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A COMBINATORIAL APPROACH TO INFORMATION
INEQUALITIES*

TERENCE H. CHAN'

Abstract. In this paper, we establish a one-to-one correspondence between an inequality involv-
ing the entropies of discrete random variables, called an information inequality, and an inequality
involving the cardinalities of the projections of what we call a quasi-uniform box assignment. We
first show that a representative class of entropy functions can be characterized by quasi-uniform box
assignments. Based on this result, we show a one-to-one correspondence between an information
inequality and a combinatorial inequality. To demonstrate the importance of our results, we give
a combinatorial proof for the nonnegativity of conditional mutual information. This shows that all
Shannon-type-inequalities can be proved by methods in combinatorics. On the other hand, via a
non-Shannon-type information inequality recently discovered by Zhang and Yeung, we obtain a new
inequality in combinatorics whose meaning is yet to be understood.
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1. Introduction. The quest for information inequalities has been driven by the
need to solve various communication problems. These inequalities play a crucial role
in the proofs of almost all converse coding theorems in source and channel coding
problems. In essence, they govern the impossibilities in information theory. Conven-
tionally, we prove an information inequality by invoking certain elementary identities
and inequalities in the intermediate steps of a proof. In this approach, inequalities
corresponding to the nonnegativity of Shannon’s information measures, called the
basic inequalities [7], are invoked whenever we establish an inequality in an intermedi-
ate step. Proving an information inequality using this conventional approach can be
quite tricky, because it may not be easy to see which identity or elementary inequality
should be invoked at each step.

The framework developed in [7] renders a geometric interpretation of informa-
tion inequalities. With this interpretation, all the information inequalities which are
implied by the basic inequalities, called Shannon-type inequalities, have a unified de-
scription. These include all information inequalities which were known before the
recent discovery of the so-called non-Shannon-type inequalities reported in [8] and
[9]. Machine-proving of all Shannon-type inequalities is now possible [10].

It is evident that there are many non-Shannon-type inequalities yet to be discov-
ered. Unfortunately, due to lack of tools, these inequalities are extremely difficult to
discover and to prove. In [5][6] a combinatorial interpretation for a certain type of
linear inequalities for Kolmogorov complexity (which are basically the same as linear
information inequalities) is obtained. This new interpretation is important in finding
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new information inequalities.

In this paper, we introduce a new concept called quasi-uniformity. By means
of this concept, a combinatorial interpretation is found for all linear information in-
equalities. Hence, the problem of proving an information inequality can be translated
to a combinatorial problem. It then opens the door to discovering and proving new
information inequalities by means of tools in combinatorics.

In general, to prove/disprove an information inequality, we need to verify whether
the inequality is true for all possible entropy functions. The main idea in this paper is
that for a linear information inequality, it is not necessary to verify it for all possible
entropy functions. It has been proved by Chan and Yeung in [1] that it is sufficient to
check those entropy functions that are group-characteri able. Then they developed a
group-theoretic approach to proving information inequalities. In this paper, a similar
technique is used. Specificially, by showing that a linear information inequality can be
proved/disproved by checking those entropy functions that are combinatorially char-
acteri able, we develop a combinatorial approach to proving information inequalities.

A r or or inor tion in u iti . et 1 and

be nonempty sets. et be the collection of all nonempty subsets of

or any , we define to be the Cartesian product of  for
Unless otherwise specified, all small reek letters ( ) are assumed to be
elements in  and an element in  will be denoted by ( ). Sometimes,
other small letters will also be used instead of

et be a set of  ointly distributed discrete random variables
defined on , respectively.  or any , denotes the ointly
distributed random variable ( ). or example, , Or for simplicity,
is the ointly distributed random variables of and . The oint entropy of is
denoted by ().

et be the set of all real functions defined on . In other words, is the set

of all real functions defined on the collection of nonempty subsets of  and hence, is

a (2  1)-dimensional wuclidean space. or simplicity, for any function , the
function value ( ) is denoted by  for all
et en is calle ent ici t ee e ists a set
an a iables suc t at () all
et bete utc es t ai ¢ ins es ecti el ee

ea 1s en te b an tailis en te b et 2 en it can
be c ec e easil t at
(2.1) () () () 1
(2.2) () () () ( ) 2

ence i e e ne () all n ne t subset 12 ten is
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*

et * [7] be the set of all entropy functions. plays an important role in

*

information theory, especially in proving information inequalities. is a subset of

and it has a very complex structure. or , * is not even closed [8]. It
was also proved in [8] that _*, the closure of *, is a closed convex cone. Thus, —
is much more manageable than *, and for certain applications (see Section 5), it is

* and " are of fundamental

sufficient to consider . Hence, characteri ations of
interest.

otice that every linear information inequality

2.) () o
corresponds to a linear inequality 0Oin |, where is a column vector whose
components are indexed by . Hence, for simplicity, an information inequality
will usually be written in the form 0.
et 12 an ee 1 an 1
ent ein ati n inequalit () () ( ) Oc e nst te
inequalit 0 in
[7] nin ati n inequalit () Ois ali i an
nl 1 all * 0 ince 0 isclse an cne
an in ati n inequalit () 0is ali % an nl i all _*
0
Theorem 2.1 has an important implication. It says that the validity of an infor-
mation inequality 0 depends only on * (or ) and 0.

Thus, if * is characteri ed explicitly, then the information inequality can be proved

or disproved by comparing the two regions. Hence, the study of *

and its underlying
structure is fundamental in information theory. lthough it is proved that isa

closed covex cone,  is not fully characteri ed for yet [9] [11].

.Bo A in nt.
et be mme t wnitesets o in nt
isan ne t subset

Since is the Cartesian product of , it can be regarded as an -
dimensional box . Then a box assignment can be visuali ed as follows. ach
element in corresponds to a cell in the box, also denoted by . If a cell
isin , then it recieves one ball, otherwise it recieves no ball. or simplicity, for any
element ( ) in and ,  will denote the subset of coordinates
( )

et 012 012 an (10 (12 (21
en isab assin ent ee ue
et beab assin ent e ecti n is e ne as
I s

(.1 suc t at
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Xy

oughly speaking, is the pro ection of the balls onto the plane . In other
words, if and only if there exists a ball in ~ whose  coordinate is equal to
for all

et beab assin entan ent e ecti n
te secti n 1S e ne as

(.2) () suc t at

an

oughly speaking, ( )isthe -pro ection of the ballsin the  section of

. In other words, () if and only if there exists a ball in the  section of

(i-e. its coordinate equal to  for all ) such that its pro ection on plane

is (i.e. its coordinate equal to  for all ). It is easy to prove that
() is non-empty if and only if

et beab assin ent e me in a le en

(.) 12 012
( .4) (0) (1) 02 (2) 1
(.5) 0) 1 1 2 2 1

1. Qu iunior Bo A in nt.

uasi-uniform box assignment et beab assin ent
t is quasi uni i an e t eca inalit () is c nstant
all n te s t enu be balls nt e secti n iste
sa e all e c nstant is en te b st licit
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1
2| @ @
1 2
et 012 012 an (00) (01) (11)
(12)(20) (22) e we ee
(.6) 012 012
(.7) (0) 1 1 (1112 2) (20) (22
(-8) (0) 0 1 1@ 2 01222
Is it istidalt at ( ) ( ) i ( ) ence all
() is c nstant all ee e is a quasi uni b
asst nent
et 01 01 an 01 et
000)(110) (011)(101) ee ue en  is a quasi uni b
asst nent
et be a quasi uni b assin ent an
en
(-9 —
It can be checked easily that is equal to the dis oint union of () for
. Hence,
( .10) ()
( .11)
(.12)

The result then follows. O
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P
©0.1,)
X2
1 2 3
et be a quasi uni b assin ent an
an () —
et
(.1) ()
(.14) and
( .15)
(.16) ()
Therefore,
(.17) — ()
( .18) —
(.19) — ()
Hence, () ——. Since , it can be checked easily that ()
(). Hence () isequal to for all and the constant is
denoted by for simplicity. 0
. . Con tructin u i unior o in ntuin u rou

roup is one of the simplest and most basic algebraic structures. Some familiar
examples are the integers under addition, the rationals excluding ero under mul-
tiplication, and the set of real-valued 2 2 matrices under addition, where addition
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and multiplication refer to the usual addition and multiplication for real numbers and
matrices. The above are all examples of infinite groups. In this paper, however, we
are concerned with finite groups. ne example is the group of integers modulo

et  be a group. subset of is a subgroup of if is also a group
and each subgroup of partitions into left cosets of . In this section, we will
construct quasi-uniform box assigments using subgroups of a finite group. We first
state without proof the following basic facts in group theory. The proof of these facts
is straightforward (see for example [2][11]).

et be sub ws a nite u an

let en

is a sub u

L rn T or ee ae — istinct let c sets m
us t e eae—— istinctlet c sets m
et be let c sets es ecti el en 18
eit e aletc set ise t
et bealetc set ent e e e ists unique le t ¢ sets
suc t at
et be le t ¢ sets es ecti el isnn
e t tenteeae— letc sets mn
et bea nite wu be sub u s an
bet ein e t eset letc sets ie t eletc sets is en te b
e ne
( .20) isalet c set
en 1S 6 quast uni b assin ent na itin an
et . It can be checked easily that () if and only if
is a left coset of in . By Theorem .1, there are —’s left
cosets of in and hence, —’s balls on the  section. Thus, ()
is constant for all , i.e., is a quasi-uniform box assignment. In addition,
since there are —— distinct left cosets of in | ——. By Proposition .2,

( 21) N

(.22) —

(2) —

The result then follows. O
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[ [
1 2
et ( ) 0 1 eete u e ati n
istec nent ise ul a itin et (000) (100) an
(000) (111 eeae u letc sets in
( 24) (000) (100 (001)(101)
' (010) (110) (011) (111)
i dal teeae wu letc sets n
( 25) (000) (111 001) (110
) (010)(101) (011) (100)
en a quasi uni b can be ¢ nst ucte b wuttin a ball in t e cell ( ) i
ismne t as eicte in iue
.Co intori c¢ r ctri tion . In this section, we will construct en-

tropy functions based on quasi-uniform box assignments. We then show that in order
to prove/disprove an information inequality, it is sufficient to check those entropy
functions that can be constructed from quasi-uniform box assignments.

e ne b

(4.1)

all

et be a quasi uni b

log

isent ic ie *

asst n ent

en

It suffices to show that there exists a collection of random variables

such that for all

mass function of

(4.2)

, the entropy () is equal to
be
— if (
( )

0 otherwise.

et the oint probability
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It can be checked easily that ( ) — (). Therefore,
— if
4.
#) ( ) 0 otherwise.
Hence, the random variable is uniformly distributed over and ()
log . 0O
et be a quasi uni b assin ent an
suc t at log all en isac binat ial ¢ a acte i ati n

Theorem 4.1 asserts that certain entropy functions in * have a combinatorial
characteri ation. These are called combinatorially characteri able entropy functions,
which will be used in the next section to obtain a combinatorial characteri ation of

the region
et be sub w s a nite U an be
e ne b
(4.4) log —
all n secti n e a e c nst ucte a quasi uni b assin ent
suc t at —_— ee e is ¢ binat iall ¢ a acte i able

* which have a combina-

*

We have introduced the class of entropy functions in

torial characteri ation. However, an entropy function may not have a com-

binatorial characteri ation due to the following observation. Suppose *. Then
there exists a collection of random variables such that ()
for all . If is a combinatorial characteri ation of ,then ( ) log

for all . Since is an integer, ( ) must be the logarithm of an integer.

However, the oint entropy of a set of random variables in general is not necessarily
the logarithm of an integer. Therefore, it is possible to construct an entropy function
* which has no combinatorial characteri ation.
lthough * does not imply  has a combinatorial characteri ation, it turns
out that the set of all * which have a combinatorial characteri ation is almost
good enough to characteri e the region *, as we will see next.

enete Il in et nin

(4.5) has a combinatorial characteri ation

By Theorem 4.1, if has a combinatorial characteri ation, then *.

*

Therefore, . We will prove in the next theorem that — ( ), the convex

closure of , is in fact equal to _*, the closure of *.

)
It is trivial to prove that —( ) . ecall that in xample 4.1, we
have constructed combinatorially characteri able functions using subgroups of finite
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groups. et be the set of all combinatorially characteri able functions that can be
constructed as in xample 4.1 using subgroups of finite groups. It has been proved
in[1] that —( ) . Therefore, =~ ( ) and the result follows. 0

.Inor tionin u iti . s we have stated in Section 2 that an informa-

tion inequality

(5.1) 0
always holds if and only if

(5.2) 0

In other words, all unconditional information inequalities are fully characteri ed by
. We also have proved at the end of the last section that —( ) . Since
* 77 if (5.2) holds, then

(5.) 0

n the other hand, since 0 is closed and convex, by taking convex
closure in (5. ), we obtain

—%

(5.4) — () 0

Therefore, (5.2) and (5. ) are equivalent.

or each , log for all for some quasi-uniform box assig-
ment of . Hence, the information inequality () 0 holds for all
random variables if and only if the corresponding combinatorial in-
equality log 0 holds for all quasi-uniform box assigments of . In

other words, for every unconditional information inequality, there is a corresponding
combinatorial inequality, and vice versa. Therefore, inequalities in information theory
can be proved by methods in combinatorics and vice versa.

In the rest of the section, we explore this one-to-one correspondence between
information theory and combinatorics. We first give a combinatorial proof of the
basic inequalities in information theory. t the end of the section, we will give an

information-theoretic proof for a new combinatorial inequality.

et  be an quasi uni b assin ent
en
(5.5)
the results still hold for general information inequality b 0 as long as :b 0

is a closed and convex cone.
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X,
et  be any quasi-uniform box assignment of . ix . Then
let (). Tt can be checked easily that ( ) and ().
See igure 5.1. Iso, it is trivial to prove that is a subset of . Hence,
(5.6)
By Proposition .2,
(5.7) _ —_— —_—
Hence,
(5.8)
which is equivalent to . 0O
an a iables an
(5.9) ( ) 0
et  be a quasi-uniform box assignment of . Then by Theorem
5.1,
(5.10)
Hence,
(5.11) log log log log

This combinatorial inequality corresponds to the information inequality

(5.12) ( ) ) ) )
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which is equivalent to

(5.1) ( ) 0
O
ecentl te Ul im 1 1 nntiidin ati n inequalit
ic cann tbe e uce b in in t e basic ann n inequalities i ectl  as been
e in
) ) 2 ( ) 4 () 4 ()
5 ( ) 5 ( )
6 ( ) 4 ( ) 4 ( )
(5.14) 4 ( ) 4 ( )
uc an in oti n inequalit is ee e t asann ann nt ein ati n n
equalit is in oti n inequalit ¢ es nst te Il in ¢ Dbinat ial in
equalit
log log 2log 4log 4log
5log 5log
6log 4log 4log
(5.15) 4log 4log
ain e nentiati n nbt sies e btain
(5.16)
e eanin t is ¢ binat ial inequalit is ett be un e st

. Conc u ion. In this paper, we have identified a class of entropy functions
which have combinatorial characteri ations. These functions are called combinato-
rially characteri able entropy functions. The discovery in this paper is particularly
important for studying *, the set of all entropy functions. It has been shown that
* plays a crucial role in information theory. However, it is extremely difficult to

*

characteri e this set. ne possible way to characteri e is to find new information

inequalities which give tighter outer bounds on *. The most important result along
this line was reported in [9], in which a new non-Shannon-type information inequality
was obtained. However, due to lack of tools, to find new information inequalities is an
extremely difficult task. The result in this paper turns the problem of characteri ing
entropy functions into the problem of characteri ing the si es of the pro ections of
a quasi-uniform box assignment. Hence, it may be possible that we can use some
existing results in combinatorics to attack the corresponding problem in information

theory.
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