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HOMOTOPY FOR THE v-GAP*

THOMAS S. BRINSMEAD? AND BRIAN D. O. ANDERSONT

Abstract. The main result of this paper is to show that a “winding number condition” which
relates to two strictly multivariable linear operators, and which is used in the definition of the
Vinnicombe (v-gap) metric, is equivalent to the existence of a multivariable homotopy in the same
metric between the two operators. This allows a characterisation of the Vinnicombe metric which
is independent of the linearity of the underlying operators, and suggests possible extension of the
metric to nonlinear operators.

1. Introduction. This paper presents a result that provides a building block
for the development of a control-relevant metric for nonlinear operators. Metrics
on operator space define notions of distance between input-output maps and allows
the quantification of concepts such as modeling approximation error and behavioural
robustness.

Here we investigate a particular property of a specific metric on linear operators,
known as the Vinnicombe (Nu-gap or v-gap) metric [24], which is closely related to
the gap metric [12, 13] that was introduced into the control literature as early as [8].

The Vinnicombe metric has an advantage over the gap metric in that it is less
conservative in the following sense. Let [Py, Co] be a stable plant-controller intercon-
nection. Then there exists upper bounds g and v in, respectively, the gap metric
84(Po, P) and the Vinnicombe metric &+ (Pg, P), between plants with transfer function
Po and P such that if the bounds are not met or exceeded, then [P, Co] is guaranteed
to be stable. In the case of the Vinnicombe metric, for any prescribed € > 0, one can
find a P such that 6, (Po,P) < v+ e <1 and [P,Cop] is not stabilising. Such a result
is not available for the gap metric (see page 104 Chapter 4, [26]).

Motivated by the superior control relevant characteristics of the Vinnicombe met-
ric to the gap metric in the case of linear operators, an ultimate goal, not achieved
in this paper, is a nonlinear extension of the Vinnicombe metric. However, the defi-
nition of the Vinnicombe metric involves checking a property known as the “winding
number condition” [24, 26] related to counting encirclements of the origin of a partic-
ular frequency domain function. Because it is defined in terms of an operator in the
frequency domain, such a condition is an inherently linear systems concept. If the
Vinnicombe metric is to be extended to nonlinear systems, then an obvious stepping
stone is to characterise the winding number condition in a way that does not depend
upon the linearity of the underlying operators.

There have been several candidate functionals proposed to extend the Vinnicombe
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metric to apply to nonlinear operators. In [3] a time-domain definition of the Vinni-
combe metric was proposed, which would be suitable to apply to nonlinear operators,
although a complete characterisation was lacking due to the challenges of defining the
equivalent of a winding number. There, it was hypothesised that the winding number
condition is equivalent to the existence of a particular multivariable homotopy, an
hypothesis which this paper shows to be true, although for the case of scalar plants,
the particular homotopy in question is multivariable, and arises by embedding the
scalar plants in a higher-dimensional operator space.

In [1] a nonlinear metric is defined in terms of the linearisations of the operators
about all operating points. This is similar in character to the extension of the (linear)
gap metric to a nonlinear version in [14] based on earlier work on the parallel projection
operator for nonlinear systems [7] and its relationship to the differential stabilisability

of nonlinear feedback systems [11].

Reference [18] studies various alternative definitions for nonlinear operator metrics
and presents some results on the relationship between them. Feedback stability and
performance are characterised in terms of the well-posedness and norms of the parallel
projection operators of [7]. It presents a formula for the nonlinear gap metric involving
a product of left and right graph representations of nonlinear operators, but since that
definition is for a generalisation of the classical (traditional) gap [13] rather than the
Vinnicombe gap, the nonlinear equivalent of winding numbers is not touched upon.

Another definition of a metric which reduces to the linear Vinnicombe metric in
the case of Linear Time Invariant (LTI) systems was also given in [25]. The definition
was given in terms of a directed distance between the graph spaces of the two nonlinear
operators to be compared. It was also shown that the existence of a gap-metric
homotopy is a sufficient additional condition for closeness in the metric to guarantee
closeness of closed loop performance. It was also asserted that in the case of LTI
systems, the existence of such a homotopy can be determined by a simple winding
number test.

The main result of this paper is to demonstrate that indeed the “winding number
condition” for linear operators is equivalent to the existence of a homotopy between
the two operators of interest. The existence of the homotopy is proved by explicit con-
struction. This alternative characterisation of the condition, involving the existence
of a homotopy, hence does not require the operators to be linear. This allows for a
nonlinear version of the winding number condition to be developed, and consequently
completes the task begun in [3] of defining one possible nonlinear extension of the

Vinnicombe metric.

The rest of the paper is organised in the following manner. We first give a
definition of the Vinnicombe metric for linear operators, as well as some alternative
characterisations of the quantity. We then state the main theorem that the winding
number condition used in the definition of the Vinnicombe metric is equivalent to

the existence of a particular homotopy and prove that falsity of the winding number
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condition implies that such a homotopy cannot exist. Before proving the converse
by construction, we introduce a number of results related to the problem of all-pass
embedding and Nevanlinna interpolation which are derived from well-known results
in the Hy, literature [6, 15, 17, 23, 27]. Using these results, we then proceed at length
to construct a homotopy and show that it satisfies the conditions in the statement of

the main theorem, before finishing with some concluding remarks.
2. Preliminaries.

2.1. Notation and Terminology. For a transfer matrix G, the paraconjugate
transfer matrix will be denoted by G*, and is to be interpreted as G(—s)". For real
rational transfer matrix G, the paraconjugate is the Hermitian conjugate (or conjugate
transpose) on the imaginary axis. The notation |- || will refer to the L, norm. The
Heo norm will be explicitly distinguished as || - ||5¢,, . Transfer function matrices will
usually be denoted in standard font X, although in Theorem 5.4 and its proof, they are
denoted in bold X, in order to provide notational distinction from a (static) complex
matrix. Dimensions of matrices will sometimes appear as superscripts: XP*™ has p
rows and m columns. While the notation for the maximum and minimum singular
value of a matrix X is standard (and is given by G(X) and o(X) respectively), in this

paper we also use the same notation to apply to a transfer matrix, in which case
5(G) X supslG(jw)]
w

= Gl
o(G) = inf o[G(jw)]

The notation F(P,K) represents the lower feedback interconnection
P11 4+ P21K(I — P22K)~'Pyy of compatibly dimensioned transfer matrices P and K
as in [27].

The spaces Ho, and L, denote the set of transfer matrices which are respectively
analytic on the closed right half-plane and bounded on the imaginary axis. The spaces
RHs and RL, , denote subspaces of respectively Ho, and L., with elements that are
matrices that can be expressed as finite dimensional rational transfer functions with
real coefficients.

As in [27] (see page 365) a transfer matrix U € RL,, is called paraunitary if
U*U = I. A transfer matrix TT € RH, is called inner if it is paraunitary in addition
to being stable, that is TTI*TT = 1. A transfer matrix Q € RL, is called all-pass if it is
square and paraunitary so that Q*Q = QQ* = I and therefore Q! exists and equals
Q* on the imaginary axis. A pxm, (p < m) transfer matrix in RH, is called outer if
it has full row rank in the open right hand plane, that is, if it possesses a right-inverse
that is analytic and in the open right-hand plane (that is, the right-inverse is stable,
but possibly marginally stable and not necessarily proper). It is strictly outer if it
possesses a right-inverse that is analytic and bounded in closed right-hand plane (that

is, the right-inverse is proper and strictly stable). A transfer matrix is called co-inner
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(respectively co-outer) if it is the transpose of an inner (respectively outer) transfer

matrix.

2.2. Transfer Matrix Factorisations. Transfer matrix factorisations will be
used extensively in the following development. In this section we recall the existence
of particular factorisations, appearing mainly in [19], [23], [27] for later use in the
paper. The factorisations are numbered in order that we will be able to refer to them
by number later on.

1. Every “tall” (p x m with p > m) transfer matrix T(s) € RHs, such that

T*T > 0 on the imaginary axis, has a factorisation [27]
(2.1) T(s) =TI(s)T(s)

where T is square and strictly outer (and stable) and TI(s) is (tall, p x m)
inner, and contains all the (strictly) right-hand-plane zeros of T. Such an
inner-outer factorisation is unique up to a constant orthogonal factor.

2. Similarly (by duality) every “fat” p x m, (p < m) transfer matrix F(s) €

RH o, such that FF* > 0 on the imaginary axis, has a factorisation
(2.2) F(s) = F(s)=(s)

where F is square and strictly outer (stable) and Z(s) is (fat, p x m) and
co-inner.

3. Every full-rank “fat” p x m, (p < m) transfer matrix F(s) € RH, can

be factorised as [ o } H where F is square and H is square, stable and
minimum-phase.
This can be easily seen [19] from the Smith form of F over the principal ideal
domain of proper stable transfer matrices. If F has full rank and no imaginary
axis zeros, then we can use the above inner-outer factorisation (2.1) to express
F(s) = O(s)F(s) where O is square and inner (and therefore all-pass) and Fis
outer. It then follows, that if FF* > 0 on the imaginary axis, then it may also
be factorised as

(2.3) F(s) = ©(s)F(s)

where ©(s) is stable and all-pass (square) and F = FH is fat (p x m) and
outer.

4. Similarly every “tall” p x m(p > m) transfer matrix T(s) € RH,, such that
T*T > 0 on the imaginary axis, has a factorisation

(2.4) T(s) =T(s)O(s)

where T is “tall” (p x m) and co-outer, and ©(s) is stable all-pass (square).
5. Any “tall” transfer matrix T(s) € RL, may be expressed as a right coprime

factorisation [23] over the ring of proper stable transfer matrices as T(s) =
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N(s)M(s)~ . Inner-outer factorisation of M(s) = Om(s)M(s) is in equation
(2.3) results in T(s) = N(s)M(s) " 'Om(s)~", where O is stable all-pass. We
can further define N(s) = N(s)M(s)~" € RH,, so that

(2.5) T(s) = N(s)Om(s)"

is a right coprime factorisation where the denominator matrix is stable all-
pass.

If we further assume that T*T > 0 on the imaginary axis then N(s) is also full
rank on the imaginary axis. The tall matrix N(s) may be further factored
as a co-outer-inner factorisation N(s) = N(s)On (s) (see equation (2.4)) with

On (s) stable and all-pass, and N(s) co-outer, so that
(2.6) T =N(s)On(s)Om(s)*.

Here ON(s) contains the right hand plane zeros of T(s) and On (s)* contains
its right hand plane poles.
. Similarly, a fat transfer matrix F(s) € RL,, has a factorisation

(2.7) F(s) = Oy (s)*F(s)

where Ofp (s) is stable and all-pass and F(s) is outer. If F(s) is full-rank on

the imaginary axis, then
(2.8) F(s) = Orp(s)*Orz(s)F(s)

where Of,(s) is stable and all-pass and F(s) is outer.
. If an all-pass matrix Q € RL,, is factorised in the above manner then

(2.9) Q(s) =0, (s)'O,(s)

=0y ()"0, (s)

where both (:*)]j (s) and ©,(s) are stable and all-pass and @p(s)* contains the
right half-plane poles and ©,(s) contains the right half-plane zeros of Q.
. Alternatively

(2.10) Q(s) = 0,(s)0,(s) "

where O, (s)* contain the right half-plane poles and ©,(s) contains the right
half-plane zeros of Q(s), and O, (s) and ©,(s) are each stable and all-pass.
These factorisations (which are coprime factorisations, with constituents
which are stable and all-pass) are also unique up to a constant orthogonal

factor.
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9. Finally, the paraconjugate of a full-rank fat transfer matrix F € RL,, may
be factorised as an inner-outer factorisation F*(s) = TT¢(s)F(s) where TT¢(s)
is inner and F(s) is square and outer. We can perform factorisation as in
equation (2.5) on the square transfer matrix B* = F(s)Or(s)* where F(s) is
stable and O(s)* is anti-stable and all-pass.

Setting TTry, (s) = TTr(s)Or(s) gives us a factorisation of the original fat trans-

fer matrix F as

(2.11) F(s) = F(s)TTep(s)",

*

where F(s) € RH,, and square, and Ty is inner (so that TTg,(s)* is anti-

stable and its transpose is paraunitary). If Fis full rank on the imaginary

axis then so is F(s) which can be factorised as in equation (2.3) or (2.4) to

give
(2.12) F(s) = OrzrFr(8)TTEp (s),
(2.13) F(s) = FL(s)Or.1Trp ()%,

where Fr(s) and Fi(s) are square and outer and ®f,g and Of,; are stable

and all-pass.
3. The Linear Vinnicombe Metric.

3.1. Definition. Let PR*™, P}gxm be two real rational transfer functions matri-
ces of the same dimension. The Vinnicombe metric [26] (also known as the Nu-gap
or v-gap metric) is a measure of the distance between P, and Pg. It can be defined
as follows. The chordal distance between Py and Pg at a frequency @ is given by

K(Pa, Pp, @) lim & { [T+ Py (j0)Pg (jc0) ¥ [Pp (i) — Paliaw)]
1+ Paljc) Paljw)l F },
and

(3.1) RK(Pa,Pp) 2 supk(Pu, Pp, w).
w

In the definition of the chordal distance, the inverse square root X~ 7 is understood to
be a matrix square root of the inverse square matrix X~ ', where X is positive definite
Hermitian. The reason for the limit operation in the definition is to account for the
possibility that either P, or Pg has poles on the imaginary axis.

The Vinnicombe metric distance between Py and Ppg is then defined as
6’\/(P0() PB) = R(Poc) PB)
provided the following two conditions are satisfied:

(3.2) det[l + PoPsl(jw) #0, VYw, and
(3.3) wno [det(I + PoPg)]| +1(Ps) —71(Pg) = 0.
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If the conditions of equations (3.2) and (3.3) are not both satisfied then
5v(P«,Pg) = 1. In the above, f(Pi) denotes the number of poles of Py in the open
right half complex plane Re(s) > 0 and 11(P;) is the number of poles of P in the closed
right half-plane Re[s] > 0, counted according to multiplicity. indented, if necessary,
into the right half-plane around any imaginary axis poles of P, and Pg.

The symbol wnol[f(-)] denotes the winding number of holomorphic complex func-
tion f(-), defined as the number of net encirclements of the origin in the clockwise
direction of f(s) as s as traverses the clockwise Nyquist D-contour from —joo to joo
on the imaginary axis, indented, if necessary, into the right half-plane around any
imaginary axis poles of Py and Pg, and then around at infinity in the positive com-
plex plane [26].

REMARK 3.1. For the clockwise Nyquist traversal, the net change in the argument
of f(s) will be 27 rad in the clockwise direction for each non-minimum-phase zero and
in a counter-clockwise direction for each unstable pole of f(s) [9]. The winding number
is therefore the number of right half-plane zeroes of f(s) minus the number of right
half-plane poles.

There are various equivalent expressions for the Vinnicombe metric. We draw
attention here to some. Let Py = N{M[ T = 1\71{1 N; denote normalised right and left
coprime fractional descriptions [23] of P;. Define

G§p+m)><m _ N;
1 M-L )
(3.4) and Gfx(p+m) = [ ~M; N } .

It follows that { G Gf } is all-pass. The chordal distance at a frequency w is given
by

(3.5) K(Po, Pp,w) =5 |G (jw)Guljw)|
= 5 {Mp(jw) [Paljw) — Py ()] Ma (je) |

where the last equality holds only for jw not a pole of either P, or Pg. The Vinnicombe

metric may then be alternatively expressed as

(3.6) 5v(Pa, Pp) = [|GpGallw = GGl
(where || - ||o represents the L norm), provided that

(3.7) det [GEG“(jw)] # 0 for all w and
(3.8) wno {det [GGu]} = 0.

Otherwise 0 (P, Pg) = 1. Note that conditions (3.2) and (3.7) are provably equiva-
lent, as are conditions (3.3) and (3.8).
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A third equivaLent characterisation of the v-gap metric is as follows. For
G p = [ NE IO[’(’; } where Pg = NBIOL? is any right coprime fractional descrip-
tion of Pg, that is, one which is not necesarily normalised, we have [24]

8+ (Pa,Pp) = inf [Ga — GpQlloo-
Q, Q TeRLxo

wyno[det( Q)l=0

Of course, it is a nontrivial fact that the metric properties hold for & (P«,Pg)
[24, 26], although the triangle inequality is the only property which requires much
attention to prove.

3.2. Properties of the Vinnicombe Metric. We now give two simple but
useful results which relate the maximum and minimum singular values of various
transfer matrices derived from the normalised coprime fraction descriptions of the
two plants.

LEMMA 3.2. Let Py and Pg be two transfer matrices with respective right nor-
malised coprime factorisations, G« and Gp defined by equation (3.4). The chordal
distance between Py and Pg of equation (3.1), is related to the minimum singular
value of Gg(jw)* G (jw) as follows.

K(Pa, Pp, )2 + {0 [Gp (jw)* G (jw)]}* = 1.

Proof. Since [ GE Gp ] is all-pass, é?;éﬁ + GGy =1 and so
(G w)Galio)] Gpliw)Galic) + [Gp (i) Galjw)]” Gp(jw)* Galjew) =
Galjw)* Galjw) =L

Then it follows that

{o[GpliwGatin)]} + (016 w) Galiw i = 1.

The lemma statement follows from equation (3.5). 0

COROLLARY 3.3. The condition that the square matriz Gi G« (jw) has the prop-
erty that det[GEGa(jw)] =0 for some w, is equivalent to k(Py,Pp,w) =0 [éﬁ(jw)
Gx(jw)l =1 at that w and hence K(P«,Pp) =1.

4. Main Result. The main result in this paper is to show that the winding num-
ber condition (equations (3.3) and (3.8)) is equivalent to the existence of a homotopy,
parametrised by, say A, from Py to Pg, such that the Vinnicombe distance 0 (P, Pa)
is arbitrarily close to monotonically non-decreasing and hence always strictly less than
unity.

For the case that Py = py and Pg = pp are scalar, the equivalence only holds if

multivariable homotopies are allowed, by embedding the scalar operators p, and pg in

T
a higher dimensional operator, in for example, the obvious way by py — [ Pa O } .
This is formalised in the following theorem.
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If only scalar homotopies p, from p, to pp are considered, then in addition to
the satisfaction of the winding number condition, an extra condition is necessary for
the existence of a homotopy, namely, that the p, and pg end-points must share the
same Cauchy index (see below). If they have a different Cauchy index, then no scalar
homotopy between them exists, irrespective of whether the winding number condition
holds.

THEOREM 4.1. Let real rational p x m transfer functions Py and Pg be given,
with at least one of p and m strictly greater than one and with b (P«,Pg) < 1. Then
for any given n (which will provide an upper bound for departure from monotonicity),
there exists a Vinnicombe metric homotopy, parametrised by A € Ay, Agl, given by
Pa, varying from Py to Pg such that the following properties hold.

e Endpoint properties: Py = Py for A = Ay, and Py =Ppg for A = Ag.

e Vinnicombe Continuity Property: For every A e A, Apl and € > 0 there
exists & such that 6, (P, Pa) < € for all A € [Ay, Ag] with |?\ - )\| < 9.

o Subunitary Property: K(Py,Pa) = supg, K(Px, Pa,w) <1 for all A € [Ay, Agl.

e Monotonicity Property (Arbitrary Closeness to): K(Ps,Pa) > K(P«,P3) — 1
for all A\ € A, Al such that A <A

Conversely, if there exists a homotopy with the Endpoint and Vinnicombe Con-
tinuity properties as well as the Subunitary property, then 8. (P«,Pg) < 1, which is
equivalent to saying that if (P, Pg) = 1 then no homotopy satisfying those three
properties erists.

REMARK 4.2. If Py = py and Pg = pp are single-input single-output (that
is, if p = m = 1) and strictly proper, then a homotopy satisfying the above four
properties can exist only if 5 (P, Pp) < 1 and XL [pal = T5X[pel, where T3f(-)]
is the Cauchy index [10] of a real rational function f(x) : R — R over an interval
[, u]l of the real line (where either or both 1 or w can be at infinity) and is defined
as JPE()] = PHIEC)] — NP[f()where P is the number of (positive) jumps that f(x)
makes from —oo to +0o as s increases in the open interval (1,u) and N}* is the
number of (negative) jumps that f(x) makes from 400 to —oco over the interval. This
is demonstrated in the proof of Theorem 4.1 in [2]. It remains an open question
whether equality of the Cauchy index of the end-point scalar plants is sufficient to
deduce the equivalence between the winding number condition and the existence of a
scalar homotopy.

Before giving a detailed proof of the theorem, quite some development will be
required. However, it is reasonably straightforward to prove the converse part of the
theorem, both for multivariable and scalar plants, which we do in the immediately
following text. The sufficiency part of the theorem statement will be proven by lengthy
and detailed construction in Section 6.4 and following.

Proof. [Converse part of Theorem 4.1] In this part of the proof we show that
if there exists a homotopy with the Endpoint and Vinnicombe Continuity proper-

ties as well as the Subunitary property, then the Winding Number and Determinant
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Conditions hold and hence & (Py,Pp) < 1.

We will first show that for an arbitrary Ag € [Ay,Ap] with 8, (P, Pg) < 1, there
exists an open A ball around Ag such that det[G% G,] # 0 and has the same winding
number as det[G% Gp] for all A in the intersection of the open ball and the interval
M«, Al (note that det[G}Gg] # 0 because b (P«,Po) < 1).

To demonstrate this, let Ag be any scalar in the interval [Ay, Agl with 8y (Py, Pe) <
1 and define the positive scalar €(0) by 1 —2e = 6, (Py,Pg) < 1. Assume that G, is
a Vinnicombe metric homotopy in A passing through Gg so that there exists a & > 0
such that the conditions |?\—7\9| < & and A € [Ay,Ag] implies that 5, (Pg,Pa) < €.
Now define

A9>\ :déf G)\ — GQGEG)\.

We can bound the magnitude of Ag) because

A Aox = 1 — G5 Go GG
= (GoGa)*(GoGn),

so that
[Aorllcc = 8v(Po,Pr) <e.
By Lemma 3.2 we can see that

igfg{[Ge(jw)]*GA(jw)} =4/1—25+(Pg,Pa)?,
< 7] .
T V1 —¢€?

Now let us investigate the winding number of det(G% Gy).

o [(G5GA) ']

G5 Gy = G%(GeGsGa + Agn),
= G5 (Go + Aer(G5Ga) 1)G§Ga,
wno{det[G}, GAl} = wno{det[G} (Go + Aor(G5Ga) )1} + wno{det[Gj G},
(4.1) = wno{det[G (Go + Aor(G5GA) "1},

and note that HAQA(GSG;\)*1 lo < €(1— 62)*%. By the pointwise-in-frequency con-
tinuity of the right hand side of equation (4.1) with respect to A, there exists an
open ball around Ag such that det[G% Ga] # 0 and has the same winding number as
det[G% Gol (where det[G% Gol # 0 because 8+ (P, Po) < 1). Note that these properties
hold for arbitrary Ag € Ay, Agl.

We now specify a particular value of Ag. Specifically, we define Ag as
Ao 2 sup {A < Ag : det[G%Gal # 0 and wno[det[GLGAl} = 0, YA € Ao, Al} .

It is obvious that Ag exists because clearly det[G% Ga] # 0 and wno{det[G} G,l} =
0 for all A in the singleton set [A4], and indeed, by the Vinnicombe continuity property,
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for some finite interval close to Ay so that the set in the definition of Ag is non-empty.
Furthermore, because of the Subunitary property, it also follows that 8. (Py,Pa) < 1
for A = Ag.

From the definition of Ag it follows that det[G% Gal # 0 and wno{det[G% GAl} =0,
for all A on the semi-open interval [Ay,Ag). We now show, by contradiction, that
Ao = Ag. If it were the case that Ag < Ag, then at A = Ag either det[G} Ge] = 0,
which contradicts the Subunitary Property, or the Winding Number Condition fails.
The failure of the Winding Number Condition at A = Ag is in contradiction with
the argument in the previous paragraph, that establishes the existence of an open A
ball around Ag, with det[G} G,] # 0 having the same winding number as det[G% Gel.
Therefore, Ag > Ap and the Determinant and Winding Number Conditions must
hold for G} G, for all A on the semi-open interval [Ay,Ag). In addition, since the
Vinnicombe Continuity and Subunitary Properties also hold at A = Ag, we have the
Determinant and Winding Number Conditions holding on the closed interval [Ay, Ag].

The Subunitary and Endpoint properties imply that k(P, Pg) < 1, which, with
the Winding Number and Determinant Conditions, gives 8 (P, Pg) < 1 as required.
The contrapositive statment is that if 0, (P«, Pg) = 1 then no homotopy satisfying
the Endpoint, Vinnicombe Continuity and Subunitary Properties exists. 0O

We will demonstrate the sufficiency part of the theorem statement by construc-
tion. However, we first need several results which are important for solving the Nevan-
linna interpolation problem, which will turn up in the procedure to construct this

homotopy.

5. Some Mathematical Machinery. We present several results reasonably
well understood in the H, literature, which will be required in the construction of
our homotopy.

LEmMMA 5.1. Let Ty1, T2, T21 be given with respective dimensions p X m, p X p
and mxm such that T11,T12, Ta1, Tf; »Ti] € RLy, . We consider only tall (or square)
Ti11 with p > m. Consider the model matching problem

Y= Qeigrgcm IEll5¢00

where E is defined as

pxXm _ tPXmM _ TPXPp pXmrTmxm
E *TH T12 Q TZ] :

Then an optimal Q € RHy, exists, call it Q* and it results in an error function
E =Ty — T12Q*T21, which is a scalar multiple v* of an paraunitary function [27],
that is E¥E = y*21. Furthermore, if the minimum achievable norm is y* then for any
v > v* it is possible to find Q € RH, such that the error E = Ty1 — T12QT21 has the
property that E*E = y21.

Proof. This is proved using a standard solution [23] to the model matching prob-
lem by converting it to an all-pass embedding problem [17]. See Appendix A.1.
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We will next show the equivalence of the above H,, model matching problem to

a corresponding Nevanlinna interpolation problem. First however, we will present a

lemma about the properties of certain all-pass transfer matrices with prescribed zeros

and zero directions.

LEMMA 5.2. Let a set Z of K distinct complex numbers zy for k =1...K, with

Re(zy) > 0 be given, as well as a set L of p x 1 unit norm direction vectors L, where

if zy is real, then lk is real and if zy is not real, then there is some zj =z € Z with

corresponding unit norm direction vector l; = L e L.

Then the following is true.

1. There exists Oz(s) € RHE*P, a stable real-rational all-pass (square) transfer
matriz of McMillan degree [19] K such that 1;,0z(zx) = 0 for all zx, that is,

with zeros zi, k = 1...K with output zero directions 1.

2. (a)

(b)

3. (a)

Furthermore, @z can be factored, for each Xk, as
Oz(s) = O,k (s)Oz/x(s),

where
S*Zﬁk O 1*
Ouls)=| L L st b
k(s) |:k k}lo 11[%1

and Ly is a (constant) unitary completion of 1 so that [ e Ly ] 5 a
constant unitary matriz. Also @z, (s) is a rational (though not neces-
sarily real rational) stable matriz with zeros z; forj =1,... . k—1,k+
1,...,K.

Furthermore, if z; =z for complex zy it holds that

=
0 1 L’
that is, 1 = 1k and L = Lk.

An alternative factorisation of the following form exists.

Oz(s) = Oz (5)Ozk(s),

where

B ~ . s—zk i*
@Z — 1 L S+Zy ~k .
k(s) [ k k } [ 0 I ] l i ]

Here [ ik fk } is a constant unitary matriz (in general, not equal

to [ e Ly }) and again, @Z/k(s) is a rational (though, again, not

necessarily real rational) stable matrix.
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(b) Furthermore, if z; =z for complex zy it holds that

~ = = S—Zk O iT
. - . stz k
O(s)= | Lk}[ ; IHLE]’

that is, i]- = i and f.,- = a

4. Finally let G be a p X m complex matriz and choose zy, € Z not real, with j as

the index corresponding to the complex conjugate of zi, that is z; = zic € Z.

Define

Tyj(s) = éZ/k(S)GZ}k(Zk)G + éz” (S)QZ% (zx)G.
Then Ty; is real rational.

Proof. A procedure for constructing an all-pass matrix with the first three proper-
ties is given in Chapter 6 of [27], see also [5] or pages 329-331 of [4]. See Appendix A.2
for proof both of the fact that ®z(s) can be chosen as real rational, and of Property
4. 0

We are now able to present the following corollary of Lemma 5.2 and Lemma 5.1.

COROLLARY 5.3. Let a set of distinct complex numbers zy for k =1...K, with
Re(zy) > 0 be given, as well as a set of interpolation conditions on an unknown p X m
transfer matriz F(s) such that V.F(zy) = g} for prescribed 1 x m complex vectors gy
and p x 1 unit norm direction vectors li, where p > m and all such conditions occur
in complex conjugate pairs or are real.

If there exists F(s) € RH satisfying the interpolation conditions with ||F(s)|le <
1 then there exists an inner matriz T1(s) € RHoo with ||TI(s)||eo = 1 which also satisfies
the interpolation conditions VT1(zy) = gy .

Proof. Here we exploit the equivalence of H,, model matching and the Nevanlinna
interpolation problem (see [6] for the scalar case). Let @7 be a stable real-rational
all-pass (square) transfer matrix of McMillan degree [19] K such that 150z (zy) = 0 for
all zy, that is, with zeros zx,k = 1...K with output zero directions 1§, as in Lemma
5.2. We then define

K

Th(s)P™=>3 {QZ/k(S)@Z}k(Zkﬂkgﬂ ,
k=1

To1(s) =1m"™

and T]z(S) = @Z(S)po.

From the last claim of Lemma 5.2 we can deduce that Tqy7 is real rational. If zy is
real, then by the lemma hypothesis, the corresponding 1l and gy are real. If zy is
complex then there is a corresponding z; = zx € Z with corresponding ij = i and
ng = J = g%. We now claim that any F € H, satisfying the interpolation conditions
is necessarily of the form

(5.1) F=Ti1 —Ti2QTy
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for some Q € HEZX™, and conversely. This is established as follows.

Since 150z(zx) = 0, it is readily seen that l;‘@z/k(zj) =0forj=1,...,k—
1,k +1,...,K. This is clear since @z(z;) = Oz/k(2j)Ozk(z;) and the second term
in the product is nonsingular for k # j. It is obvious that the condition that F may
be expressed as (5.1) with Q stable is sufficient for F to satisfy the interpolation
conditions. For necessity, consider Q e T11 € RH, and note that l;:Q(zk) =
Vi [F(zik — Tii(zi)] = 0 for each k. Since l’ﬁ@(zk) = 0 for Q € RH it follows [27)
that it may be factorised as an inner-outer factorisation Q(s) = O©2(s)Q(s) for some
Q € RHy . The proof now follows immediately upon application of Lemma 5.1.

In the proof of Lemma 5.1 it is shown that the H,, model matching problem can
be converted to the Nehari problem of approximating an RL, function G by an RH,
matrix Q. By Lemma 5.1, given any 'y > v* it is possible to find, using the all-pass
embedding method in [17] (see also [15]), a Q € RH, which results in E*E = y2I.
In order to prove the continuity property for the homotopy that we will construct, we
will also need to know that for y* < 1, if we take y = 1, then this all-pass embedding
algorithm gives a result (the all-pass transfer matrix E) which is H,-norm continuous
in the input data (the plant data G.)

THEOREM 5.4. Let an Lo morm homotopy Gy € RLy (with dimensions
p X m, with p > m) be given as a function of A € [0,1]. Provided that for each A the

pxm

following conditions hold:
e The (real rational) G, has a finite dimensional state-space representation,
with state-space parameters bounded and continuous in A;
o The Hankel norm v} of Gy is strictly less than unity;
then there exists an Lo homotopy of paraunitary error functions Ex = Gy — Qx (that
is, one which satisfies Ex"Ex = 1), where Qy € RH, is stable for each A, which may
be obtained by the all-pass embedding method in [17].

Furthermore, suppose that there is a finite number ] of A interpolation conditions
on the homotopy, that is, there are given | specific values of the G\ homotopy param-
eter A, namely /)\\j forj =1...7 as well as corresponding paraunitary error functions
ﬁj, and the homotopy Ex of paraunitary error functions is required to interpolate Ej
at each A =17;.

This is possible provided the following conditions are true

e For each j there exists some Q) € RHo such that ﬁj = Gy — Q) when
A=2.

e [ither the transfer matriz Gy is strictly tall (p > m), or, in the case that Gy
is square, both the winding numbers of the determinants of Ej and the signs
of det [ﬁj(s)] are equal for each j.

S§— 00

Proof. See Appendix A.3. 0

An immediate consequence of the above theorem is that the solution to the model
matching problem in Lemma 5.1 is continuous, provided the problem data are. This

is formalised in Corollary 5.5 following. A similar conclusion follows in Corollary 5.6
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for the Nevanlinna interpolation problem, which was introduced in Corollary 5.3.
COROLLARY 5.5. Assume there is given a set, parametrised by N, of model match-

ing problems as in Lemma 5.1, where Ti1(A), T12(A) and T21(A) are each parametrised

by A. Suppose that each of T11(A), Ti2(A) and T21(A) have state-space realisations with

state-space parameters that are continuous in A. Suppose the value of the optimisation

Y*A) = _inf Ti1(A) = Ti2(A)QT21(A)
Q€Ho
is strictly less than unity for all N of interest, that is y*(A) < 1. Then there exists a
paraunitary Ex = Ti1(A) — Ti2(A)Q(A)T21(A) (that is EXEx = 1) where Q(A) € Hqo
and Ex is an He homotopy.

Furthermore, suppose that there is given a finite number ] of A interpolation con-
ditions on the homotopy. That is, there are given ] specific values of the homotopy
parameter A, namely /)\\j forj=1...7 as well as corresponding paraunitary error func-
tions ﬁj, and the homotopy Ex of paraunitary error functions is required to interpolate
ﬁj at each A = /Xj.

This is possible provided the following conditions are true

e For each j there exists some Q(?\j) € RH, such that ﬁj = Tn(?\j) +
Ti2(3)Q(R)) Tar (&)

o [ither the transfer matrix Tqq is strictly tall (p > m), or, in the case that Tiy
is square, both the winding numbers of the determinants of ﬁj and the signs
of dj}t [ﬁj(s)] are equal for each j.

Proof. STiloe equivalence of the model matching problem of Lemma 5.1 to the
Nehari problem of Theorem 5.4 is demonstrated in the proof of Lemma 5.1. The
requirement that E3E) = v?1 corresponds choosing Y = 1 and the condition that
vY*(A) < 1 ensures that an appropriate Q(A) € RH, exists. 0

COROLLARY 5.6. Assume that there is given a set of interpolation problems,
parametrised by A, as in Corollary 5.3, where gi(A)'*™, Li(A)P*! and the s-domain
interpolation points zi(N\) are each parametrised by A. Then provided each of gi(A),
Li(A) and zi(A) is continuous in A, it is possible to solve the interpolation problem to
give a (continuous) paraunitary Uy (s)P*™ homotopy.

Furthermore, suppose that there is given a finite number ] of A interpolation con-
ditions on the homotopy. That is, there are given ] specific values of the homotopy
parameter A, namely ?\j forj=1...7 as well as corresponding paraunitary functions
ﬂj, and the homotopy Ux(s) of paraunitary error functions is required to interpolate
Q;(s) at each A = A;.

This is possible provided the following conditions are true

e For each j the paraunitary transfer matriz ﬁj satisfies the s-domain interpo-
lation conditions 1; (?\j)*ﬁj [z; (/?\\j)} = gi(?\j).

o FEither p > m, or, in the case that p = m, then both the winding numbers of
the determinants of 0,- and the signs of S(ieEO [Clj(s)] are equal for each j.
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Proof. The equivalence of the interpolation problem to the model matching prob-
lem is shown in Corollary 5.3. Because each of the interpolation conditions is con-
tinuous in A, the transfer functions Ty1(A), Ti2(A) and T22(A) corresponding to the
resultant model matching problem have representations that are continuous in the
state-space parameters. The equivalence of the model matching problem to the Ne-

hari problem of Theorem 5.4 is demonstrated in the proof of Lemma 5.1. 0

6. Homotopy Construction. We prove the existence of a homotopy that sat-
isfies the required conditions in Theorem 4.1 by construction. We first describe a
construction, and then we show that it satisfies the required conditions.

Our multivariable homotopy construction procedure is as follows. Without loss of
generality we investigate the “tall” plant case and take plants Pg ™ and PR*™ with
p > m and &, (P«, Pg) < 1. We make the simplifying assumptions that P, —Pg is full
rank and has no zeros on the imaginary axis or at infinity. We may also assume that
the set of poles in the normalised coprime fraction representation G, = [ NI( DI( } !
of Py = N“Mgl are distinct.

If either or both of these simplifying assumptions is not true, then we can make
an abitrarily small perturbation of P,, of magnitude no more than some positive
scalar e such that both € < 1—8,(P4,Pg) and € < %n, where 1 is the monotonicity
perturbation upper bound parameter of Theorem 4.1, to give P/ such that P, —Pg
is full rank and has no zeros on the imaginary axis or at infinity, and the normalised
coprime representation of P/ has distinct poles. We then construct a homotopy P
from P/ to Pg using the methods presented in this section and complete with a
homotopy from Py to P/. By the triangle inequality it follows that &, (PL,Pa) <
dv (P, P )+0+ (Pl Pg) will remain strictly subunitary, and will not violate the desired
property of the perturbed homotopy being arbitrarily close to monotonic. Note that
this is just a perturbation of the end point Py, and not a perturbation of the P
homotopy en route.

We proceed to define the P) homotopy as follows. First we define R™M*™ =
G;Gp and WPX™M = G“Gﬁ. Because 8y (P«,Pg) < 1 it follows that for every w,
det[R(Gw)] # 0, and wnoldet(R)] = 0; moreover R has no poles on the imaginary
axis. Furthermore, we know that W = My (Py — Pg)Mgp is stable and full-rank, with
[[Wllo =0+ (Pw,Pg) < 1. We also know that R*R + W*W =1L.

We now proceed to construct homotopies Ry and W, and define a homotopy G

as
(6.1) Gy =GRy + G;W)\.

We later show that G, defines a homotopy for a normalised coprime factorisation of
a plant P, satisfying the requirements of the theorem statement.

As in equation (2.1) of Section 2, perform an inner-outer factorisation to factorise
W € RH,, as WWZW where TTyy, is an inner transfer matrix and W is square and

outer. Also, factorise the square transfer matrix R as R = @sz@Rzﬁ (see equation
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(2.6)), where Og, and Og, are stable all-pass transfer matrices (chosen so that the
signs of their determinants at infinity is the same), and R is outer. Note that R*R +
W*W = R*R + W*W = 1. We will be able to apply the results of Corollary 5.3 to

*
Rp>»

that the poles of G4 and hence of G}, are distinct. Note that each unstable pole of

interpolation conditions at the right half-plane poles of ®%_, since we have assumed
@*}gp is also an unstable pole of G¥, that is, the set of unstable poles of G forms a
superset of those of @’Ep.

We will define the homotopies for Ry and W), as products Ry = @’ﬁpé)mﬁ)\ and
Wy, = TTwaW,a. We do this in two distinct stages, one from A € [0,1] and one for
A € [1,2], so that A = 0 will correspond to Py and A = 2 will correspond to Pg. For
A € [0,1] the stable minimum-phase factor ﬁ)\ is transformed from I to ﬁ, while the
stable minimum-phase factor W)\ is transformed from 0 to W, with Ogr) and Ty
fixed respectively at Ogp and Ty Oy (Where MMy, and Oyy, are to be defined below).
Then, for A € [1,2] we keep the factors Ry and W, fixed at R and W, while Og, is
transformed from @gp to Or,, and Ty, is transformed from Ty Ovyp to TTw,. All
the time it has to be ensured that the resultant G, defined by (6.1), is stable, coprime
and normalised, the winding number condition wno [det (G% G,)] = 0 is satisfied, and

the monotonicity property holds.
6.1. Homotopy for A € [0,1].

6.1.1. Homotopy for the Minimum-Phase Factors R and W for A € [0,1].
For A € [0,1] we specifically define the homotopy for a stable and minimum-phase

ﬁ;\“xm via a spectral factorisation
(6.2) RiRy = AM2R* R+ (1 — A1,

and note that the right hand side of the above equation has no imaginary axis poles,
so that Ry is bounded in the H norm. Although the R so defined is unique only
up to a constant orthogonal factor, it is a trivial matter to select this factor to find
a Ry such that it is H., continuous in A. In fact if R has a minimal state space
realisation [Ag, By, Cq, Dgl, then R, can be found with realisation [Ag,Bg, Cax, Dl
(note that the Ay and By state space parameters may be taken as fixed). The spectral
factorisation and construction of Cy,, Dy, depends on solving a Riccati equation [27].
The coefficients in the Riccati equation are analytic in A and the resultant Cy, and
Dy, are also analytic in A.
It then follows that if we define

(6.3) W — AW,
then the following holds:

WiW, = A2 (1—R*R)
(6.4) =1—RiRx.
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6.1.2. The Inner Factors O, and TTy, Held Fixed for A € [0,1]. Still
for A € [0,1], we define an all-pass homotopy for g, by simply holding it fixed at
Ogrp. In order to reveal its right half-plane pole and zero structure, we also perform

a factorisation of G* as in equation (2.6) as

. Ve
Gr=| . ©
N%
M -
= NO:X Q(XZ@OCD
(6.5) = GuOu:zO%.

In the above, O, and @ap are stable and all-pass, and G is co-outer. The zeros of
@“p are the right half-plane poles of G;, the same as the poles of G}: these poles
form a superset of the unstable poles of R which are the zeros of ®gr,. These facts
will be exploited later in proving particular stability properties of the homotopy.

In order to define a fixed TTyy, for A € [0, 1], we introduce several ancillary quan-
tities. This will result in a choice of fixed TTyy for A € [0, 1] such that the resultant
G, in equation (6.1) is stable and so that the resulting TTw, can be continuously
connected to the homotopy that will be defined for A = [1,2]. First we introduce
X™XP YPXP XMXP and YMX™ which are RHo, transfer matrices, satisfying the dou-

ble Bezout identity
| o
Slo 1|

X Y Ny —Y
(6.6) [ - - *
Such transfer matrices exist because the fractional descriptions M;1 Ny = N“M;1

M, X

_Moc er

of Py are coprime. We define a transfer matrix Z™m™*P as
(6.7) Z = YN — XM,

and as in equation (2.13) of Section 2, we factorise Z as

(68) Z= e )

where Tl is inner, Z is stable, minimum-phase, and @, is all-pass and stable
(inner). For the purposes of the following construction, we must assume that Z is also
full rank and possesses no imaginary axis or infinite zeroes and Z=' € RH,,. Since Z
is uniquely defined by the homotopy end-point P, if this is not case for the originally
given Py, we can find an arbitrarily small perturbation P/ such that it is true, in
the same way that it is possible to ensure the perturbed end-point has normalised
coprime fraction representation with distinct poles, and such that P, —Pg is full rank
and has no imaginary axis zeros. (See the third paragraph of Section 6.)

We can now define a homotopy for TTw, by holding it fixed at TTw = Txp©Ovyp for
A € [0, 1], where Ovy, is a stable, all-pass matrix to be defined later in the development
in Lemma 6.2. With these assignments, that is, Ry = ﬁy\, Wy =A- ﬂ“pG)vpVA\/ and
Gy defined in equation (6.1), we will later show that G, is stable.
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6.2. Homotopy for A € [1,2]. We now construct the homotopy for A € [1,2].
In this part of the homotopy, we hold ﬁ)\ fixed at R and allow Ogy to vary from Ogyp
to Or,. Note that this homotopy must be such as to preserve the winding number
of Ry, that is, ©ra must have the same number of non-minimum-phase zeros as Ogp
for all A. Note that @g, has the same number of non-minimum phase zeros as Oy,
because R has zero winding number. In the construction of the homotopy we also
hold Wy, fixed at W and allow Ty, to vary from Ty, ®vp to TTw,.

6.2.1. Homotopy for Ok, for A € [1,2]. In order to efficaciously construct
TTwa below and in order to satisfy the winding number condition for Ry, we make
the Orx homotopy in a special way. In fact, for each A, we make O, such that
l;k(@m(‘pk) =A-1]- l;k(@Rz(pk) for each unstable zero py of Or, with normalised
(output) zero direction [19] 1.

Such a stable all-pass Og, exists by Corollary 5.3 because [A — 1] never exceeds
unity, that is, a stable function with less than unity norm and that satisfies the
interpolation constraints exists (namely [A —1]- Og.) and hence there exists an stable
all-pass (that is, with exactly unity norm) transfer matrix, that also satisfies the

interpolation constraints.

We can see that Or) = Og, at A =2 and that O\ = Oy, at A =1 are solutions
for the above (s-plane) interpolation constraints. It is also clear, since det(R) has zero
winding number that det(Or.) and det(Ogry) share equal winding numbers, and recall
that ©r, and Oy, have been chosen so that the signs of their determinants at infinity
are the same. We note that by the Corollary 5.6, it follows that ©@gx can be defined
in such a way is an H-norm homotopy, and such that it is equal to O, and O, at

A =1 and A = 2 respectively.

6.2.2. Homotopy for Ty, for A € [1,2]. Having defined the homotopy for
Ry for the interval A € [1,2] using R and Ogx, we now define the homotopy for
TTwa, guided by the need to find an inner transfer function which will make G, in
(6.1) stable. We can now recast the requirement that G be stable in terms of the

following equivalence result.

LEMMA 6.1. Let Gy correspond to a normalised right coprime factorisation
NaM;! of Py and let G correspond to a normalised left coprime factorisation
M;1N“. Define Z by equation (6.7) above where X,Y,X and Y satisfy the Bezout
identity (6.6). Suppose that a transfer matriz Ry € RLy has been constructed and
transfer matrix W, is sought. Make the definition

Tm><m — R;’\H.Xm _|_ ZmXpW;Xm,

Then the pair Wy, T € RH, if and only if Gy = G«Rx + éj;W;\ € RH .
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Proof. The lemma is demonstrated by the observation that

Y
~ G)\ =
x NOL

zz >

Wi

Ry + (YN* — XM% )Wy, ]

We also see that
- U
X Y T
Gy = - -
_Moc Noc W)\
Y[ T
Wy |

The expression for the inverse matrix is a consequence of the Bezout identity (6.6).

N
My X

Because the product of two stable transfer matrices is also stable, the lemma statement
holds. O
In the light of the above lemma, and the fact that for A € [1,2] we require that
W, = HWAW for some p x m paraunitary TTwy,, we shall work with T and seek to
ensure, through appropriate choice of Ty, that T € RH,,. The unknown stable
matrix T is a free quantity at our disposal.
Let us for the moment define T(Uw,) for an arbitrary (that is, not necessarily

paraunitary) UYS™ € RHoo as

T(Uwa)™ ™ = Ry + ZUwa W

_ ®Tlp®R7\ﬁ + memggzxm(ngém)*uwimexm

Our task is to show that there is an inner Uy, (continuous in A), that will ensure
that T(Uwa) (and therefore Gy,) is in RHy. We can then identify Uw, with TTw,.
The quantity Mwa, defined and existence proven in the following lemma, defines the
required TTyy, homotopy for A € [1,2]. Observe also that the following lemma defines
the quantity ©v;, that is used in the definition of the homotopy for inner TTwy, for
Aeo,1].

LEMMA 6.2. Let @g;xm, R™X™ gnd Opx € RHoo be as defined at the beginning
of Section 6.2 and in Section 6.2.1. Also let Tap™, OMX™ and Z™ ™ € RH,,
be defined according to the factorisation of Z following equation (6.7). Finally let
Wmxm ¢ R be as defined from the inner-outer factorisation W = Ty, W =
éaG@, Recall that Ty is inner and Orp, Oy, are stable and all-pass and W is of

full rank and possesses a stable inverse. Define

(6.9) T(Uwa) = O, OraR + Z™™OR ™ (IR X ™) U Wmm

Xz

where Uwy € RHDX™.
Then
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o IfUw, is set to Uwy = (A—=1)TTw, then this ensures that T(Uwn) € RHZ™,
and

e there erists an inner ﬁ‘\%\m such that Uw, = ﬁwy\ ensures that T(Uwa) €
RH o -

e Furthermore, such an inner ﬁw)\ can be chosen such that it is an Hy ho-
motopy in A, which interpolates TypOvyp at A =1, for some stable, all-pass
transfer matriz Ovy, and TTw, at A = 2.

Proof. We define ‘r;\ as being the T that results from the choice of Uy, =
A — 1] - TTy, in equation (6.9). We claim that the Ty € RH.. To see this note
that the only possibility of instability in equation (6.9) arises from the unstable poles
of O, and IT,,. Each unstable pole of ©%,, and TT;, is also an unstable pole of @’&p
(defined in equation (6.5)).

In order to demonstrate that ?;\ is stable, we evaluate the residuals of ?;\ in
equation (6.9) at each potential unstable pole py. This can be done pole by pole,
since by assumption all the unstable poles of G * and thus zeros of O, are distinct.

First recall that for each k, there exists a factorisation of Og as

O = [ 1t Lkuiﬁ‘;t OHL;

®
0 I ||| RvE

where Oy, /x has no zeroes at py. This results in the following equality. Recall that
have defined ®Ogy so that l;kGRA(pk) =A-1]- l;kQRz(pk).

lim {[s — px![Orp (s)"'Ora(s)R(s)}

S—Pk
s+ P 0 1 [ 5

~ i { [ u]

®Rp/k(s)1®R?\(S)ﬁ(s)}

0 (S *pk)l ]_i
2 *
- [ L Ly } Reépk) g ] [ Il_‘i GE;/k(pk)GRA(pk)ﬁ(pk)
2R 0 1
=[A— ]]QE;/k(pk) { e Lk } e(gpk) 0 ‘| L]: ®Rz(pk)ﬁ(pk)
k

=\ =11 lim {Is = pic] - Orp (s) 'Oz (s)R(s)}:
We can thus determine residuals of ‘r)\( s) at py for each k as follows.

lim {{s — pulTa(s)) = lim {Is — il [Orp ()~ Ora(s)R(s) + Z(s)U(s)W(s))]}

S—Pk

= A= 1] lim {Is — pyl[Op (s) Ora(s)R(s) + Z(s)Tw:W(s)]}
= 1) Jim (15 — pudlR(s) + Z(s W(s)])
—0.

The last equality is due to the fact that R(s) + Z(s)W(s) is stable due to the stability
of Gg(s) and Lemma 6.1. This proves the first lemma statement.
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In order to prove the second lemma statement we shall find an expression for the
set of Uw, which give rise to a particular T. The first part of the lemma in addition
to Theorem 5.4 and its corollaries, will then allow us to identify an all-pass Uy, that
will guarantee that T € RH

Since T4y, is inner we can find an inner I,y which is an all-pass completion of the
columns of TTyp, that is, such that [ Map Tape } is all-pass. It is then immediate

from (6.9) that we can write

O

where Q(p_m]x"ﬂ is not necessarily stable. In the above T and Q are given as

O3, OrAR
0

20Ty,
]_I'*

apc

UnaW.

functions of the variable Uy, with the other terms in the equation known. We can

now rearrange this to make Uy, the subject— a function of T and Q
(611) Uwa = ”“p®azz_1 (T — @EPQR)\Q) V/\\/_] + nocpc@
pXm
* 7—1 PP T
= Mep®iZ " Tape | oW
(W) =T M4, 05,27 O, Ora RW !

Our goal is to find Uy, that satisfies the conditions in the second Lemma statement.
In order to do so, note that T = T\ € RHy and QW =AN-1]- MopclTwz € Rl

substituted in equation (6.11) gives Uywy = A—1]-TTw, € RH, . We now introduce a
change of variables in equation (6.11), as T = ?)\JrQ] and QW = A=1]-TT5 TTwz+Q2

to give

Uwa = (A= DMz + [ Map®5.Z7 Magpe l 8‘ ]
(6.12) = A= 1)Mw. + | Map®2, 27" Tape | QW
T

where QP> ;& Ql Qf ] and Q1 € RH,, is equivalent to T € RFH,

Equation (6.12) gives us an expression for Uw, in terms of unknown variables
Q1 and Q2 where it is sufficient that Qq is stable for Uy, substituted in (6.10) to
give a stable T. (That is, it is not necessary for Q2 to be stable to give a stable T.)
Consequently, defining Uw, as in (6.12) by choosing a particular stable Q is sufficient
to ensure that T in (6.10) is stable.

One way to choose a particular (stable) Q is to temporarily ignore the inner-

constraint on U, and to consider the following H, minimisation of U, (thus retaining

the stability constraint on U,) over stable Q.

6.13)  pn 2 ol H[ Map@:Z " Tlape }QW*‘ F (A= 1),

Hoo
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By considering the case where we set Q = 0 to give Uy, = [A — 1] - TTy, it is obvious
that (6.13) admits a finite value with py < (A —1) < 1. By Lemma 5.1 there will exist
a Q* € RH such that

ﬂmpgs&zzil nocpc :| Q*Wil + (}\ - 1)”WZ - PL)\]—P\(/\/}\
where TT3y, is inner. Also, by Lemma 5.1, it is possible to choose a stable Q such that
(6.14)  Uwna = fwa = [ Map©®:, 71 Tape } QW= + (A= 1)TTwa

where Ty, is inner and hence has unity norm as required for the second lemma
statement.

For the third lemma statement we check the A-interpolation conditions of ﬁw)\
at the end points of A € [1,2]. Rearranging (6.12) in terms of Q gives

Z0a:TTsy
n*

xpc

(6.15) Q= {Uwa — (A= DTz} W.

At A =2, we can set Uy, to Ty, in equation (6.15) to yield a stable Q = Q(=0)
and hence Q = Q(=0) in (6.14) gives back Mwa = Mw,. Hence Ty, is a potential
solution for the inner dilation (6.14) when A = 2. It can also be confirmed that for
A =1, setting Uwx = TT4pOvyp makes Q stable in (6.15) for any all-pass ©vy,. Hence
Uwx = MypOyy is also potential solution candidate for (6.14).

Note that (A—1)TTy, in the H model matching problem (6.13) is a A-homotopy,
and the other transfer matrices in the model matching problem are fixed. By Corollary
5.5 of Theorem 5.4, it follows that we may construct Mwa to form a homotopy as well
as to interpolate MMy, @vyp for any vy, at A = 1 and Ty, at A = 2, provided that
TTyw, is strictly tall.

Also for the the case where TTyy, is square it is possible to find a TTy, homotopy
via the minimisation problem (6.13) for A € [1,2] by Corollary 5.5. In order to prove
the third lemma statement, we will now demonstrate that, at A = 1, all inner solutions
of (6.14) can be written as Ty, = TT,xOyyp for some stable all-pass ©y,,. Consider
once again, equation (6.14) for the case that A = 1 and note that stable Q ensures
that T = Ty + Q; is stable. If we observe equation (6.9) and note that for A =1 we
have Or) = Oryp so that Ry = Ris stable, we conclude that the term Z@azﬂj;p ﬂw;\W
is also stable. Since the inner transfer functions ©4, and Tl are coprime, it follows
that any cancellations of unstable poles in TT,, must occur in the product T, TTwa

so that Ty, = MOy for some particular (square) stable inner Gvy. 0

6.2.3. Summary: Homotopy for A € [0,2]. For our Ty, homotopy for A €
[1,2], recall that we simply set Tlwa = Mwa, where TTwy is defined by the previous
lemma, Lemma 6.2. It then follows by Lemma 6.1 that stability of TTyy, and the
stability of Q7 (the submatrix of Q used in the construction of TTwsy), ensures the
stability of T = T\ + Q1 and hence the stability of G,. This specifies the homotopy
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for A € [1,2]. A particular ©y;, is chosen that corresponds to the second half of the
TTwa homotopy, that is, for A € [1,2]. It is at this particular value that we hold TTw
fixed for the first half of the homotopy, that is, for A € [0, 1], and hence we can ensure
continuity of the TTy, homotopy over the entire interval A € [0,2]. Recall also that
Ry = @“,;p@mﬁ and Wy = TIWAW, for A € [1,2], and that this clearly matches the
homotopies Ry and W, for A € [0,1] defined in Section 6.1. Substitution of these
component homotopies back in equation (6.1) gives Gj.

Now we can show that an arbitrarily small perturbation of a homotopy produced
by the the above construction enjoys the three properties specified in the statement
of Theorem 4.1 for the entire interval A € [0,2], by identifying Ay with A =0 and Ag
with A = 2.

6.3. Coprimeness Recoverable by Perturbation. The following lemma

demonstrates that for normalised stable transfer matrices Gy = [ NI MI }T where

M, is square and the number of rows in N, is greater than unity, even if G, itself is

not coprime, there exists arbitarily small perturbations G} of Gy, that are coprime.
LEMMA 6.3. Suppose that

Ga(s) = M (s)

Na(s) ]

is a homotopy with Ny, My stable rational transfer function matrices where the co-
efficients of the transfer function elements of the transfer matrices have a piecewise
rational dependence on A. Assume that G, is normalised, that is, GG =1, that Ny
either has more than one row and that My is square.

Then, even if G, is not coprime, given any perturbation bound 1, there exists a

coprime normalised homotopy

such that |Gy — Gilleo <M for all A.
Proof. See Appendix A.4. O

6.4. Proof of Sufficiency. Proof. [The Sufficiency part of the statement of
Theorem 4.1.]

If 5+ (P&, Pg) < 1, then construct a family of transfer matrices G, parametrised
by A as in Section 6. If at, at most, a finite number of intervals in the A interval the
transfer matrix G is not coprime, we produce a perturbation G} which is normalised
and coprime, and differs from G, by no more than %n, by appeal to Lemma 6.3. The
construction in Section 6 ensures that Gy fulfills the conditions of the Lemma, namely
that the coefficients of the transfer function elements of the transfer matrices have a
piecewise rational dependence on A. We now show that P; corresponding to Gj is a
homotopy enjoying the three properties specified in the statement of Theorem 4.1.
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-
Normalisation Property: Firstly, we check that G, = { NI Ml } defined by
(6.1) is normalised.
First note that

GGy = (R;G:; n W;é“) (GWRA + é;wx)
= RXR\ + W;W)\
= ﬁ;ﬁ)\ + V/\\/;\W)\
~1

This is due to the properties of the right and left normalised coprime factorisations
Gy and G, and equation (6.4). That G, is stable follows from care taken in its
construction. In particular, when A € [0,1], Ry = Ry € Hy and Wy, = ?\ﬁcxp@va
s0 that GaW, € Ho and hence by equation (6.9), T is stable. When A € [1,2] we
have that V/\\/A = ﬂWAVAV € Hy where TTyw, also corresponds to T = T € Ho. Hence
by Lemma 6.1, it follows that G, is stable for all A € [0, 2].

Coprime Factorisation Property: While the numerator-denominator pair Ny, G
may not be coprime at some points in homotopy, our appeal to Lemma 6.3 shows
that, for multivariable plants, that is, with either more than one input or output,
there exist the desired perturbations N4 and M} within %n of N) and M, in the
Heo-norm, which ensures coprimeness whilst preserving the normalisation property.

Endpoint Property: When A = 0, then by equations (6.2) and (6.3) we get
Ry = I and W, =0. This gives G, = G, as required. Furthermore, when
A = 2 we get Ry =®§p@Rzﬁ: G;Gp and Wy, = @WW =W = G“Gﬁ. Hence
Gr = GuG%Gp + G5GaGp = Gp.

Subunitary and Monotonicity Properties: For any Py where Ny and M, are co-
prime, we have that K(Pu, Pa) = [|GaGalloc = |Ga(GaRrA+GEWA)|lso = [[Walloo. For
the unperturbed homotopy, this is may be evaluated as A« [|[W/|lo =A-8y(Py, Pp) <1
for A € [0,1] and ||W||so = 0+ (P«,Pp) < 1 for A € [1,2]. Except at values of A where
the coprimeness of N, M, the monotonicity property is also obvious from the previ-
ous expressions. Since we recover coprimeness by arbitrarily small perturbations Nj,
MJ, of magnitude at most %n, we hence ensuring that the deviation K(Py, Py) from
K(P«,Py) is abitrarily small, and hence that K(Py,Py) is arbitrarily close to mono-
tonic in the sense made precise in the theorem statement. Since & (Py,Pg) < 1 and
dv(P«, Py) can be made arbitrarily close to monotonic, it follows that it can also be
made to fulfil the Subunitary Property.

Vinnicombe Continuity Property: We first determine that Ry = OrrRy and
W, = ITW;\V\\/A are continuous in the H,, norm, because the products of H., norm ho-
motopies are also homotopies in H, and each of Ogj, ﬁ;\, TTwy and \//\\/A is continuous
in the H,, norm. The transfer matrix Ry is derived from (6.2) as a spectral factorisa-
tion of a rational parahermitian transfer matrix depending smoothly in A and which
has no imaginary axis poles or zeros, and W) is defined as Wy = AW for A € [0,1]



358 THOMAS S. BRINSMEAD AND BRIAN D. O. ANDERSON

in equation (6.3), and as Wy, = W for A € [1,2]. The all-pass matrix @r) and the
inner matrix TTy, are constructed using the inner homotopy construction method in
[17] with continuous input data. Hence, by Theorem 5.4 (and its corollaries), they
are also continuous. This implies that G, is continuous, that is, an H,-homotopy.
Furthermore, if any perturbation G4 is required in order to recover coprimeness, then
the perturbation can be made to ensure that G is also an He,-homotopy.

For P4 and Py with A, A € [0,2] we have that

G;G)\ = R;\RA + W/;{Wy\
(6.16) = T+ RE(Ry — Ry) + WE(Wy, — Wy)

From the above expression, it can clearly be seen, by the continuity of W5 and Qj that
wno(G;\G;\) =0 for A and A sufficiently close. Since the winding number condition is
satisfied for sufficiently close A and A, it then follows that

8+(P5,Pa) = |G Galloo -
Note however that from equation (6.16) we have

0%(G5Ga) > 1— 26 [R{(Ry — Ry) + W5 (Wx — Wy)]
>1—-26(Ry —Rg) —20 (W) — W3).

The second inequality in the above follows from the fact that both ||[Ry]|c < 1 and

[[W5lleo < 1. Furthermore, since

8v(Px, PA)? + 02(G5Ga) = 1,
then 8 (P, Pa)? < 2|[Rx — Ry [loo + 2[[Wa — W5 ||oo -

Therefore 8. (P5, Pa) is continuous in A at A = A and hence by the triangle inequality
dv(Py, Pa) is continuous in A for all XA e 0,21 0

REMARK 6.4. For case of scalar plants with the homotopy constrained to also be
scalar, it remains to demonstrate that we can draw a similar conclusion provided that
I° pal =3% [ppl. This issue is not addressed in this paper, and is left as an open

question.

7. Conclusion. We have proven a conjecture of [1], also stated in [25], by show-
ing that the winding number condition on two linear operators is equivalent to the
existence of a homotopy in the Vinnicombe metric between them, although in the
case of scalar plants, a multivariable homotopy must be permitted. We recall that a
Cauchy index condition being fulfilled is necessary for the existance of a scalar ho-
motopy between two given scalar plants, even if they are separated by a Vinnicombe
metric distance of less than unity. Note that the Cauchy index is not well defined for
general multivariable transfer matrices, but only for square symmetric multivariable

transfer matrices.
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This equivalence result enables us to give a characterisation of the winding num-
ber condition that is not specifically dependent on the fact that the operators are
linear and enable the finalisation of the definition of a metric for nonlinear operators,
originally given in [1], that reduces to the standard Vinnicombe metric for the case of
linear operators. Further research in this area involves a more complete treatment of
the scalar case. In particularly, it remains to deal with the case of scalar plants with
differing Cauchy indices, and also to investigate whether equality of Cauchy index
is sufficient to recover the equivalence of the winding number condition with scalar

homotopy existence.

It remains to further investigate the properties of the nonlinear operator metric
of [1], in order to investigate whether its robustness properties are as similarly non-
conservative as they are in the linear case. It also remains to develop approximations
and error bounds on the nonlinear Vinnicombe distance between nonlinear plants and

their linear approximations.
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Appendix A. Proofs.
A.1. All-Pass Embedding: Proof of Lemma 5.1.

Proof. [Proof of Lemma 5.1] First factorise Ty, into inner-outer factors T12iT120
(as in equation (2.1) for the square case) and similarly T,; into outer-inner factors
T210T211 (as in (2.2): again for the square case, and using the fact that for square
transfer matrices, co-inner and inner are equivalent, as are outer and co-outer.) Since
multiplication by inner factors preserves the H,, norm the optimisation problem is

equivalent to
(A1) Qg}}gw T2 T T34 — T120 QT210 |00

Decompose T7,;T11T;1; = G + H into a strictly antistable part G and a strictly stable
part H and then reparametrise T12,QT21o — H = Q Neither T72, nor Tr1, has
imaginary axis zeros and it follows that Q € RH, & Q € RH,,. The above problem
(A.1) can be seen to be equivalent to
inf ||G — Q|5
St 116~ Qe

where G = T75;T11T5;; —H € RH. This is equivalent to a Nehari problem of
approximating an R}, function G by an 3, function Q.

Using the all pass embedding method in [17], Section 10.3.1, given any y (not
necessarily greater than y*), it is possible to find a Q(J’““)X(p*m’ (not necessarily

antistable, that is, not necessarily in RH_ ) which results in E, = glprmx(ptm)

ngerm)X(erm) where E*E = y21. In the previous expression, G, is an augmented

version of GP*™ defined by

Glp+rm)x(p+m) _ GPxm QPP
a

omxm  gmxp
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All QPX™ € RH, such that E = G — Q has the property E*E = y?I are then given
by QP*™ = Fl(’g”m]”p*m’,y*‘upxm) where U € RL,, is paraunitary, that is
WU =1 (see Theorem 10.3.2 in [17] and its proof.)

In the set-up of [17], G is taken to be stable, that is, in RH,, and for y > y*, this
results in antistable Q € RH . In our problem, by looking at the conjugate systems
the same method can be used for antistable G € RH_ to result, for y > v*, in stable
Q € RH,. We define the optimal Q* as the Q € RH,, which results from y = y*
and the optimal Q* in the Lemma statement can be defined as szlo(Q* + H)szlo.
Substituting Q = TTZL(Q + H)T{]L back into the original system gives

E=Ti1 —T12QTy
=Ti2: (G- Q) Tont
=T2:ETons

Since Ty2i, To11 and Yy~ 'E are paraunitary functions, then E has the properties de-

scribed in the Lemma statement. 0

A.2. All-Pass Transfer Matrices with Prescribed Zeros: Proof of
Lemma 5.2.

Proof. [Proof of Lemma 5.2] A procedure for constructing an all-pass matrix with
presribed zeros and zero directions appears in Chapter 6 of [27], see also [5] or pages
329-331 of [4]. The recursive procedure in [27] results in a rational Oz (s) that satisfies
the first three properties in the lemma statement.

We now argue that ©z(s) so constructed can be chosen as real rational. That the
factors of @z (s) corresponding to simple real zeros are real rational is fairly obvious.

To understand the case of complex zy pairs we first consider the comparatively
simple situation where we have only a single pair of complex numbers z and z and
corresponding unit norm zero input direction vectors land L. Decompose z as a4+ jf3
with o« > 0 and « and 3 real so that z=a—jp € Z.

We can easily find a stable all-pass real rational matrix @,z(s) with only two zeros
such that both ©,;(z)1 = 0 and ©,5(2)l = 0. In [4] (equations (14)-(16), Chapter 11)
this is achieved as follows.

Define
n=2(1",
z
1
t =

VT—mP’
M(s) = 20ct? [—(s Fa)(UT + 1 — il — i) +ipMT — T +nlt* —nﬁT)} ,
1

+ 7(5 NP ERCE: M(s).

Then ©,(s) satisfies the desired properties 0,z (z)l = @Zi(iﬁ = 0. In addition the
polynomial matrix M(s) is linear (a polynomial) in s, with real coefficients. Because
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©z(s) is recursively constructed as a product of factors which are real rational, due
to the fact that either each factor has a simple real zeros, or has a pair of complex
conjugate zeroes, it follows that @z (s) itself is a real rational transfer matrix.

We can now show that ©z(s) enjoys Property 4 considering the case of complex zy
pairs. Note that if zi and z; are complex conjugate pairs then é)zk(zj) = O, (zx) =
©.j(zx). Note that O(s) = Oy ,(s)O.k(s) = Oz;(s)@,;(s) is real rational. This
implies that ©(s) = O(3) and hence @Z/k(s)@)zk(s) = éZ/j (E)C;)Zj (3). Substitution of
s = z; in the previous equation gives @z/k(lj)@zk(lj) = éZ/j(Zk)ézj(Zk). It then
follows that @z/k(lk) = éZ/j (zx). We then have

Tyi(s) = Oz,1(s)Oz i (zi) ' G + Oz ,i(s)Oz/5(z) ' G

Tii(s) = Oz (s) Oz (zx)1G +Oz/5(s) Oz/5(z) G € RP*™
=07/k(3)0z2/;5(z)) "G+ Oz (3)0zx(zx) ' G
=T(s).

It then follows that Ty;(s) € RP*™ is a real rational transfer matrix of s as required.
[
A.3. All-Pass Homotopy: Proof of Theorem 5.4. Before proving Theorem

5.4, we need several lemmas. One that we need is a lemma about the existence of
a paraunitary homotopy connecting arbitrary compatibly dimensioned paraunitary
transfer matrices. After proving some results regarding the existence of paraunitary
homotopies in Section A.3.1, we then derive some properties of lower fractional trans-
formation homotopies, recall a useful lemma from Reference [27] and finally prove a
result showing that transfer matrix homotopies can be decomposed into stable and
antistable homotopies, before finally presenting the proof of Theorem 5.4 in Section
A.3.5.

A.3.1. Existence of Paraunitary Homotopies. We will eventually build up
to some results regarding the existence of paraunitary homotopies by first presenting
a homotopy result for constant orthogonal matrices and then extending that result to
square and inner transfer matrices.

LEMMA A.1. Let Dy and Dg be square and constant real orthogonal matri-
ces. A real orthogonal homotopy Dy from Dy and Dg exists if and only if the
determinants of Dy and Dg are equal (of the same sign).

Proof. We first prove that a homotopy D, exists for the case where the determi-
nants of Dy and Dp are both positive. Given an arbitrary real orthogonal matrix D¢
with positive determinant, all the eigenvalues have unit magnitude and there exists a
(real) orthogonal transformation matrix V, such that VaTD £Ve = Ag where Ag is a

block diagonal matrix with diagonal elements consisting of matrices of the form

cos® sin@
—sin® cosO
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and [ +1 } and [ —1 } Because det[Dg] = det[Ag] = 1 there are an even number

of [ —1 } blocks which may be expressed as

cosTt  sinTt
—sin7  cosT

Noting that

cos® sin0 0 ©
[—Sinﬁ COSG] —exp[_e O]
1] [o]

it follows that we can express A as A = % where S is a real skew matrix (S+ST = 0).
It follows that D = Vgesivg. If the determinants of D to Dg are both positive,

we may then construct a homotopy from Dy to Dg for A € [0,2] as follows. Define

Vaes“(l_A]Vl for A € [0, 1]

A2 D) =
(#2) A {vﬁesm”vg for A € (1,2]

Note that at A = 0,1 and 2 we have D) = D, I and Dg respectively, and for A € [0, 2]
the matrix D, is real orthogonal with positive determinant. Thus we have shown that
a real orthogonal homotopy Dy exists for the case where det[Dy] = det[Dg] = 1.

For the case where det[Dy] = det[Dg] = —1 define a diagonal matrix
] =] =diag{I, -1} so that D¢ = JD¢ is orthogonal with determinant +1. We
can use equation (A.2) to give a homotopy Dy from Dy to Dg and form a homotopy
Dy = JDa.

To prove that for a real orthogonal homotopy Dx to exist it must be that
det[D ] = det[Dg], note that the determinant of a constant unitary matrix, not nec-
essarily real, has unit magnitude and the determinant of a constant real matrix is also
real. Therefore a real orthogonal matrix has determinant either +1 or —1. If D, is a
homotopy, then so is det[D,], and so it must be constant. 0

We now use the above result to show that there exists a homotopy connecting
arbitrary stable all-pass (square) transfer matrices provided they possess the same
number of non-minimum-phase zeros. We first present a slightly reworded version
Theorem 8.4 of [27] as a lemma about the properties of state-space representations of
all-pass transfer matrices.

LEMMA A.2 (Properties of all-pass transfer matrices). If Q(s) € RLy is an
all-pass transfer matriz, not necessarily stable, then the state-space parameters of a
minimal state-space realisation given by
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satisfy the following. There exist P =PT and Q = QT such that

D'D=DD'" =1,
AP +PAT +BB' =0,

(A.3) ATQ+QA+CTC =0,
PQ =1,

D'C+B'Q =0,

DB' +CP=0.

Conversely, if the state-space parameters of a particular realisation of a square trans-
fer matriz satisfy equations (A.3), then the transfer matriz is all-pass, though not
necessarily minimal. For minimal balanced realisations of stable systems P =Q = L.

Proof. See Theorem 8.4 of [27], and note that for a balanced realisation the
controllability and observability Gramians are equal, and so for a balanced minimal
realisation of an all-pass matrix they are equal to the identity. 0O

LEMMA A.3. Let Ok(s) and Op(s) be two stable all-pass (square) trans-
fer matrices with the same number n of mon-minimum-phase zeros, and where
det[ lim Oy(s)] = det[lim Og(s)]. Then there exists an RH norm homotopy Ox(s)
frorrz?@m( ) to Op(s), Sw?z?re O (s) is stable and all-pass, with 1 non-minimum-phase
zeros and det[ hm Oa(s)] = det[hm Ou(s)] = det[hm O (s)].

Proof. Mlnnnal state-space representatlons of @ and O will be of equal state-
space dimension n, the number of non-minimum-phase zeros, where n = 2m + 1 or
n = 2m for some integer m. Let balanced and minimal realisations of @4 and GOg be

given by

A: | Bg
Ce | Dg

)

O =

with & = {«, B}. By Lemma A.2 since O; are all-pass, and because the realisation is
balanced, then Az, B¢, Cy and D¢ satisfy equations (A.3) with P=Q =1L

We will form a state-space homotopy which satisfies the equations in Lemma
A.2 and is also minimal. However we first investigate the observability properties

of particular skew transition matrices. Let S be an n-dimensional skew matrix with
distinct eigenvalues, and of the form

(A.4) S_diag{[o},[_‘om ug],l_i’z u())z l_im wom”.

The zero block may be absent but all the eigenvalues +jw; lie on the imaginary axis

and are ordered with 0 < wy < w3 < ... < Wmn,. To determine whether or not [S, C]
is observable, partition C compatibly with S as

:[CO C; Cp .- Cm}’
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where Co may be absent or consists of a single column and for i = 1...m each C;
consists of two columns. Then it is easy to show that [S, C] is an observable pair if and
only if each C; (with, of course, the possible exception of nonexistent Cy) contains at
least one non-zero entry.

Note that an orthogonal change of coordinate basis preserves equations (A.3),
so without loss of generality we may assume that the skew part of Az, namely
T(Ag — Al), is in the form of (A.4) where the zero matrix may be absent or of
any size and wy < wy < ... < wy (there may also be other repeated imaginary
eigenvalues).

If the number n, of non-minimum phase zeros of @4, is odd, so that there is
necessarily at least one zero eigenvalue, assume that the first non-zero entry in the
first column of Cy is positive (this may be ensured by the appropriate choice of
orthogonal basis transformation).

Now form a homotopy for the skew part of A, as follows.

1

(A.5) (Ax—AR) =

E
. 0 W1 0 W2 0 Wrm

d 0 ) ) T .
S KR A o L B}

In the above, for A £ 0, A # 1, we set 0 < wx1 < wr2 < -++ < Wxm so that the
eigenvalues jw; are distinct and so that the zero matrix is absent in the case that
the dimension n of A, is even. Also may we choose A, — AI to correctly interpolate
Ay, —Al or Apg — AE at A =0 and A = 1 respectively.

We may also form a homotopy Cy as
Ca = (1 —=A)Cq +ACs.

It follows that [%(AA — A;T\),Cﬂ is observable provided that with C, partitioned
compatibly with (A.6) as

é?\ = |: é?\0 CM CAZ 6)\111

each Ca; contains at least one non-zero entry. Even if this is not the case, there will
exist a perturbation C, of the above C;\, which will preserve the homotopy property
but ensure the required non-zero property for each C,i. This is obvious for each
of the two column Cp; for 1 < 1 < m. For Cyp, the requirement that the first
non-zero entry of the first column of Cy and Cp is positive, is sufficient to ensure
that an appropriate perturbation C, exists. We then define our homotopy Cj as a
(homotopic) perturbation of Cx such that [%(A;\ — A{), C,] is observable.

At this point we have established that for A € (0, 1), every pair [%(A;\ —AJ),Cal

is observable. Now define the symmetric part of A, as

A+ Al = *CIC}\.
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Since for & = «, B the feedthrough terms Dy = lim O (s) share the same sign (equal)
S— 00

determinants, it is possible, by Lemma A.1 to find a orthogonal homotopy D, con-

necting Dy to Dg. We may then define

By = —CiD,

so that Ay, Ba, Cx, D satisfy the properties (A.3) with P = Q = [, that is, they form
a balanced realisation of a stable, all-pass transfer matrix @,, which is a homotopy
connecting Oy to Og.

We now demonstrate that the realisation is minimal. Since [A)\—A{, C,] is observ-
able then, because output feedback preserves observability [19], so is
[%(AA — A]l— CICy),Cal, that is [Ax,Cal. Since [Ay, Cal is observable, by dual-
ity we have that [AI,C{] = [AI,BADA] and [AX,B;\] is controllable. Because state
feedback preserves controllability so too is [AI +B ;\B{, Ba] controllable and by equa-
tion (A.3) also [—A,, Bal and so [Ay, Bal. It follows that the state-space parameters
Ajx, B, C) and Dy, form a minimal realisation. Since the realisation is minimal and
all-pass, the poles of A, can never cross the imaginary axis and therefore @, with
state-space dimension n possesses n non-minimum-phase zeros. 0

We now extend Lemma A.3 to prove the existence of homotopies for more general
paraunitary transfer matrices, which may or may not be square.

LEMMA A.4. Assume that we are given two p X m dimensioned (p > m) real
rational paraunitary matrices Uy(s) and Ug(s). Then if p > m then there exists
an RLy homotopy Ux(s)P*™ such that Ux(s) is paraunitary for each A. If p = m
then there exists an RLo homotopy Ux(s)P*P such that Ux(s) is paraunitary for
each A if and only if the winding numbers of det[Uy(s)] and det[Ug(s)] are equal and
det[ lim Uy(s)] = det[ lim Ug(s)].

S— 00 S— 00

Proof. For p > m, we can express a p X m paraunitary matrix Ug as a product

Ue(s) = [ Uels) Ugels) | [ o 1

where Ug((s) is a paraunitary completion of Ug(s) so that Qg (s) is all-pass. For the
case where p > m it is possible to choose all-pass completions Q4 and Qg of U, and
Up such that both the winding numbers and signs of the determinant at infinity for
each are equal. To see this, observe that

QDXD I pXmiQ o [mxm 0 I pXm
e () 0 = Q¢(s) 0 Qg (5)P—m)x(p=m) 0

where Qg(s) can be chosen as all-pass and both wno{det [Qg]}and det[ lim Qg(s)] can
S— 00
be chosen arbitrarily.
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Hence, it will be sufficient to show that arbitrary all-pass Q¢ (s) are homotopically
equivalent, provided the winding numbers of their determinants are equal and that the
signs of det[slilglo Q¢ (s)] are also equal. Since Qg (s) is real rational, then SILHQO Qe (s)
is (real) orthonormal, so that det[sli)rgo Qg (s)] is either +1 or —1. Without loss of
generality, we will assume that it is +1.

As in equation (2.10) factorise Q4 and Qpg, with equal winding numbers, as
0:40;5« and @Zﬁ@;[s respectively, where ©,4,0p«, 0.5 and Opp is each stable all-
pass. By exploiting the freedom to adjust ©,; and O, by a constant orthogonal
matrix we can assume that the determinants at infinity are each +1. Without loss of
generality assume that the number of zeros in @, is less than or equal to that in ©,p
and form an augmented stable all-pass ©,, = ©,,0,, where @, is a stable all-pass
transfer matrix with n = wno{det[0,4]} — wno{det[®,3]} non-minimum-phase zeros
and so that @,/ and ©,g have the same number of non-minimum phase zeroes and
sign of the determinant at infinity. Similarly define @, = @, «On. It can easily be
seen that @p«’ and Opp also have the same number of non-minimum-phase zeros and
sign of determinant at infinity.

We can then construct a homotopy ©,, from 0,/ to ., and a homotopy Opa
from Opy to @pp. Such a homotopy exists by the previous lemma, Lemma A.3. The
product Oy = 0,05, is a homotopy from @ to ©p which preserves the winding
number at each A.

So we have shown that if the winding numbers and signs of the determinants
of two all-pass transfer matrices are equal, then there exists an all-pass Hq,-norm
continuous homotopy. We complete the proof by arguing that these conditions are
necessary.

Suppose that we have an all-pass homotopy Qa(s), from Q4 to Qpg, then
|det[Qa(s)]] =1 for all s on the imaginary axis, for each A. Since for fixed jw we
have that det[Qx(jw)] is a continuous function of A it then follows that wno{det[Q,]}
is constant for all A. A similar continuity argument applies for det[sli)rgo Q,\(s)] since

Slgglo Qi (s) is real. 0

A.3.2. Properties of Lower Fractional Transformation Homotopies. We
now present a result regarding the preservation of winding numbers and determinants
at infinity, when a paraunitary transfer matrix undergoes a lower fractional transfor-
mation.

LEMMA A.5. Assume that we are given a real-rational square 2p X 2p all-pass
matriz

X X
e G

G(s) = G PXP GapPXP

and a square p X p all-pass matrix Q. Assume that the maximum singular values of
the block diagonal elements G171 and G2z are strictly less than unity (that is 6(Gq7) =
0(G22) < 1).
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Then the winding number of the determinant of the feedback interconnection
E=F(G, Q) =G11+G12Q(I - G22Q) ' Gy
obeys
wno {det[E]} = wno{det[G]} + wno{det[—Q]}.

Furthermore det[shjgo E(s)] = det[sliﬁr{)lo G(s)] -det[slirglo —Q(s)].

REMARK A.6. Note that det[limg o —Q(s)] = detllimg o Q(s)I(—1)P, where p
is the size of the matriz Q(s). Note also that wno{det[—Q]} = wno{det[Q]}, but that
in order to be consistent with the determinant at infinity condition we use —Q.

Proof. We first note that
)Q ):Fl G11 G12Q vI )
G21 G22Q

y

and let a minimal state-space realisation of

G111 G2
G2 G2

| def G11 G12Q
G21 G22Q
G111 G2 I 0
G21 G222 0 Q
be given by
Ae | Be1  Be2
Cer | D Denz
Ce2 | Dg21 D2
We can see that wnoldet(E)] =  wnoldet(G)] + wnoldet(—Q)] and

det[ lim E(s)] = det[lim G(s)]-det[lim Q(s)]. Because E is the product of two pa-
raurii?z:?y transfer IHSZRI?;)CGS, it is itsieﬁoz)araunitary. Hence the minimal state-space
realisation above obeys the properties in equation (A.3), with controllability and ob-
servability Gramians Pg and Qg, with Pg = Q?. A state space realisation of

E=F(G,Q)=FR(E]I)

O >
Ji| o

is given in Chapter 10 of [27] as

At +Bea(I— De22) ' Cea,

Be1 + Be2(I — De2z) ' Dear,

C =Ce1 + De12(I— De22) ' Cez,
D =Deg11 + De12(I — De2z) ' Dear.

b
|

(A.6) B
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As in Lemma 4.3.4 of [17] we consider the zeros of det(A(€) — sI) where

Ac ¥ Ap + eBe2(I — eDgaa) ' Cea,
det[Aci(e) — sI] = det[Ag — sI+ eBg2(I— e€Dg22) "' Ceal

= det[Ag — sI]det[I — e(sI — Ag) 'Be2(I — €Dg22) ' Ceal

= det[Ag — sTldet[l — eCga(sI — Ag) 'Bga(I— eD2z) ']

= det[Ag — sI]det[(I — eD22) "'l det(l — e{Cg2(sI — Ag)”'Bga + D22}l
= det[Ag — sI]det[(I — eDg2a) "1 det[l — €Eaa(s)].

Using similar arguments as in Lemma 4.3.4 of [17] we can deduce that for small enough
e, the polynomial det(Aci(e) — sI) has the same number of right half-plane zeros as
det[Ag — sI]. Furthermore, we can deform det(Ac(e) — sI) continuously as € moves
in the interval [0, 1], and because 6[E25(s)] < 1, the polynomial det(A1(1) — sI) also
has the same number of right half-plane zeroes as det[Ag — sI].
Because the inverse E~! has a state-space realisation (Lemma 3.15 [27])
A—-BD-'C | —BD™!
D-'C | DT

E:

we also investigate the eigenvalues of the matrix A — BD™'C. From the fact that
D? = DE it is straightforward, though tedious, to show that

D' =D{y; + D{,(I-Dfyy) Dy,

We can then determine, by using equations (A.6), the fact that D? = D{ and after
much algebraic manipulation, that

A-BD'C =Ar— B Bey |

(A.7) Dy + Dy (I=Di,,) "Dy, Diy(I-Diyy) ! Ce _
(I-Dy,,) 'Diy, Di,(I—=Diyy) ! Ce2

In proving the above assertion, it is useful to note that
(I—De22) 'De2t [Dig; + Dig(I—Diyy) 'Diyy] = (I-Diy,) 'Diyy,
[De11 +Diaq (1= Diyn) 'Diyp] Dera(I = Dez2) ' = Dy (1-Diyp) ',
and
(I—De22) "De2r [Digq +Diar (1= Dig,) 'Diga] Der2(I—Deza) ' =1

=D, (I-Diyn) 7,
= (I—D¢{,,) 'Digy.

From equation (A.3) we can also establish that

[ Ber Bes |=—Pe[ I, cf, |De,
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and substitution of the above into (A.7) gives

>

—BD 'C=Ag +Pg [C{;Ce1 + CLo(I—Di,,) ' (DEy,Ce1 + Ce2)]
Ag + P [CE1Cr1 4 CE,Cr2 4 CEo(I— D yy) ' (DE,Cer + DL, Ce2)]
= A + Pe [CLCe — Cg,(1—D{y,) 'BE, Qe

= Pe(QeAe + CCe — Cio(1— D) "B, Q)

= Pe(—Af — Cf,(I—D{5,) 'Bf,)Qe

= —PeATP!

where the last string of equalities is also due to (A.3). It then follows that the number
of right half-plane eigenvalues of A — BD~'C is the same as the number of left half-
plane eigenvalues of A. By the homotopy argument involving A appearing in the
previous paragraph, this is the same as the number of left half-plane eigenvalues in
Ag, that is, the number of stable poles of E. For an arbitrary real rational paraunitary
transfer matrix E(s) the poles and zeroes occur in complementary pairs, reflected in
the imaginary axis. The number of right half-plane eigenvalues of A — BD~'C is
therefore equal to the number of right half-plane zeros of E.

Hence there exists a state space realisation of E where the state-transition matrix
A has the same number of right half-plane eigenvalues as that of A¢ (the number of
unstable poles of E) and the state transition matrix A — BD~'C of the inverse E~!
has the same number of right half-plane eigenvalues as the number of non-minimum
phase zeros of E. Now, not necessarily all eigenvalues of A and A — BD~'C are
poles and zeros respectively of E, but even if there are some pole-zero cancellations
in this particular state-space realisation of E, it would still hold true that wno{det[E]}
is equal to the difference between the number of right hand plane eigenvalues of
A —BD7'C and A. By the immediately preceding arguments, this is exactly the
difference between the number of right half-plane zeros and poles of E(s) which is
wnoldet(E)] = wnoldet(G)] + wnoldet(—Q)]. Hence the winding number result is
proved.

The proof for det [SILI{}o E(s)] follows similarly as follows. Note that the determi-

nant of the following matrix is equal to det[Dg].

D 0
De21 Dezz — De2iD 7 "'Deq2(I — Dezz) !

I Dgi2(I—Deg22)! ll —D 'Dg12(1—Dgaz) !

0 I

De11 D12

De21 De22 0 I

Using the fact that D= = DT, it is possible to show that the matrix in the lower

right block of the above evaluates to

D22 — De2iD 'Dei2(I—Dgy,) ' = (De2z — D(I-D{y,) "
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So that
det[De] = det[D] det[De22 — De21D ™ 'Deqa(I — De2a) ']
= det[D] det[Dg2y — Il det[I — D{,,] 7",
_ det[1—DJ,,]
det[D] = ———=== - det[D
= (—1)P det[Dg].
Hence,
det[lim E(s)] = (—1)P det[lim E(s)]
s— 00 §—00
= (—1)P det[ lim G(s)]-det[lim Q(s)]
=det[lim G(s)] - det[lim —Q(s)]
S— 00 S— 00
as required. 0

A.3.3. Inertia Properties: Lyapunov Equation Solution. The reference
[27] establishes the following useful result on the inertia of the solutions to the Lya-
punov equation.

LEMMA A.7. Consider the Lyapunov equation

AP+ PAT +BBT =0

where P is constrained as P =PT. Let (X),v(X), {(X) denote the number of positive
real part, negative real part and zero real part eigenvalues of a matriz X. Then:
e ((P) =0 implies that m(A) <v(P) and v(A) < n(P) and
e ((A) =0 implies that t(P) <v(A) and v(P) < mt(A).
e As a trivial consequence we see that ((P) = ((A) = 0 implies that (A) = v(P)
and v(A) = n(P).
Proof. See reference [27]. 0

A.3.4. Stable-Unstable Decomposition of Transfer Matrix Homotopies.
We will soon introduce a lemma showing that a real-rational transfer matrix homo-
topy, with continuous state-space parameters, can be decomposed into a strictly stable
and an unstable part, each also with continuous state-space parameters. In order to
do so, we first demonstrate that a particular operator, that arises in [16, 22] in discus-
sion there of the Schur decomposition factorisation of matrices, has a non-zero lower
bound, given certain conditions on its arguments.

LEMMA A.8. Assume that we are given two equally dimensioned square matrices
R and S, such that real parts of the eigenvalues of each of the matrices are bounded
away from each other, that is, there exist real numbers v and & such that Re(A{(R)) <
r— 0 and Re(Ai(R)) > r+ 8. Suppose also that the matrices are norm bounded by M
so that |R|lr < M and ||S||r < M. It then follows that the separation [16, 22/, between
the two matrices defined by
|RX = XS]

sep(R,S) = inf
X X]lr
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is bounded below by a non-zero bound.
Proof. Consider the optimisation problem

p=inf sep(R,S)
ReR,SeS

= inf [IRX —XS||¢
RER,SES,||X]|r=1

R ={RIRe(M(R)) <7 —98,[[R[[r <M}
8 ={SIRe(Ai(S)) > 1 +3,[S[lr < M}

R = clos(R)
S = clos(8)

Because the sets R and § are compact sets, it follows by Theorem 2.5.18 [21] that the
infimum is actually a minimum, that is, it is attained by some R* € R,S* € §, || X*|r =
1. Let Y* be defined by the Sylvester equation

Y* = R*X" - X*S.

It is clear that ||[Y*||r # O since by Lemma 2.7 [27], since R* and S* have no common

eigenvalues, the unique solution in X to
0 =R*X — XS*
is X = 0 # X* where || X*||f = 1. Therefore, for all R € R C R,S € § C § we have
0 < [[Y*[lr = sep(R*,$*) {0 < sep(R, S).

|
The above property of the sep operator is needed to prove the following lemma.
LEMMA A.9. Assume that we are given finite dimensional homotopy G € RL
where the poles of Gy are bounded away from the imaginary axis, and with a contin-
uous and bounded state-space parameter realisation Gy(s) = Cx(sI —Ax)"'Bx + Da.
Then we can decompose Gy = Gau + Gas where Gas € RHy and Gay € RH, each
with continuous state-space parameters.
Proof. Since the eigenvalues of Aj are bounded away from the imaginary axis.

Then there exists an orthogonal transformation Qx on A, such that

Asn A

.
A =
QAAAQA 0 Au

)

where all the eigenvalues of Agy are in the open left half-plane and all the eigenvalues
of A are in the open right half-plane. It can be shown that because the eigenvalues
of A and A are bounded away from each other, that Q» may be chosen to also be
continuous in A. This can be seen on consideration of Lemma A.8 and the discussion
in [16], (pages 341-351) and [22]. (Discussion of the continuity of eigenspaces of
continuous (holomorphic) A, is also dealt with in [20]. See Chapter 2, Section 5.3 on
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page 110.) This implies that Ay, Ayan and Ajzx are also continuous. Furthermore,
we can define a matrix X,, also continuous in A, as the solution to the Lyapunov
equation

A X + Xa(—Aun) = Az1a,

where in fact, X = fgo exp[AsaTIAz1a exp[—AyaTtldT. The solution to the Lyapunov
equation is unique and finite because the none of the real parts of the eigenvalues of
Agx and —A, will sum to zero [27]. Because Ay, Ay and Aqzy is each continuous
in A it follows that X, is also continuous in A. We can now define a (continuous)
state-space transformation Ty = Q)\XA where

I X\
o 1 |’

so that T{]A)\T;\ = diag{Asx, Aur}. Hence, if we define Cgp, Cua, Bsa and By by

R =

=] Ca Cua |

B
and T, "By = [ B“ ] :
uA

then it easily follows that

G = Caa(SI — Aga) "Bsa + Cun(sI — Ayn) "By + Da
= G)\s + G)\u

where the state space parameters of {Agx, Bsa, Csa, 0} of strictly stable Gg, are con-

tinuous in A, as are the state space parameters {Ax, Bua, Cux, Da} of unstable Gyy,.
O
A.3.5. Proof of Theorem 5.4. With the four lemmas A.4, A.5, A.7 and A.9

in place, we are now in a position to prove Theorem 5.4.

Proof. [Proof of Theorem 5.4] This proof is based on the all-pass embedding
method of [17], which, given a stable real rational GP*™ € RH,, determines a cor-
responding error function E = G — Q, such that E*E = I with Q € RH anti-stable.
To prove the theorem, we will first consider the case where Gixm is stable and show
that given an n-dimensional state-space realisation of a stable G} *™ € RH,, which
is continuous in A its state-space parameters, and has no imaginary axis eigenvalues
in the state transition matrix A, then there exists a state-space realisation of an all-
pass error function Eywith Ex = Gy — Qa and Q) € RI( anti-stable, where the
state-space parameters of E, are also continuous. It will then be a simple matter, at
the end of the proof, to extend the result to GA"*™ € RL,, and Q) € RH .

Let a not necessarily minimal realisation of a stable GP*™ be given by

A | B

G=|—~ "'~
cC | D

b
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where all of the eigenvalues of A lie within the open right half-plane (this is possible
because G € RH ) and the corresponding non-negative definite controllability and
observability Gramians P and Q satisfy

(A.8) AP +PAT +BBT =0,
QA+ATQ+C'C=o0.

p+m)x(p+m)

Define an augmented transfer matrix G as

Gq =

GPXm  (QPXP ]

omxm  gmxp

This has a state-space realisation (not necessarily minimal) given by

A B
Gy = #
Ca | Da
where
Baz[B o]
C
and
D 0
D, = .
¢ 0 0

p+m)Xx(p+m)

As in [17] we define a state space realisation of Qq' as

Ag | Bg
Co | Dg

where Ag,Bqg,Cq,Dq are defined below. We then show that Qg € RHS and that
Es = Qq— Gq enjoys the property that Eq*E4 = 1. In [17] this is done for a minimal
realisation of G,. Here we show that the construction is also valid for non-minimal
realisation. We first define

E=QP—1,

We note that the inverse E~' = (PQ — 1)~ is guaranteed to exist because the Hankel

norm of G is strictly less than unity so that the corresponding Hankel singular values
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are given by 6(QP) < 1. We can then define

Bo = E7'(QBa +CeDe)
—(QP-D7"| QB —CT |,

Co =D.B! +C,P

CP

_BT

Aqg =—AT —BgB!

(A.9) =—E "ATE+ClCo)
=—-AT—(QP—-1)"'QBB'
=—(QP—-1)""(ATQP—-AT —C'CP),

)

and

We next show that Eq = G4 — Qg is paraunitary. We first note that a state-space
realisation of Eq is given by

B, = Ae | Be
Ce | De
where
A 0
(A].O) Ae - )
0 Ag
Be - Ba )
Bq
Ce=]Ca —Cq |,
and
D. =D, —Dg
I
S

We then note that P, and Q. defined by

Pe_[P I ]
I ETQ

_| Q@ -t
Qel—ET PE]’
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satisfy the Lyapunov equations

AcPe +P.Al +B.B! =0,
(A.11) QeAc +AlQc + CIC. =0,

and that furthermore

PeQe = I)
(A.12) D/C.+BlQ. =0,
DID. =1

By Lemma A.2 (and as noted in [27], without assuming observability or controllabil-
ity), equations (A.11) and (A.12) are sufficient to establish that Eq*Eq = 1.

Next we establish that Qg has no imaginary axis poles. In fact we prove by
contradiction that ((Ag) = 0. As in [17] the (2,2) block of the second equation of
(A.11) gives

(A.13) PEAQ + ALPE+CHCq =0.

Temporarily assume that ((Ag) # 0 so that Ag has an eigenvalue jw # 0 with
Aqgx = jwx for some nonzero eigenvector x # 0. Pre- and post- multiplication of
equation (A.13) by x" and x implies that Cox = 0. Consideration of the expression
for Aq in equation (A.9) allows us to conclude that ATEx = —jwEx. Because A has
no imaginary-axis eigenvalues we must have that Ex = 0 and because E is nonsingular
we have that x = 0. This is a contradiction, so {(Ag) = 0 and hence Qg has no
imaginary axis poles.

We now prove a stronger result on the poles of Q4 by showing that they are all
in the open left half-plane. It is easy to verify that QET = EQT so that E='Q and
hence P, is symmetric, and therefore has only real eigenvalues. We note that P, is
nonsingular, since P;" = Q. so we can conclude that P, has no eigenvalues on the

imaginary axis, that is ((P.) = 0. Now consider

P 1
I E'Q

where € is a small scalar introduced so as to ensure that P 4 €21 is positive definite.

+ €?1

e

Since lse = P, + €21, with both lse and P. symmetric, we can conclude that the real
eigenvalues of P, must be more negative than those of P.. Because P is symmetric
and nonsingular, we can choose a sufficiently small non-zero € so that the inertias of

P. and l3e are equal. By using an invertible similarity transformation we define P, as

I 0 b, [ I —(P+e21)" ]

—(P+e2D) " 1 0 I

0 (E7Q 4+ €2I) — (P + €2I) !

P+ €21 0 ]
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This establishes that P and P, have the same inertia. Clearly the eigenvalues of the
top-left block of P, given by P + €I, are all positive. Now we consider the lower-left
block. We can show that (the symmetric)

(ETQ+€e’l)—(P+e2D) "= (QP 1) "I+ €?(Q+EP) + e*)(P+ €2) .

Since (QP —1I) < 0 we see that that (E-1Q 4 €2I) — (P + €?I)"! has all negative
eigenvalues for some sufficiently small e. It then follows that v(P.) = 7t(Pe) = n and
((P.) = 0 for e sufficiently small. Because of our choice of small € it follows that
V(Pe) = 7(Pe) =n and {(P.) = 0 also.

Since ((P.) = 0, Lemma A.7 leads us to conclude that v(P.) = m(A.) = n and
hence that v(A.) = n. But all the eigenvalues of A are in the open left half-plane
so that from (A.10) we see that all the eigenvalues of Aq are strictly in the right
half-plane, so that Qq € RH .

Thus we have shown that even if {A,B,C,D} is a non-minimal realisation of
Ga € RHw, so long as Re[A;(A)] < 0, the Qq(s) constructed by [17] with 6(PQ) < I,
has a realisation {Aq,Bg,Co,Dg}. Since {A, B, C, D}, the state space realisation of
G, is continuous in A, we also have that P, Q and E are continuous and hence by
equations (A.9) it follows that {Aq,Bq, Cq, Do} are continuous in A. Finally, because
((Aq) =0, we may conclude that Qg is 3 norm continuous.

By Theorems 4.3.2 and 10.3.2 in [17], all QP*™ € RH_ such that E = Q — G

enjoys the property that E*E = I, are given by the feedback interconnection
(A14) Q= Fl(Qa(p"’m)X(p‘Fm])u‘pXm)

where the paraunitary operator U satisfies UW*U = I. Notice that because Qq12 and
Qa21 are each square and have full rank in a half-plane, as functions of s, they are
invertible. This means that, given Q(s) and Qq(s), the function U(s) is uniquely
determined by (A.14). In fact, by Lemma 10.4 of [27], U(s) = Fu.(Qa ', Q).

We have shown that Qg is Hs continuous in its state-space parameters. As in
Section 10.4.3 of [17], we can deduce that Qq12 = Eq12 and Qqa21 = Eq27 have
respectively full column and row rank in the closed left-half complex plane. Because
E, is all-pass, it follows that this is equivalent to 6[Eq11(s)] = G[Ea22(s)] < 1. Since
Ea22(8) = Qa22(s) we can deduce that provided that we choose a paraunitary U
which is Hy,-norm continuous, it follows that Q = F1(Qq,U) = Qa11 + Qa12UW(I —
Qa22U) "Quaz1 € RH, will also be continuous in A.

We have considered the case where G € RH, and Q € RH_,. By considering
conjugate systems, it is a simple matter to see that the continuity results hold for
G € RH with the constraint that Q € RH,. For the more general case where
G € RL,, with a continuous state-space parameter realisation, we can decompose
G = Gay + Gas where Gas € RH o and Gay € RH, each with continuous state-
space parameters, by Lemma A.9. We then find continuous Q, € RH,, corresponding
to Gay and use continuous Qj + Gjs to give Ex = Gy — (Qa + Gas).
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To prove the assertion that E) can be chosen to interpolate given ﬁj at any
finite number ] of homotopy parameter values /)\\j, note that all possible Q € RH,
satisfying G—Q is paraunitary is given by equation (A.14) for some appropriate choice
of paraunitary U, so that for each j, we have ﬁj = F1(Ejq, W) for some paraunitary
Uj. This gives rise to a set of Uj that the homotopy U, must interpolate at each
A= ?\j. If G, is strictly tall then U, is also strictly tall and by Lemma A.4, it is
straightforward that such a paraunitary RL., homotopy may be constructed.

In the case that G is square, note that wno{det[E;]} = wno{det[E;jq]} + wno{det]
—U;1} by Lemma A.5 and since Ejq has continuous state space parameters and is pa-
raunitary, it is H,, norm continuous and its determinant has constant winding num-
ber. The winding numbers wno{det[E;]} are equal for each j by the lemma hypothesis
and therefore, so are the winding numbers of the determinants of the required U;. By
Lemma A.5, a similar statement can be made about the determinants of —Uj(s) at
s = 0o. From Lemma A.4 it then follows that the required RL., homotopy U, may

be constructed. 0

A.4. Existence of Coprime Perturbations: Proof of Lemma 6.3.

Proof. Since N has more than one row, we can decompose N as

where 1, is a row vector of transfer functions. Suppose that G, is not coprime for
a particular value of A = A. This means that for some s = sj in the open right

half-plane, the matrix G4 (sj) is not full rank. This is equivalent to

ker[N (s;)] ﬂ ker[Dx(s;)] #0

where ker[-] is the right kernel of a given matrix. Because G, is rational with bounded
order, we have that det[D4(sj)] = 0 for at most a finite number of points s; in the
open right hand plane. Consider the reduced transfer matrix

N)\(Sj)

Da(s;)

Even if the lack of coprimeness occurs for finite interval of values of A, and even if
Na (s5) vanishes over a finite A interval, it is possible to choose an arbitrary real matrix
H of dimension compatible with Ny such that ||H|| = 1 such that for any € > 0 and
any fixed A in the interval, the columns of H are not in ker[N(s;)] () ker[Dx(s;)] and
hence

ker[N5(s;) + eH] ﬂker[Dy\(sj)} =0

Consequently, by invoking the rational dependance of the transfer function coefficients

on A, we can determine that as A moves from one endpoint to the other, even if
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has a loss of rank in the interval, it is the case that

N)\(Sj) + eH
Da(sj)

will have loss of rank for some s; with Re(s) > 0 at most at only a finite number
of values of A. By allowing € to be a function of A near the end of the interval, we
can ensure that for arbitrary 1511, that there exists a real constant (in the s-plane)
perturbation Hy of N(s) such that

N}\ + Ha
Da

is coprime for all but a finite set of A € [0,1] and |[Ha|| < In. Denote the finite set of

points A where we lose coprimeness by A. Now consider the full-dimensioned transfer

matrix

LI
Na + Ha
Da

Let A be the set of A; such that the above is not coprime so that A C A. It is then a
simple matter to choose an %n—bounded real perturbation vector hy of ny, in the vicin-
ity of each A; S A  such that h), is mnot in the Kkernel
ker[ny, (si;)] N ker[Na, (sij) + Ha, ] ker[Da, (si;)] for any si; and hence

)-o

for all si; such that Re[si;] > 0. We have therefore established that there exists a

Na(si5) + Ha

ker[na (si;) + hal ﬂ ker ( Da(sy)

T
constant (in the s-plane) Ay = [ hy HI 0 ] , such that ||Ax]] < for arbitrarily
small 1, and that G, 4+ A, is a coprime realisation. It is then trivial to construct
a normalised coprime realisation as follows. Let R) be the stable minimum-phase

spectral factor of

LiLx = [GX + HXI[GA + Hal
=TI+ HXGx + GiHa + HyH,

where ||[HxGx + GiHa + HiHalloo < 21 +n?2.It then follows that we can define our

perturbation
Gj =[Gy + HAIL,!

and easily show that |Gy — G}|lec <5nform < 1. 0
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