma
comp ete the proof

P R
P -
P
P*
P* R P* | o
he ra ient o on a ol the o n ary ince a e ta
1 he inthea o e emma therei a o nhi path from ar itrary initia con ition
hichi repe e y the o n ary he o then con er e to a critica point
ati fyin P hich 'y emma 1 a o a minim man yie P* the
o tion of R P* an of
he e 1 tence an ni ene re tof heorem areno eta 1he ycon

tr ction
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. Con tructionR ut . tho hthee itencere tofthepre io ection
1 erie yacontr ction proce re thi 1y no mean the et metho for
con tr ction In thi ection 1 en the e 1 tence re t of the pre io ection e

e eop e cient con tr ction metho
e rtfoc ont o pecia cae for hiche picit o tion can ecac ate

efore procee in to a enera a orithm

1.S a C So ution . oni er that an re rite a

ore 1aenty

here et then

P

for ar 1trary o that 1tho t o of eneraity et e mmarize the
a oere ta thefo o in theorem

P*
..S a C So ution . onl er that an re rite
a
G G G G
here P et enote the are a mente matri G G here
Gi1f ran an 1 ortho ona toa co mn of G  hen
G G G G
G G
an
G G

G G

hen from the f ran property of G
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G G G G
G G G G
G G G G
o can e ritten a

ore 1aenty

for et enote  then ector of G then
G G P P
It fo o that
here hen
P - -
for ar 1itrary o that itho t o of eneraity et e mmarize the

aoere t a thefo o in theorem

P*

.G nr Soution. o achie ea enera o tion of o r approach 1
to e1 n apractica ra ient e cent a orithm to minimize the co t f nction P
of to achie e a critica point P* ati fyin P* here enote
the ra ient r t approach to achie e a practica a orithmi to or ith a

ra lent a orithm of the form
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here
P
P r
ere r an from —
for
ita e e ection of o} e ome form of po iti e e nite matri to
en rea o nhi irection yet ein an appro imationto thein er e ofthe e ian
matri to achie e a ratic con er ence rate ita e eection of co e
there tofa ine earch othat P 1 minimize yet maintain G PG
ma im m tep ize o e hen G PG hichi 1 en a the minim m
rea po iti e root of a po ynomia e ation
he e ian matri at the critica point hen R 1 erie a foo he
th e ement of P 1
P r
- - —r
here ith in the th po ition an
P

o it1 rea 1y ho nthat 1 in ar ince

here _ i1 a ector itha entrie mnity h oe noteit In ee thi
property re ect the fact that the o tion P* of hen theee 1t n er the
con ition of heorem are ni eony ptoa cain factor
he approach e propo e hereto 1 e tep the in arity pro em in the manifo
an achie ea ni eP*1 to or ithacotf nctionreate to P a

P _
er e that ea to
P
P r
here r r for eca in the con traint
it 1 imme iate that R R an cone enty

P* P*
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n er the con ition of heorem any critica point P* of P i a o a
critica point of P thi en ni eto ithina cain factor oreo er ince
the ra ient i1 zero ony hen R ore 1aentyr then 1 a ay f
ran

P
r
G PG
P
im *
P* * P P*
P> P>
P P
P P P P
| o P | o
P*
im
on i er the ra ient note a o e the theorem 1 f ran
in o that eit fora h the econ e aityin ho o}
the  th e ement of P 1
P
h
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an thee 1 aenceof an i eta 1he

o ince eare eain itha ra ienta orithm ceary the e ection of
y a ine earch achie e the property that P P e cept at a
critica point hi in t rn from the propertie of a ine earch 1 a contin o
mappin ppyin tan ar re t yle con er ence to a critica point of P

eta 1he a oe chacritica pointi the eire o tion of
he remainin re t of the theorem are tan ar for a ymptotic e ton a o
rithm

P
P*
..1.Decmntr i dA orit . herei moti ationin ome app ication to
or ith a ecentraize a orithm a in It t rn o t that a ymptotica y
thi a orithmi e 1 aent to one here 1 repace y
an 1 repace y
In ee 1m ation t ie et that «ch a tit tion 1 e the preferre
ecentra ize a orithm
ith a tep 1ize a tment not nee ¢ in o r im ation or the impet
ran omy enerate e ampe m an n the ecentraize a orithmre ire e
t een iteration to con er e 1ithin the acc racy of the comp ter hen m er
of iteration re ire for the ecentraize a orithm to con er e ithin the acc racy
for the comp ter increa ¢ ith then m erof er inthe y teme form an

n at eat iteration efore ati factory con er ence i achie e
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Conc u ion. In thi paper e haeeta 1he an e itence re t for an
antenna array pro em hee itencere ti1 eta 1he ycontr ction an 'y
then emp oyin an optimization on a manifo ar ment

ina y in ection eproi ee picit re t for the cae  hen
an an a enera iterati e o tion for the ca e of here 1 the
nmerof er an 1 then m erofantenna in the array here tant enera
o tion i a centraize a orithm an a ymptotica y e ton an per e e the
e 1 tin ecentraize a orithm pro 1 in impro ement in con er ence to
the acc racy of the comp ter of at ea t one or er of ma nit e
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