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ON LYAPUNOV MAPPING AND ITS APPLICATIONS*

DAIZHAN CHENGH

Abstract. In this paper we investigate the Lyapunov mapping. Some results about the nature
of the Lyapunov mapping are revealed. We first consider the properties of the spectrum and the
norm of a Lyapunov mapping with those of its restrictions to the subspaces of symmetric and skew
symmetric matrices. Secondly, some sufficient conditions are given for the existence of the common
quadratic Lyapunov functions for a set of stable matrices. A norm estimation inequality is presented.
Next effort is devoted to an algorithm for constructing a common quadratic Lyapunov function of
a pair of matrices. The algorithm is based on norm estimation and several properties of Lyapunov
mapping which are related to the numerical computations.

Key Words. Lyapunov mapping, system with switching models, spectrum, norm, common
quadratic Lyapunov function.

1. Introduction. In recent years there has been much interest in the problem of
finding a common Lyapunov function of a set of systems [1-3]. Tt is closely related to
the stability and stabilization of the systems with switching or uncertain models[4-7],
H, control [8], and hybrid systems[9-10].

A particular attention has been paid to the common quadratic Lyapunov function
for a set of linear systems because it has some special properties such as

1. The set of systems which share a common quadratic Lyapunov function is
convex. Hence it assures that in a linear or near-linear switching the switching process
is also stable.

2. It can be applied to nonlinear systems for local stability near equilibrium
states.

The main tool for the approach in this paper is the Lyapunov mapping. We
give the definition first. Through the paper we use M, for the vector space of n x n
matrices, use S, and K, for its symmetric and skew-symmetric subspaces respectively.

DEFINITION 1.1. [1-2] 1. Given an n x n matriz A. The mappin M,
M, e ne a

1.1 A A

1 a e the ap n v mappin A.
.Ad oanti ta e A 0.
In fact A is stable.
A positive definite matrix  is called the common quadratic Lyapunov function

of two anti-stable matrices A and  if 0 and 0. In fact, it means
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the quadratic form is a common Lyapunov function of the two linear systems
A
The matriz expre i n of is a matrix M such that M
Then is used for M [1]
1.2 A A
That is
A A
Let M,. M, " arranges the elements of row by row as
nn o - stands for the inverse mapping of
We define an n x n square matrix, , , in the following way index the rows
by 11 12 1n nl n n and the columns by 11 21
nl 1n nn.The is defined as
1
1.3
0

We call ,, the swap matrix because for a given n x n matrix A
A n A and A n A

. T S ctru o . ecall that S,, and K, are the symmetric and skew-
symmetric subspaces of M,, ,. It is easy to see that both S, and K,, are invariant
subspaces of

In the following we use and for the restrictions of on S, and K,
respectively. The spectrum of and will be determined in this section. To
begin with, we consider the spectrum of

The following Lemma and Theorem are well known or easily verifiable.

E 1. me t et vetr 1 " an
1 "™ are th inear in epen ent. Then 1 1
are inear in epen ent.

EO E .. et n eelenva e A. Then the ei enva e
are 1 n an the ei enva e are 1 n .

As an application, we consider the problem of structure invariance. Let  be an

n dimensional manifold and be a quadratic tensor field. iven a dynamic
system
is said to be -invariant if along the integral curve, ,of the isinvariant.

That is, emark is a supscription .  efer to [11] for the concepts.
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This definition is a generalization of the structure invariance of Hamiltonian systems
[12], where is required to be a non-singular closed two forms.
onsider a linear dynamic system

2.1 A "

and looking for a quadratic tensor field, with a constant structure matrix, M .
That is

M n

The above result can be used to test whether 2.1 has an invariant structure.

00 .. tem .1 ha a mmetri invariant tr t re i there
eri t el enva e A h that 0. Aha a e mmetri
a rati invariant tr t re i there exi t ei enva e A h
that 0.
r . ince A . is A invariant,i for any "
A A "

That is equivalent to
2.2 A M A M
sing Taylor expansion, we have, by simply denote M M and collecting terms,

AM MA 0
-A M A MA -MA O

2.3

We have only to find M, which satisfies the first equation of 2.3 . ecause if M
satisfies it, then exchanging A with M, we have

1 A MA 1 1 MA 0

ow the problem becomes find a solution of
M 0

The exitance of nonzero M follows from Theorem 2.3. The only thing we would like
to show is how to construct M. When A has a pair of opposite eigenvalues, then we
have and as the corresponding eigenvectors. et . According to
Lemma 2.1, it is non-zero and M is symmetric. imilarly,

M is also non-zero and skew-symmetric. 0
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. Nor o . or estimating stability radius of a stable matrix, A, the norm
of plays an important role. This section will investigate
O O ITION .1. Then rm ati e
3.1 max
r
M M
s
P M M
s S K S K
u
P S KS K
s S K K
Sup SS KK
max
The other direction of the inequality is trivial. The conclusion follows. n
ecall the definition of the swap matrix n » the following expression is
obvious.
2
3 2
3.3 5
In fact we can prove the following
0 O ITION
A4
3 2
an
3. 5
r
5 sup
— S
s sup ———
P S P75

n the other hand, decompose  into symmetric and skew symmetric parts as

where Sh K,
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Then
su
2 P
sup — sup
sup
oth inequalities imply 3.4 . quation 3. can be proved in a similar way. 0
ext, we consider a special case when A is normal.
0 O ITION . . me A i n rma. Then
1. — an —— arem T™ma.
. The n rm r i 2max A

ma in A 0 r A 0 then
r . 1. ince AA A A, then

A A A A A A A A
A A A A A A A A
AA A A A A AA
A XA A A
is normal.
It is easy to show that for any A
2 2
sing this fact and 3.11 , we have
A A A A —
— A A A A —
— A A AA A A A A —
— A xA A xA —
A A—— A A
A A—— A A
A A — A A
Hence is normal. imilarly, is normal.
2. ince is normal,
A . According to Theorem 2.2, . Hence
A . ut . Hence

3. ote that the additional condition of stable or anti-stable assures the invert-

ibility of . ow since S, is invariant, it is easy to see that
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imilar argument as in 2 shows that

A
O
When n 2, assume A . sing Theorem 2.2, since dim K 1,
K . ut for any matrix M, M max M . Theorem
2.2 implies that . o,
ur con ecture is
. Co onL uno unction or T o M tric . ased on the tech-

nique used in [1], this section will give conditions under which two matrices share a
common quadratic Lyapunov function.

enote by ,, the set of positive semi-definite matrices, and its interior, n =, ,

the set of positive definite matrices. Let A 1 be a set of finite square
matrices. A 1 share a common quadratic Lyapunov function if there
exists a n  , such that

4.1 A A n g 1

The dual equivalent statement [13] says that 4.1 is equivalent to

4.2 A A n

has no nonzero solution n
or a notational convenience, we consider when a set of anti-stable matrices A
satisfy 4.1 . It is obvious that this statement is equivalent to a set of stable matrices
A to share a common quadratic Lyapunov function. recisely, let

1

et a quadratic Lyapunov function . Then 4.1 assures that

o is a common quadratic Lyapunov function for all linear dynamic systems.
The following lemma and two convenient su cient conditions for them to share
a common quadratic Lyapunov function are presented in [1] as
E A, et e a inear mappin N Sp.

4.3 0

then there exi t a n n h that noon -

Then the following result is obtained as
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EO E . . [1] me either A r i anti ta e an ne  the
m t nitin i ati e then A an hare & mm n  a roti ap n v
n ti n.
44 0
4 0

ased on Lemma 4.1 , these two conditions in Theorem 4.2 can be generalized as

EO E .. etA ea in The rem .. The harea mm n a rati
ap nv mntini there erit a inear mappin Sn  Sn hi hi inverti e
an n  n n  n h that
4. 0
articularly, a class of such  has the form , where S 1 ,
are anti-stable matrices. et S n, 4.4 follows. et S , S A, 4.
follows.
If we set S A , S , we get a new condition as
4.7 0
E .. onsider two matrices
1 1
A 03 and 07
03 1 1 03

It is easy to check that A and  satisfy neither 4.4 nor 4. , but they do satisfy

4.7 . Hence, they have common quadratic Lyapunov function. 0

ext, we try to unify the test conditions in [1] with those in [2]. Let n be
the set of linear mappings n, and int , be the set of linear mappings
int , int o, .

Two more conditions for anti-stable matrices A and  to share a common quadrat-
ic Lyapunov function are given as
EO E .. [2] ne A an i anti ta e an there exi t a mappin
0 n an ne the m h

4.8 0

4.9 0
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This result can be improved. We need the following lemma.

E . me a inear mappin Sn Sn i nnin ar. Then
n 1 int ,
r . Let int , . ince , is a closed subset of M,, which is a complete

metric space with standard metric inherited from ™ and any linear operator over a
finite dimensional normed space is continuous then by the continuity of it is easy
to see that n n 5 1.6 n -
onversely, if n >, we have only to show that for any int
int , . If not, then should be on the boundary, ,ofint , . inceint , is
an open set in S,,, there exists an open neighborhood, int , . ince is
non-singular, it is a local di eomorphism. That is, is an open set in S,.
ut is on the boundary. ote that under the subspace topology Sy, non
the boundary is n int , . Hence implies that contains points
which are not in ,,. This is a contradiction. 0
sing Lemma 4. , and Theorem 4. , the following is an immediate consequence.
EO E .. me the inear mappin Sn S, i mn in ar an

n re waent int , . re ver
4.10 0

here A r i anti ta e. Then A an hare a mm n  a roti ap n v
n ti n.
According to Theorem 4.7, the condition 0 in Theorem 4. can be relaxed
by is nonsingular . o Theorem 4.7 implies Theorems 4.2 and 4. .
It is interesting that Theorem 4.7 has a dual result as

EO E .. me that n 1 inear an that
4.11 0

here either A r 1 anti ta e. Then A an hare n mm n a roti a
pnuv ntn.

r . uppose a common quadratic Lyapunov function, , exists. Then

4.12

a contradiction. 0
orresponding to the positive statements of equations 4.4 , 4. and 4.7 , we
have the following
0 0 .. me A an are anti ta e. The hare n mm n

a rati gp nv ntini ne the in h

4.13 0
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4.14 0

4.1 0

ame argument as used in the proof of Theorem 4.8 can be used to prove the
orollary 4.9.

. ACo onl, wuno unction or S to M tric . Let A A
be a set of anti-stable matrices. We give a necessary and su cient condition for them
to have a common quadratic Lyapunov function.

O O ITION .1. The et matri e A A havea mmmn a rati

gpmv ntinian n i the i matric ine a itie
1 [ ]S 0 1 1
have a p itive tinS 0. here A an A
r . u ciency ince is linear with respect to A, .1 can be re-written
as
[ 1S 1§ 0
It is easy to see that S is the common quadratic Lyapunov function.
ecessity Assume the common quadratic Lyapunov function is . Then §
is a required solution. 0

otethat can be any matrix in the set. sing the Lyapunov mapping, the above
result becomes simple. In fact, some early results, e.g., some su cient conditions in
[ -7], can be obtained by setting S
roposition .1 cannot provide a common quadratic Lyapunov function directly.
There are two problems, which have to be solved. irst of all, how to choose
econdly, how to find a suitable S The second is more critical.
It is easy to see that the set of positive definite matrices is an open convex cone
in S,. Therefore, we hope that the norm of the shifting term, operator ,
can be as small as possible. In such a way, the image of S can be as close to S as
possible, and hence remain in the cone.
We give an estimation of the norm of
O O ITION

2 2 2

here the n rm tan r the n rm inear perat r n .
r . The right half is obvious because
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As for the left half of .2 let . Then there exists a , with 1 such
that . ince and 1 we have
3
y definition of , the first termis2 . ow we have only to show that the second

term is non-negative. In fact it is because

0
O
In general, .2 issharp. onsider
1
A 0
00
It is easy to verify that for this A the left half of .2 becomes an equality.
otivated by .2, we propose the following way to select hoose
A 1 with largest norm . Then
sup ——  sup

In the next section an algorithm will be developed to search S.

. An A orit . ow we consider the problem of searching S with a fixed
irst of all, we consider the case of two matrices. This is the most important case
because in most cases the switchings occur between two models. iven two anti-stable
matrices A and , say, we choose and A . Then consider the mapping

1 S S S

ince is a linear mapping, we denote it by a matrix . The rows of are indexed
by a set of double indices

1 n
in the order of 11 21 nl 1in nn  emark the notation above is not
defined. .
Let S be the row stacking form of S, and S with the row stacking

form . Then we can express .1 as

nn
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quivalently, we have

2 1 n
ow is a given matrix. We are looking for an § 0 such that S 0.
enote by S the -th principal minor of . A necessary condition is the following.
E 1. S annt ep itive e nite ran Si r mel n
3 det S 0 forall S
iva ent  the in e ati nh
A4 0
ra itint here i the th mp nent S i the
th mmetri r p ie. i aperm tatim T inie
r . .3 is obvious. enote
det S 1 n
Then
n n n
n n n
det
n n n

It is clear that S isa -th homogeneous polynomial of S. Hence S  0if and
only if

0 for all

ince each column of S is linear in , for a chosen set of
to get the above di erentiation, we can only di erentiate each column with distinct
12 , which yields .4 . 0
In general, .3 is not verifiable. nlike .3, .4 is easily verifiable by com-
puter.
As a necessary condition, we can assume that  satisfies the following
Al orany ,equation .4 is not identical to zero.
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enote by the co-factor of in S . bserve the following two facts 1.

since S and are independent of |, we have

2. ince is a linear function of |,

These two facts yield that the gradient of is

We propose an algorithm for searching S. hoose, say S . Then at -th step,

if for all 0, 1 n, we are done. therwise, we search a ea i e

ire ti n such that for all with 0, they will increase in the direction of

for near ,and then set , where 0 is a suitable step-length.

Let s see how to find  at point S. ay, 0 for . Without
loss of generality, we can assume

We want to find  such that
S S 0 12

where
We construct a xn matrix in the following way
tep 1 Index the columns of by in natural order.

tep 2 et
0 otherwise 12
ote that if 1 then  has no cofactor in . We define 1. Tt is consistent
with the meaning of cofactors when calculating the determinant. Then we have the
following
E
1. nera mptin 1 ran 1 n 0 ram ta
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1 tnverti e rTam ta
r . 1. sing .1 and the structure of , one sees that

.8 det S 12 n
y assumption Al, 0 is an algebraic zero set.
2. rom
.7 follows.
3. It su ces to show that when n the rows of are linearly independent

for almost all S. Assume

ight-multiply both sides by , we have

n

ote that S is a homogeneous polynomial of degree , o the above non-zero
polynomial can have only an algebraic zero set. O
The following lemma shows that the search remains in S,,.
E .. S, here e ne . 1 the ear hin ire ti n.
r . Accordingto . - . ,itis enough to show that

S, for all

ince consists of cofactors of a symmetric matrix, it is easy to see that
S,. ext

According to this form, to see that maps S, to S,, we have only to show that

maps S, to S,. It is guaranteed by the fact that both the symmetric set,
Sy, and the skew symmetric set, K,,, are invariant subspaces of for any n x n
matrix M. Hence

ummarizing Lemmas .1, .2 and .3, we have
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EO E .. me a p int S i h that 0 1 . mer
a mptin 1a eai e iretin hi h ma e

0 12

exi t ever here exr eptan a e rai er et
ased on the above discussion, we propose the following algorithm for searching
a suitable S.

O IT
tep 1 etS
tep 1 he i S S 0. the an er i e e are
ne. ther 1 e a are a et n a eat e wetin vin
the n
9
T me 14 0 ema ea ma 0t repace . i

n tinverti eat a ma pert T ati i e .

in the tep en th 0 h that 0. he i

0.

ote that in the algorithm min™ det S is monotonically increasing. If

finally we reach a step  such that min™ det S 0, we are done.
The algorithm can also be used for more than two matrices case. ay we have

A A and ,then construct from A, get by .9, and then we ust need
to solve

inally, we produce .
ow we cannot assure the genetic exitance of . ut we still can use the algorithm,
as long as a solution is obtained.
We give a detailed iteration description for the algorithm in the following example.

E . . onsider the following two matrices A and
148 0 1 1 10
A 1 3 2 0 1 2
1 0 07 0 01
hoose , set A and step length 00 , and denote

min n . Then
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Time 1 0089221

1011334 001 2 0013 4
S 001 2 098 942 001923
0013 4 001923 09911

Time 2 0 04487
1 02187 0037 0030 78
S 0037 09 83 0 043399
0030 78 0043399 0988218
Time 3 0 00187

102 091 0070 01 00 0337
S 0070 01 094103 0071702
00 0337 0071702 1003722

Time 4 n 10 0. ow we are done. The solution is

102 091 0070 01 00 0337
S 0070 01 094103 0071702
00 0337 0071702 1003722

The common quadratic Lyapunov function is determined by

0 839428 074 097 01949

S 074 097 1 4 942 0 37712
01949 0 37712 0 018 1
O
E . . onsider the following three matrices
23 0 08 17 1 1
A 1 3 2 A 08 2 23
1 0 07 19 14 14
19 1 0
A 0 1 2
0 01

We choose A and use above algorithm with S and step length 00 .
The following is the minimum values, , of det in seven iterations
0241 98, 01972 | 01 384 , 010921 , 0037,
00191 10 0.
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After 7 iterations we are done. The solution is

0 3234 0201341 00 29
S 0201341 080 909 0173 4
00 29 0173 4 10881 2

Then a common quadratic Lyapunov function is determined by the following
0

0 00 33 0 98 0239229
S 0 98 1 4281 0 308 3
0239229 0 308 3 0 44081

O

. Conc u ion. In this paper certain properties of the Lyapunov mapping were

investigated. articularly, the spectrum decomposition and the norm are investigated.

ome su cient conditions for two matrices to share a common quadratic Lyapunov
function were obtained.

The main e ort is put on developing an numerical method for finding a common
quadratic Lyapunov function for a set of anti-stable matrices. We first express a
necessary and su cient condition for the existence of such Lyapunov function by using
the Lyapunov mappings. An estimation of the norm of the Lyapunov mappings was
obtained to support the choice of a base matrix from the set. ertain properties were
obtained for formulating the algorithm. A computer software was created to realize
the algorithm. Two numerical examples, produced by the software, were presented to
support the algorithm.
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