COMMUNICATIONS IN INFORMATION AND SYSTEMS © 2003 International Press
Vol. 3, No. 1, pp. 41-46, June 2003 003

ON THE TIGHTNESS OF THE ZHANG-YEUNG INEQUALITY
FOR GAUSSIAN VECTORS*

RADIM LNENICKAT

Abstract. The Zhang-Yeung unconditional inequality for Shannon entropies of discrete random
variables can be extended to Gaussian variables. A necessary and sufficient condition for equality in

the resulting inequality is presented.
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1. Introduction. Z. Zhang and R. W. Yeung [5] found the following remarkable

inequality

(1) NZ0) - (ZUX) - HZUY) < [10GY) + (X 2,0)

+I1(Z;U|X) — 1(Z;U|Y)),

valid for four random variables X,Y,Z U taking finite number of values. Here [
denotes the mutual information. By continuity, the inequality holds also for more
general vectors, especially for Gaussian ones. Generally, it is very difficult to identify
the cases when the equality takes place, in this note we give the solution of this
problem for Gaussian vectors. Please refer to [4] for a comprehensive treatment of
the subject.

2. Preliminaries. Let N = {1,2,...,n} and I,J C N. For any matrix A =
(@i ;)i jen, its submatrix (a; j)ier,jes is denoted by Ay j and Ar = Ay ;. The term I.J
is used as an abbreviation of TUJ. The relation I < J means that the maximal element
of I is less than the minimal element of J. The determinant of A is denoted by |A| and,
by convention, |Ag| = 1. Once I, J are disjoint and nonempty and A; is invertible,
(Ars|Ay) = Ar — A j(Ay)~1 Ay defines the (generalized) Schur complement of A
in Ary. If J =0, define (A;7]As) = Ar. The unit matrix is denoted by E. Ej is the
unit matrix of order card(I). For a real-valued function f defined on the power set

2N O and A are defined by the following expressions:

Of(I,JIK,L)=fIK)+ f(JK)+ f(IL)+ f(JL) + f(KL) —
—fJ) = f(K)— f(L)— fUKL) — f(JKL),
Af(ILJ|K) = fUK)+ f(JK) - f(IJK) - f(K), I,J,K,L C N.
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The following lemma was found by F. Matus [2].
LEMMA 1. For O and A, any real-valued function f on 2N and I,J,K,L,I C N,

the following equality is true:

Of(I,J|K, L) + Af(I,K|L) + Af(I, LIK) + Af(K, L|T)
+AFULIIKL) + Af(JIIKL) + Af(1J,1)1KL))

= Af(LIIK) + Af(JIIK) + Af(L L) + Af(JI|L) + Af(I,J|T)
+ A f(K,LIIT) + Af(K, L|JI) + Af(KL, I|1.J).

A straightforward proof is omitted.
LEMMA 2. Let A = Apn be a positive definite matriz. Then, for any disjoint
subsets I, J, K C N,

|[Ark||Asr| > |Arsk||Ak].

If I and J are nonempty, the equality is attained if and only if (Arjx|Ak)1,s =0.
Proof. Let both I and J be nonempty sets. Without loss of generality, sup-
pose I < J < K. Then everything follows from Hadamard’s inequality applied to
the matrix (Arji|Ak) and from the relations |Arx| = |Ax||(Arx|AK)|, |Ask| =
[Ax|(Asx|Ar)|, |Arsk| = |Ak||(A1sk|AKk)|. For Hadamard’s inequality see [3], p.
146. O

3. The Zhang-Yeung Inequality for Gaussian Vectors. The Zhang-Yeung

inequality (1) can be equivalently rewritten as
Oh(1,23,4) + Ah(1,3[4) + Ah(1,4]3) + Ah(3,4]1) > 0

where h denotes the entropy function of a discrete random vector (X1, X, X3, X4)
and braces are omitted.

Keeping in mind the fact that the entropy of an n-dimensional Gaussian vector
with positive definite covariance matrix A is given by 1 log[(2me)"|Al] (see [1]), this
inequality can be reformulated for Gaussian vectors and also a necessary and sufficient
condition for attaining of the equality in this case can be given.

THEOREM 1. For every nonnegative definite matric A = Ay with N partitioned
into disjoint sets I, J, K and L,

2) AN A PIALPIAL Ak Ask el < Ak Pl A Pl Ask || Asol | Akc]®.

If A is positive definite and ha(S) = log|Ag|, for any S C N, inequality (2) is

equivalent with
(3) Oha(I,J|K, L)+ Aha(I,K|L) + Aha(I, LIK) + Aha(K, L|T) > 0.
Here, the equality takes place if and only if

4) Argrr =0, Ax,r =0 and (Axrs|As)k,L =0.
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REMARK 1. If A is the covariance matriz of a Gaussian random vector Xy,
with multivariate components X1, X 5, Xi and X, condition (4) is equivalent to the
conditional independences Xy L (X, X, X1), Xk 1 X1 and X 1 X1 X .

Proof of Theorem 1. By continuity, one can restrict in (2) to positive definite matrices.
The equivalence of (2) and (3) is straightforward. Without any loss of generality,
suppose K < L < I < J. Having a positive definite matrix A, let D4 be the block
diagonal matrix with the blocks (Ax)~ 2, (AL)" 2, (A;)"2, (Ay)~ 2. It is not difficult
to see that the matrix B = D4 AD 4 is positive definite, and Ey, Er, Fr, E; are the
diagonal blocks of B. Further, |Ar;| = |Brs||Ar||As| and analogously for all unions
of subsets of {I,J, K, L}. Therefore, inequality (3) holds for A if and only if it holds
for B. Moreover, condition (4) holds for A if and only if it holds for B, due to Lemma
2.

From now on, suppose that A has the form

EK d C b
dT EL f €

A= ' fT Er «a
T T T Ej
Define
c
AkrL.1
o A T A L
Arkr PT Ag Y
LT ZT YT By
where
(5)

1
B x T fT E d ¢
P = A xe(Axe) Axrs = ( y ) ) ( b el ) ( o > ( ! )

The set of bottom card(I) rows of C' will be indexed by I. Note that
(6) Ckrig=A4A, Cp=Arand Cp; = Akrr.
It can be easily checked that C' = UDUT, where
Exr, 0 0
U=| Anrc(Axr)™ Er; 0
Arkr(Agr)™ 0 Ejp
and
AkrL 0 0
D= 0 (AlAkr) 0
0 0 (Arkxr|Akr)
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Since the diagonal blocks of D are positive definite (see [3], p. 155) and U is an

invertible matrix, the matrix C' is positive definite. By the construction of C,
O 7 OKL T —
(CICkL) 1yt = (Criel Jui ) = P— Ay ki(Agp) "Agr =0,
(CJfKL‘CKL)J,f

what implies
(7) Aho(IJI|KL) = Ahe (I I|KL) = Ahe(J, 1| KL) =0

by Lemma 2. When Lemma 1 is applied to the function h¢, the eight terms of the
right-hand side of the resulting identity are nonnegative, the bracket vanishes by (7)
and thus

Ohe(I, J|K, L) + Ahe (I, K|L) + Ahe(I, LIK) + Aho(K, L) > 0.

Inequality (3) now follows from (6).
The equality in (3) holds if and only if the eight terms vanish. Using Lemma 2
this takes place if and only if the blocks of the matrix C satisfy the following system

of matrix equations:

-1
:(b c)(%’ Y ) <6T ) (from A he (K, L|JI) = 0)

<;>_<; i)(le ;J> <§> (from A he (KL, I|1J) = 0).

If A satisfies (4),i.e. a =0,c=0,d=0,f =0 and be? =0, thenz =0andy =0
by (5) and (8) holds. Hence (4) is sufficient for the equality in (3).

For the necessity, let the blocks of A (and z,y in C constructed from A) satisfy
the system of equations (8). By [3], p. 17,

-1
o) ( ) ( )()( ).
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E d
where s = E;, — d”d is the Schur complement of Ex in < d;{ P ) . By (5),
L

(e (B 2) (2.

Using (9) and = = c’c,

r=x+ (d"c— f)Ts™(dTec— f).

Since the matrix s is positive definite, d”c = f. Multiplying the sixth equation of (8)
by ¢’ from the left and by f from the right,

o (B ) ()

Since z = ¢T

w o (25) (50 (5) )

where t = E; — 22. Combining (10) and (11),

¢, x is symmetric. Similarly as in (9),

r =24 (22 — 2)t (2% — ).
This implies
(12) 0= (2% —a)t *(t+2® —2) = —a(Er — )t (E; — ).

As t = (E; + z)(E; — x) is invertible, the matrix E; — x is regular. Multiplying
equality (12) by (Er —z)~'(Er —z)~! from right, we arrive at x = 0. Now, from (8)

it is easy to see that all a,c,d, f are the zero blocks, thus

Erx O 0 b
0 FEr O e
0 0 E;r 0
T T 0 Ey

A=

Since also y = 0, the seventh equation of (8) gives bel = 0. Therefore (4) holds for
A. O
REMARK 2. If the equality holds in (3), all four summands of its left-hand side
are zero due to (4).
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