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SMALL GAIN THEOREM WITH RESTRICTIONS FOR UNCERTAIN
TIME-VARYING NONLINEAR SYSTEMS

MINGHUI ZHU AND JIE HUANG Y

Abstract. This paper gives three versions of the small gain theorem wit h restrictions for
uncertain time-varying nonlinear systems. The result can b e viewed as an extension of the small
gain theorem with restrictions for time-invariant nonline  ar systems or the small gain theorem without
restrictions for time-varying nonlinear systems. The resu It can be applied to study the stabilization
problem or the output regulation problem of uncertain nonli  near systems.

Index Terms { small gain theorem, nonlinear control, nonlinear systems

The small gain theorem is an important tool to ascertain the gability of two inter-
connected systems assuming each of the individual systems stable in some sense.
Small gain theorem has many di erent versions under variousstability concepts [2] to
[14], [20]. In this paper, we will focus on the small gain thecem in the context of input-
to-state and/or input-to-output stability [15] to [19]. Th e rst small gain theorem for
nonlinear time-varying systems in the input-to-state stability (ISS) framework was
established by Jianget al [7]. The resulting small gain condition is given in terms
of two inequalities. Recently, Chen and Huang further consiered the small gain
theorem for uncertain time-varying nonlinear system [2]. They presented a simpli ed
small gain condition which is in a familiar form of the contraction mapping known for
time-invariant nonlinear systems [7].

In [20], Teel introduced the concept of ISS with restrictions on the initial states
and inputs and established a small gain theorem with restritions for time-invariant
systems. In Appendix B of [6], relying upon the separation poperty for ISS with
restrictions, Isidori et al established a more general small gain theorem with restric-
tions for time-invariant systems. Nevertheless, the proofof [6] cannot be carried over
to the case of time-varying systems, because the separatigroperty for ISS does not
hold for time-varying systems [2].

This paper is to establish three versions of the small gain thorem with restrictions
for uncertain time-varying nonlinear systems, thus lling the gap between the small
gain theorem with restrictions for time-varying nonlinear systems and that for time
invariant nonlinear systems.
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1. Preliminary.  Throughout the paper, let LT be the set of all piecewise contin-
uous bounded functionsu : [to; 1 ) 7! <™ with a nite supremum norm  Kkup,.1 yk =
sup, ¢, ku(t)k. Denote the supremum norm of the truncation of u(t) in [ty;t2] by
Kupe,:t,1K = supy, ¢ , Ku(t)k. And denote kuk, = limsup,;; kuk. A continuous
function :< o 7! < g is of classK if it is strictly increasing and (0) = 0; and a
continuous function (s;t): < o < o 7!< gisofclassKL if, foreach xed t 0,
the function (s;t) belongs to classK with respect to s and, for each xed s, the
function (s;t) is decreasing with respect tot, and (s;t)! Oast!1

Consider the following time-varying uncertain nonlinear system

x = f(xu;d;t);
(1) y=h(x;u;d;t) t to O

wherex 2 <" is the plant state, u 2 <™ the input, y 2 <P the output, to the initial
time, the functions f : <" <™ < M [tg;1) 7/'<"andh:<" <™ < N
[to;1 ) 7! <P are piecewise continuous irt and locally Lipschitz in col(x; u;d). And
d(t) : [to;1 ) 7! <"¢ is a family of piecewise continuous functions of, representing
the external disturbance and/or the internal uncertainty.

Definition 1.1. System (1) is said to be (uniformly) robust input-to-state
stable (RISS) with restrictions X < " and > 0 on the initial state x(tp) and
the input u respectively if there exist classKL function and classK function
independent ofd(t), such that, for any initial state x(tg) 2 X and any input function
u(t) 2 LY satisfying kup,.; yk < , the solution of (1) exists and satis es, for all
t  to;

kx(t)k  maxf (kx(to)k;t to); (Kup,:K)g:

O

Definition 1.2. System (1) is said to be robust input-to-output stable (RIOS)
with restrictions X and on the initial state x(tp) and the input u respectively if
there exist classKL function and classK function ,independent ofd(t), such that,
for any initial state x(to) 2 X, any input function u(t) 2 LT satisfying ku,.1 yk< ,
the output of (1) exists and satis es, forall t  to;

ky(t)k  maxf (kx(to)kit to); (Kup,K)g:

O

Definition 1.3. System (1) is said to be semi-uniformly RISS with restrictions

X and on the initial state x(tp) and the input u respectively if there exist classk
functions © and Y, independent of d(t), such that for any initial state x(tg) 2 X



SMALL GAIN THEOREM WITH RESTRICTIONS 117

and input u 2 LY satisfying kuy,.1 yk < , the solution of (1) exists and satis es,

forall t tg;
kx(t)k  maxf O(kx(to)k); Y (kugy:1 ) k)G
2 kxka Y(kuka):
O
Remark 1.1. In [17], it was shown that, for the class of time-invariant sys-

tems, ISS is equivalent to semi-uniformly ISS. Such equivance is calledseparation
property. This equivalent relation can also be extended to ISS with rstrictions
and semi-uniformly ISS with restrictions (Appendix B of [6]). Unfortunately, the
separation property does not hold for the time-varying nonlinear systems [2]. 0

Definition 1.4. System (1) is said to satisfy robust asymptotic gain (RAG)
property with restrictions X and on the initial state x(tp) and the input u respec-
tively if there exists a classK function Y, independent of d(t), such that for any
initial state x(tp) 2 X and input u 2 LT satisfying kuka , the solution of (1)
exists and satis es, for allt  tg;

3) kxka  Y(Kuka):

O

Definition 1.5. The output function of (1) is said to satisfy robust asymptotic
L, stability (RALS) with restrictions X and on the initial state x(tp) and the
input u respectively if there exist classK functions ° and Y, independent of d(t),
such that for any initial state x(to) 2 X and input u 2 LT satisfying kup,.1 yk < ,
the output of (1) exists and satis es, forall t to;

ky(hk  maxf °(kx(to)k); “(kug,1 )K)g
4) kyka “(kuka):

O

Definition 1.6. System(1) is said to satisfy output robust asymptotic gain
(0-RAG) property with restrictions X and on the initial state x(tp) and the input
u respectively if there exists clasK function ", independent ofd(t), such that for
any initial state x(tg) 2 X and input u 2 LT satisfying kuka , the output of (1)
exists and satis es, for allt  to;

) kyka “(kuka):
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2. Small Gain Theorem with Restrictions for Uncertain Nonli near
Time-varying Systems.

2.1. The Case of Time Invariant Nonlinear Systems. Consider the feed-
back interconnection as depicted in Figure 1,

h1(X1;Vv1;u1)

hao(x2; v2; U2)

(6) x1 = fa(xa;visur); ya

(7) X2 = fa(X2;v2;U2); 2

subject to the following interconnection:

(8) Vi=Y2; V2=VY;

u
L——= x5 = fa(Xa;Vi;Ug) Y1

y1 = hi(Xq;vy; uy)

Vi

V2

X2 = f2(X2;V2; Up)

U, Y2 = ha(X2; va; uy) Yo

Fig. 1 . Inter-connection of (6) and (7)

where, fori = 1;2,x; 2 <™, uj 2 <My 2 <P v 2<% with p; = ¢, P2 = G,
the function fi(x;;vi;u;) is locally Lipschitz in col(x;;v;;u;), and f;(0;0;0) = 0,
h;(0;0;0) = 0.
And suppose the following assumption holds.
Assumption 2.1.  There exists aC? function h such that
col (y1;y2) = h(x1;X2; U1; Uz)

is the unique solution of the equations

y1 = hi(X1;y2;u1); Y2 = ha(X2;y1; U):
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The following small gain theorem with restrictions for time invariant nonlinear
systems was established in Appendix B of [6].

Theorem 2.1.  Assume that subsystem (6) is ISS with restrictionsX,, ; and

{ on x1(0), v; and u; respectively and subsystem (7) is ISS with restrictionsX»,

2 and Y on x2(0), v2 and u, respectively, i.e., there exist clasKL functions 1

and , classK functions 1, 2, i, % such that, for any x1(0) 2 X1, vi(t) 2 L§

satisfying kvyo.1 yk < 1, ug(t) 2 LT satisfying kuy.1 yk < §, the solution of (6)
exists and satis es, for allt  0;

kxi(t)k  maxf 1(kx1(0)k;t); 1(kvip:.1)k); 1(kuip:1 )k)g

and for any x2(0) 2 X2, vo(t) 2 L$ satisfying kvojg.1 k< 2, uz(t) 2 LT'? satisfying
Kugp:1 yk < 3, the solution of (7) exists and satis es, for allt 0,

kxa(t)k  maxf 2(kx2(0)k;t); 2(kvpp:.1 )K); 5 (kugp:1 yK)g:
Suppose the following estimates hold for the outputsy; and y,

kyio; )k maxf P(kxa(0)k); 7 (kvapo;1 )K); 4 (Kuyo;1 1 K)g
kyika  maxf 7;(kvika); 7§ (kuika)g

Kyai0,1 )k maxt 3(kx2(0)k); ~5(kvao;1 yK); 75 (Kuzp;1 yK)g
kyz2Ka  maxf~,(kvzKa); 73 (Kuzka)g

for some clasK functions 9, 9, =, =, 7§ and 4.

Then if
1 (r)<r 8>0

the system composed of (6) and (7) is ISS with restrictions<; X3, 73 and T, on
x(0), u; and u, respectively, viewingx = col(Xxy;X2) as state andu = col(uy; uy) as
input, i.e., there exist classKL function and classK function , such that, for
any initial state x(0) 2 X3 X3, and any input functions uy(t) 2 L]t satisfying
Kuip:1 yk < 71 and ux(t) 2 LT'? satisfying ku,p.1 yk < 72, the solution of (6) and
(7) under connection (8) exists and satis es, for allt  0;

(9) kx(k  maxf (kx(0)k;t); (kup:1 )K)g

where,
X1=1x12 X1 ?(lek) < 2,9 ?(lek) < 10
and
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Xo=1fx2 X5 g(kX2k)< 1, 1 g(kX2k)< 20

"1 1 T2 5

s2[0;71)=) T, i< 1T < 2

and

$2[0;72)=) 71 29 < 2572(s) < 1 O
Remark 2.1.  Theorem 2.1 is slightly di erent from Theorem B.3.1 [6] where

fori =1;2, i(s)= —(s)and {(s)= ' (s). 0
2.2. The Case of Uncertain Time-varying Nonlinear Systems. Let us

rst introduce a technical lemma which was established in [3.

Lemma 2.1. Let be a classKL function, a classK function such that
(r)y<r,8r> 0,and 2 (0;1] a real number. For any nonnegative real numbers
and M, and any nonnegative real functionz(t) 2 L} satisfying

z(t) maxf (s;t); (kzy (K);Mg, 8t O
there exists a clasK; function " such that

z(t) maxf "(s;t);Mg; 8t O

O
Consider the interconnection of the following two systems a depicted in Figure
25
(10) xa = fa(Xe;va;ugdit);  yr = ha(xq;vi;ugsdit)
(11) X2 = fa(X2;vo;uz;d;t);  y2 = ha(Xg;v2; Up; d;t)

subject to the following interconnection:
(12) Vi= Y2, V2= Y1

where, fori =1;2, x; 2 <™, u; 2<M vy 2<Pi v 2<% with p1 = @, p2 = ,
the functions f1(xq1;Vv1;usp;d;t) and fa(Xz;V2; Up; d;t) are piecewise continuous int
and locally Lipschitz in col(x1;v1;us;d) and col(xz; vo; uy; d) respectively, and d :
[to;1 ) 7! < "¢ is piecewise continuous.

The system composed of (10) and (11) is interpreted as feedbk interconnection
of two subsystems, the upper one with statex,, input col(vy;u;) and output y; and
the lower one with state x», input col(v;; uy) and output y,. And suppose the following
assumption holds.

Assumption 2.2. The equations

y1 = hi(X1; ha(X2;y1; uz; d; t); ug; d;t)
Y2 = ha(X2; h1(X1;y2; ug; d; t); uz; d;t)
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‘ d

¢

uz

" Xg = f1(Xq;ve;ug;d;t) Y1

Vi y1 = hi(X1;vy; ug;d;t)

\Y
? X2 = fa(X2;v2; uz;d;t)

Y2 = ha(X2;V2; Uz, d;t) Y2

uz

Fig. 2 . Inter-connection of (10) and (11)

have a unique solution of the formy = h(x;u;d;t) where x = col(x1;X2), ¥y =
col(yz;y2), u = col(uz;uz), and h is locally Lipschitz in col(x;u;d) and piecewise
continuous in t.

Theorem 2.2.  Assume that subsystem (10) is RISS with restrictionsX, 1
and Y onxi(to), v1 and u; respectively and subsystem (11) is RISS with restrictions
X2, zand 5 onxx(tg), v2 and uy respectively, i.e., there exist clasKL functions

1 and », classK functions 4, 1§, 2, 3, independent of d(t), such that, for
any xi(to) 2 Xy, vi(t) 2 L§ satisfying kvy,.q )k < 1, ug(t) 2 L'+ satisfying
Kuyp,;1 )k <, the solution of (10) exists and satis es, for allt  to;

(13) kx1(t)k  maxf j(kxi(to)k;t to); 1(Kvyp,:1K); ;‘(kul[to;t]k)g

and for any xz(to) 2 X2, v2(t) 2 L$ satisfying kvype,.1 k< 2, ux(t) 2 LT'2 satisfying
Kugree:1 )k < 3, the solution of (11) exists and satis es, for allt  to,

(14) kxz(t)k  maxf 2(kxz(to)kit  to); 2(KVoey;11K); g(kuz[to;t]k)g:

Further assume that subsystem (10) is RIOS with restrictions X1, 1 and _Llj on
X1(to), v1 and uy respectively and subsystem (11) is RIOS with restrictionsX,, >
and ™, onXz(to), V2 and u, respectively, i.e., there exist clas&L functions ; and ™,
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classkK functions =, 7§, ~,, 73, independent ofd(t), such that, for any x1(to) 2 X1,
vi(t) 2 L satisfying kvyp,.q yk < 1, us(t) 2 LTt satisfying Kugp,.q Yk < . the
output of (10) exists and satis es, for all t  tg;

(15) kya(hk  maxf; (kxa(to)kit  to); T3 (Kvapo:1K); 71 (Kuio k)G

and for any X»(to) 2 X2, Vo(t) 2 L$ satisfying kvypry.1 yk < 2, ua(t) 2 L2 satisfying
KUppto;1 YK < _;, the output of (11) exists and satis es, forall t tg,

(16) kyz2(k  maxt p(kxz(to)kit  to); To(KVao:1k); 73 (KUzpte 1K) G:
Suppose that the small gain condition
(7) - )< r>0

holds. Then the system composed of (10) and (11) with conneiin (12) is RISS and
RIOS with restrictions X3 X3, 1 and T, on x(tp), ui and u, respectively, viewing
X = col(x1;Xz) as state,y = col(y1;y2) as output and u = col(uy;u,) as input, i.e.,
there exist classKL functions and , classk functions and—, independent ofd(t),
such that, for any initial state x(tp) 2 X1 X3, and any input functions us(t) 2 L
satisfying kuypi,.1 )k < 71 and uz(t) 2 LT'? satisfying Kuyi,.1 yk < 72, the solution
and output of (10) and (11) with connection (12) exist and satisfy, for all t  tg;

kx(t)k  maxf (kx(to)k;t to); (Kup,:jK)g
ky(hk  maxf (kx(to)k;t to); ~(Kup,:11K)g

where,
(s)=maxfd 1 7 T3(s);4 1 "1(s);4 1 o Ti(s)i4 1 TH(s);21(s)id2 T
2(8)i4 2 Ti(s)i4 2 T T1(9)i4 2 T2(9):2 3(9)g;
(s)=maxf27;, T5(s);271(s);2, T1(s);272(s)g
and,
(i)If 1, 2, 1, 2are nite,
X1=1fx12 X1\ Xp: (kxik;0) < minf 2, 29,7, 1(kx1k;0) < minf 1; 199
and
Xo=1x22 Xo\ Xo: ,(kx2k;0) < minf 1; 19, 73 ,(kx2k;0) < minf ;" »gg.
~ minf Y;7 79, T2 minf Y 5g
s2[0;,71)=) , TH(s)<minf 1; 1g;75(s) < minf 5 g
and
$2[0; 72)=) —; TH(s)< minf ,; »0,7Y(s) < minf 1; 0.
(i) If 1, o, 1, » areinnite,
X1= X1\ Xq, Xo=Xo\ X
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and

. —u - . —u
1 minf §; 79, T2 minf Y; 0.

Proof. First it is noted that the inequality —; —(r) <r,r> 0 and the following

one,
—, 4(r)<r r> 0

imply each other [5].

Stepl: In this step, we will show that if x1(tg) 2 X1\ X1, X2(to) 2 X2\ X2, uy(t) 2
LT satisfying kuy,;1 yk < minf 2;_59, and uz(t) 2 LT satisfying Kuppi,.1 yk <
minf g;_gg, the solution of the inter-connected system exists and is banded for all
t to. For this purpose, we will consider the following two cases.

(i) 1, 2, 1and  areinnite.

Toward this end, we will rst prove that the outputs y; andy, existforallt tg
and are bounded in a standard way such as the proof of TheoremQ16.1 [5]. Suppose
this is not the case, for every numberR > 0, there exists a timeT >t such that the
solutions are de ned on [Q T] and either ky;(T)k R or ky,(T)k R.

Without loss of generality, we only consider the case wher&y;(T)k R. Choose
R such that
R>maxt ;(ri;0), 7 020,740 931 50 9 3 2)g,
where,r; = fx3 2 X1\ Xq :sup(kx1k)g, ro = fxz 2 X2\ Xy @ sup(kxz2k)g.

It follows from (15) and (16) that

(18) kyiorik  maxt 3 (kxa(to)k; 0); 71 (KY2peo:m1K); 1 (KUapo .7 1K)G
(19) Kyarorik  maxt  ,(kxa(to)k; 0); ~(Kyageo:r1K); 5 (KUapo 1 1K) O:
Substituting (19) into (18) gives that
kyiorik  maxf j(kxi(to)k;0); 7 (kxa(to)k; 0);
(20) T1 oKy 1K) T T2 (KU, 1K) T (KUggT 1K) G

Since

1 2(kyapem 1K) < KyapeimiKs
it holds that

Kyiorik  maxf ;(kxi(to)k;0); 71 2(kxa(to)k; 0);
(21) 71 2(Kugp, k) T (Kugg Tk <R
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which contradicts ky;(T)k > R . Therefore the outputs are bounded for allt  to.
Since the subsystems (10) and (11) are RISS with restrictios, the solution of the
inter-connected system is bounded for alt  tg.

(i) At least one of 1, ,, 1and is nite.

Toward this end, we will rst prove that the outputs y; andy, existforallt tg
and are bounded in a way motivated from the proof of Theorem 120].

For any givenx(tg) 2 X1 X>, let p(x(tp); ) be acontinuous pathinX; X from
the origin to x(tp) with the property that p(x(to);0) is the origin and p(x(tp);1) =
X(to), and let y; and y, be the outputs starting at x (tg) = p(x(to); ) with inputs
uj; and uj,. When = 0, the solutions and outputs are de ned on [tg;1 ) and
identically zero. Note that the solutions are continuous functions of . Hence, for
any givenT >t (arbitrarily large), 1> 0and , > 0, there exists such that the

solution exists on fo; T] and
(22) Kyiemk 10 Kypemk 2

forall 2[0; ]
Denote that

1=max o rzn[%;xl] kX1 (to)k; 0); 71 o T[%;)i] kX, (to)k; 0);
71 Ta(Kugpg:n )K); T (KU1 yK)

2=max o max kx; (to)k; 0): 7 ( max kx, (to)k; 0);
T T1(Kugpga K)o (Kugpga yK)

Since p(x(to); ) belongs to X1 X% and Kuyji,.q )k < 71, Kugpe:1 )k < 7o, it
holds that ; < minf 5, ,gand , < minf 1; 19. Let T >ty be arbitrarily
large and 1, , satisfy 1< ;< minf 5 20, 2< 2 < minf 1; 1g, and let

2 (0;1] be the largest value such that (22) holds for all 2 [0; ]. Suppose

< 1. Sinceky,, 11k < minf 2" 2g and Ky, .,k < minf 1;" 1g, following the
same lines asi() when 1, 2, 1 and » are innite, we have that

kyl[toiT]k 1< 1 kyz[to;T]k 2< 2

By continuity of solutions, there exists °>  such that (22) holds, contradicting that
< 1. Hence = 1. Since T can be arbitrarily large, Kyij;,.1 yk < minf 2, 20
and kyy(t,:1 )k < minf 17 10
In both cases, the solution of the inter-connected system agt and is bounded for
allt  to. Moreover, kyp,:1 yk < minf 2; >g and kyyp,:1 yk< minf 1; 10
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Step2: We will show the system composed of (10) and (11) is RIOS with estric-
tions X3 X3, 71 and T2 on x(tp), uy and u, respectively, viewing x = col(x1;X2)
as state,y = col(y;;y2) as output and u = col(uy; uy) as input.

By symmetry of y; andys,, it follows from (21) that

K11 )k max 3 (kxa(to)k; 0); 7y p(kx2(to)k; 0);
71 2(Kuzpg;n )K) T (Kuageg;a k)
(23) maxf 1 (kx(to)k);M1g
Kyaro:n )k max — ,(kxa(to)k;0); 7, 1(kxXa(to)k;0);
T2 " 1(Kuggegn )K); T2 (Kugpga ) K)
(24) maxf ,(kx(to)k); M2g

where,

1(s) =maxf ;(s;0);7;  2(s;0)g  2(s) =maxf ,(s;0); 7, 1(s;0)g;
M1 =maxf™; T5(Kugp,.1 )K); 71 (Kuape:1 )K)G;
Mz =maxf™, ~§(Kuygy1 )K); 5 (Kug,:n )K)G:

Hence,
ky(t)k K Yieei1 ) K+ Kyzpeg:1 K
maxf 2 1(kx(to)K); 2 2(kx(to)k); 2M1;2M g
(25) maxf 3(kx(to)k); Mag = y;

where, 3 = maxf2 1(s);2 2(s)g and M3 = ~(kup,.1 yk) for any K1 function —
satisfying

() maxf2T; T3(8);271(8)i 22 T1(8)i22(9)@

Relying upon (23) and (24), the restrictions X3 X, on the initial state x(tp)
and T3, T, on the inputs ujy, u, respectively can be computed as follows:

(i)YIf 1, 2, 1, 2are nite,
X1=fx12 X\ X1 q(kxik;0) < minf 57 29,7, 4(kx1k;0) < minf 1; 199
and
X2 = fX22 Xo\ Xp: ,(kx2k;0) < minf 1;7 19, 73 »(kx2k;0) < minf ;™ »gg.
T ominf 4709, T2 minf 47,0
s2[0;71)=) —, “H(s)<minf 1; 1g;75(s) < minf 5 g
and
s2[0;72)=) —; “5(s)< minf 2 20,74(s) < minf 1; 10
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(i)If 1, 2, 1, 2 areinnite,
X-]_: X]_\ X]_, X-g: Xg\ X2
and
~ minf Y7 jg, T2 minf Y ,g.
From (13) and (14), we could obtain that
kx(t)k k x1(t)k + kxz(t)k
maxf y (kx(to)K); u(Kupe:1K)s y(KY[to:1K)G
maxt (kx(to)Kk); u(Kupgia )K); y(V1 )9 = X1

where y(s) = maxf2 1(s;0);2 2(s;0)9, u(s) = maxf2 {(s);2 5(s)g, y(s) =
maxf2 1(s), 2 2(s)g.
For any time t; 0, it holds that

— t t
Kyi(to + t1)k  max  ;(kxy(to + El)k; El);_l(kyzlm SRRLIE

0
1 (kul[to+ %;to+t1]k)
— t
(26) maxf (X1 ;El)i_l(kyg[toJ,%;toﬂl]k);_ﬁ(kul[to;l yK)g
and for 2 [%;t;], it follows that
k k G bye By -
ya(to+ )k max  ,(kxa(to + Z) ; Z)' 2(KY 04 2 t0v 1K)

(0}
2 (kuz[to+ Lito+ ]k)

— t
(27) maxf (X1 ;—1);_z(ky1[t0+‘Tl;toﬂllk)i_%(kuz[to;l yK)o:

4
Substituting (27) into (26) gives that

ot ot
kya(to+ t)k  maxt 1 (xa i 5)im1 o0k i )i To(KYage tiege K

71 Ta(Kugpg:n ) K); 7T (Kuggeg1 )K)G

maxf T1(x1 3t1)i T Ta(KY g e 1K) MG

for any classKL function ™ satisfying

- — t, . — t
(28) sty maxt 4(s;5) 71 o(Si5)9:
Denoting z1(t1) = kyi(to + t1)k gives that
(29) z1(t1)  maxf T1(x1 ;t1); _z(kzl[%;tﬂk);Mlg:

Since™; T,(r) <r (r> 0), we invoke Lemma 2.1 to conclude that there exists
a classkL function "; such that zy(t;) maxf “1(x1 ;t1);M1g. It follows that

(30) kyi(t)hk  maxf “1(x1 it to);M1g:
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By symmetry of y; and y,, there exists some clasL function ", such that
(31) ky2(t)k — maxf “2(x1 it to);M2Q:

Toward this end, consider the following two cases of/; in (25).
(i) 3(kx(to)k) M3z : We havey; = 3(kx(to)k); and Kup,;1 )k = — H(M3)
— 1 3(kx(to)k): Hence,
x1 =maxf (kx(to)k); u(ku[to;l )k); y(y1)g
maxf «(kx(to)k); v ~ ' a(kx(to)k); y  a(kx(to))k)g  a(kx(to)k)

for any classK function 4 satisfying
as) maxt y(s); w T ' 3(8) y s(9)g

As a result, (30) gives
kyi(t)k  maxf Al( 4(kx(to)k);t  to);M10.
(i) 3(kx(to)k) <M 3: We havey; = Mg, then kyl[to;l )k y1 = Mas:
In both cases, we have obtained the following inequality:
(32) kyi(t)k  maxf Al( 4(kx(to)k);t  to); M30:
By symmetry of y; and y,, we could obtain the following inequality:
(33) ky>(t)k  maxf Az( 4(kx(to)k);t  to); M30:

Next, we will show that the system composed of (10) and (11) iRRIOS with suitable
de ned restrictions and gain function —. Combing (30) and (31) gives that

ky(t)k k yi(t)k + kyz(t)k
maxf2”1(x1 ;t  t0);2"2(x1 it to);2M1;2M2g
(34) maxf 3(x1 ;t to);Masg

for 3(s;t) =maxf2"(s;t);2"%(s;t)g.
Toward this end, consider the following two cases of/; in (25).

(i) s(kx(to)k) M3z : We havex; 4(kx(tg)k). As a result, (34) gives that
(35) ky(t)k  maxf 3( a4(kx(to)k);t to);M3Q:

(i) 3(kx(to)k) <M 3: We havey; = Mg, then ky(t)k Ms:
In both cases, we have obtained the following inequality:
ky(t)k  maxf 3( a(kx(to)k);t to);M3sg
(36) =maxf (kx(to)kit to); (KU1 yK)g
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where,
T(s;t) =max 2™ ( 4(s);1);2"%( 4(s);t)g:

Since the solutiony(t) depends onlyu( ) on tg t, the supremum on the right
hand side of (36) can be taken overtp;t], which yields

ky(t)k  maxf (kx(to)k;t to); ~(Kupe, 1K) 0

Hence, the system composed of (10) and (11) is RIOS with redttions X1 X5,
~; and T, on X(tg), u; and u, respectively, viewing x = col(xq;X2) as state,y =
col(ys; y2) as output and u = col(uy; uy) as input.

Step3: We will show that the system composed of (10) and (11) is RISS ith
restrictions X3 X3, 71 and T, on Xx(tg), u; and u, respectively, viewing x =
col(xy; X2) as state,y = col(ys;y2) as output and u = col(uy; uy) as input.

Substituting (21) into (14) gives that

kxa(t)k  maxf a(kxa(to)kit to); 2 1(kxi(to)k;0); 2 —;  »(kxa(to)k;O0);
(37) 2 71 Ta(Kugek)y 2 "1 (KU K); 2 (Kugg k) g:
By symmetry of x; and X3, it holds that
kxi(t)k  maxf j(kxi(to)kit to); 1 (kxa(to)k;0); 1 —»  1(kxi(to)k;O);
(38) 1 T2 Ta(Kugek)i 1 To(KugpgiK)s 1 (KU k)9
Combing (37) and (38) gives that
(39)  kx(hk k xq(t)k+ kxa(thk  maxf s(kx(to)k); ~(Kug,:1 yk)g = x?
where,
s(s;t)=maxf2 1(s;0);2 1 ,(s;0);2 1 —, 4(s;0);
2 2(s:0622 (80622 71 o(si0)g
~(s)=maxf2 1 T, TI(s);21 %(s)i21(s);22 T1 2(8);22 Ti(s)i2 Z(S)¢
From (13), for any time t; 0, we could obtain

t t
kxq(to + t1)k  maxf q(kxy(to + El)k' El)' l(ky2[to+ %;to+t1]k); ij(kul[to*' t71310*'t1]k)g

t
(40) maxt 1(<F 1 5)1 1KY e k)i { (KU )KIG:
From (33), for 2 [%;t4], it holds that
N tl . tl L=
Ky2(to + )k maxf >( a(kx(to + Z)k)' Z)’ (Kup, Yito+ 1K)g

41) maxt "2( 4(x ); )i (Kun ) K)G
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Substituting (41) into (40) gives

t t
kxa(to+ tk  maxt 1(< i 9)i 1 200§ )i )i 1 (KU K § (KU 5 KOG

(42) maxf 1 (x} ;ta); 1(Kupee:1 ) K)g
where, j(s;it)=maxf 1(s;5); 1 (48 Dg () =maxf 1 ~(s); {(s)g.
By symmetry of x1 and X2, it holds that there exist class KL function , and

classK function , such that

(43) kxa(hk  maxf 5(x} ;t  to); 2(Kugy1 )K)g

where, ,(s;t) =maxf »(s;3); 2 "1 4(9); 99, a(s)=maxf ; (s); 5(s)g.
Combing (42) and (43) gives

kx(Dk Kk xa(t)k+ kxa(t)k
(44) maxt (X}t to); (kup,1)k)g

where, (s;t) =maxf2 ;(s;t);2 ,(s;1)g;
(s)=maxf2 ;(s);2 ,(s)g=maxfd 1 = “4(s)i41 H(s)id1 —, H(S)4
2082 1(shi4 2 T 20842 Ti(shi4 2 T Ti(8)i4 2 T3(8)i2 3(9)w

Toward this end, consider the following two cases ok} in (39).

(i) s(kx(to)k) ~(ku,:1 k) : We havex§ = s5(kx(to)k).
As aresult, kx(t)k  maxf  ( s(kx(to)k);t to); (Kup,;1)K)o.

(i) s(kx(to)k) < ~(kupey:1 k) : We have x9 = ~(kuy:1 yK).
As a result, kx(t)k  x? = ~(kup,:1 )K).
Since «s) < (s) for all s > 0, in both cases, we have obtained the following
inequality

(45) kx(t)k  maxf (kx(to)k;t to); (Kup,:1)k)g

where, (s;t)=  (s(s);t);  (s)=  (9).
Since the solution x(t) depends only onu( ) on tg t, the supremum on the
right hand side of (45) can be taken over {p; t], which yields

kx(t)k  maxf (kx(to)k;t to); (Kup,:K)g:

Hence, the system composed of (10) and (11) is RISS with redttions X; X7,
~1 and T, on X(tg), u; and u, respectively, viewing x = col(xq;X2) as state,y =
col(yz; y2) as output and u = col(uy; uy) as input. This completes the proof. 0
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Remark 2.2. Theorem 2.2 can be viewed as an extension of Theorem B.3.2
[6] which handles the time-invariant nonlinear systems to fme-varying nonlinear sys-
tems. Nevertheless, the proof of these two theorems are quitdi erent. The proof
of Theorem B.3.2 [6] is based on the separation property foritne-invariant systems.
However, as mentioned in Remark 1.1, theseparation property does not hold for the
time-varying systems. As a result, we have adopted the techique of [2] and [3] to

prove steps 2 and 3 of Theorem 2.2. 0
3. Semi-Uniform ISS Small Gain Theorem with Restrictions fo r Uncer-
tain Nonlinear Time-varying Systems. In many cases, it is easier and su cient

to ascertain the semi-uniform ISS property than the ISS progerty for a time-varying

nonlinear system. Therefore, it is interesting to infer the semi-uniform ISS property
of a feedback connected system assuming each subsystem hags tsemi-uniform 1SS
property.

Theorem 3.1. Under Assumption 2.2, assume that subsystem (10) is semi-
uniformly RISS and RALS with restrictions X, 1 and § on xi(to), vi and u;
respectively, i.e., there exist clasK functions 9, 1, ¥, ™2, =, and ¥, independent
of d(t), such that, for any xi(tg) 2 Xy, vi(t) 2 L satisfying kva,.q )k < 1,
ug(t) 2 L't satisfying kuyp,.1 yk < §, the solution and output of (10) exist and

satisfy, for all t  to;

(46) kx1(t)k  maxf 9(kxi(to)k); 1(kVagte:1 )K); 1 (Kuggee:1 yK)G
47) kxika maxf j(kvika); 7 (kuika)g
(48) kya(t)k  maxft =3 (kxa(to)K): 1 (kVigg;1 )K): 71 (Kugg;n ) K)G
(49) kyika  maxf —;(kvika); 73 (kuika)g:

Also assume that subsystem (11) is semi-uniformly RISS and RLS with restric-
tions X, 2 and 5 onxXxx(tg), v2 and uy respectively, i.e., there exist clasK func-
tions 9, », ¥, 79, =, and 7Y, independent ofd(t), such that, for any x»(to) 2 X2,
vo(t) 2 L satisfying kvoi,.0 )k < 2, uz(t) 2 LT'2 satisfying kugp,.1 yk < 5, the
solution and output of (11) exist and satisfy, for all t  to;

(50) kxo(t)k  maxf S(kxz(to)k); 2(KVapig:1 1K) 5 (Kugpie:1 yK)G
(51) kxoka  maxf a(kvaka); 5 (Kuzka)g
(52) kya(t)k  maxf —9(kxa(to)K); "2 (KVao;1 1K) 75 (KU1 )K)G
(53) kyoka  maxf —,(kvaka); 75 (kuzka)g:

Suppose that the small gain condition

(54) - )< r> 0
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holds. Then the system composed of (10) and (11) is semi-umifmly RISS and RALS
with restrictions X3 X3, T3 and T on X(tp), us and u, respectively, viewing x
= col(xq1;x2) as state, y = col(y1;y2) as output and u = col(uz;uz) as input, i.e.,
there exist classkK functions ©°, Y, = and Y, independent of d(t), such that, for
any initial state x(tg) 2 X1 X3, and any input functions us(t) 2 L't satisfying
Kui,:1 yk < 71 and uz(t) 2 LT'2 satisfying kuyyt,.1 )k < 72, the solution and output
of (10) and (11) exist and satisfy, for allt to;

(55) kx(hk  maxf °(kx(to)K); “(Kup,:1)K)g; kxka  “(kuka)
(56) ky(t)k — maxf ~0(kx(to)k); ™ (Ku,:1 )K)G;  kyka ¥ (kuka):
where,

O(s)=maxf2 2(s);2 1 ()21 T, 5(8):25(8);22 8(8);22 T T3(9)9
“s)=maxf2 1 T, Ti(s);2 1 3(s);2 1(S);
2, 71 2(8)22 Ti(s):2 2(9)g;
() =maxf279(s); 2y 3(8);272(s);22 Ti(s)g
~H(s)=maxf2T; T5(s);271(s): 2, T1(s);27%(9)9
and,

(i) If 1, 2 are nite,
X1 = fX1 2 Xq: _E(kxlk) < 2,9 _({(kxlk) < 10,

and

Xo=fx22 Xo:9(kxak) < 1,73 9(kx2k) < 0.
T1 i T2 5

s2[0;71)=) > Ti(9)< 1Ti(9)< 2

and

s2[0;72)=) 71 2(8)< 272(8)< 1.
(i) If 1, »areinnite,

X1 = X1, X2 = X3

and

Proof. The proof can be obtained by using the same technique used irhe proof
of Theorem 1 of [20] and is thus omitted.

O

Corollary 3.1. Consider the interconnection of the following two systems

(57) x1 = fa(x1;ug;dit);  y1 = Xxg

(58) X2 = fa(X2; Vo Uz;dit); Y2 = X2
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subject to the interconnection constraint:
V2=Y1

where, the notations are the same as those in Theorem 3.1.
Assume that subsystem (57) is semi-uniformly RISS with restictions X; and
{ on xi(tg) and u; respectively, i.e., there exist clasK functions 8, 1+ Oand
{, independent of d(t), such that, for any xi(tp) 2 X, ui(t) 2 L't satisfying
Kuyp,;1 )k < f, the solution and output of (57) exist and, for all t  to; (46) and
(47) holds.

Also assume that subsystem (58) is semi-uniformly RISS withrestrictions X,, >
and Y on Xx»(to), V2 and u, respectively, i.e., there exist clasK functions §,
and 4, independent of d(t), such that, for any xz(to) 2 X2, vo(t) 2 L§ satisfying
KVoree:1 YK < 2, Uz(t) 2 LT'2 satisfying kuyp,.1 yk < 3, the solution and output of
(58) exist and, for allt tp; (50) and (51) hold.

Then the system composed of (57) and (58) is semi-uniformly FSS with restric-
tions X1 X3, 71 and T3 on x(tp), uy and u, respectively, viewing x = col(x1;X2)
as state,y = col(y1;Yy2) as output and u = col(us; uy) as input, i.e., there exist class
K functions ©°, Y, =0 and ~Y, independent ofd(t), such that, for any initial state
X(tg) 2 X1 X3z, and any input functions uy(t) 2 L' satisfying kuyp,.1 yk < 71 and
uz(t) 2 L2 satisfying kuyi,.1 yk < 72, the solution and output of (57) and (58) exist
and satisfy, for allt  to;

kx(t)k  maxf 0(kx(to)k); “(ku[to;l)k)g; kxka Y(kuka)
where,

O(s)=maxf2 ()2 %(s)i2 2 ~3(s)g
“(s) =maxf2 §(5):2 §(9)i2 2 4(9)g

and,
X‘l=fx12X1:_(1)(kx1k)< 20, X2 = Xo.

-~ u -~ u
1 1 2 2
s2[0;,71)=) H(S)< 2. 0
4. Asymptotic Small Gain Theorem with Restrictions for Unce rtain
Nonlinear Time-varying Systems. In this section, we will present the asymptotic

small gain theorem with restrictions for uncertain nonlinear time-varying systems.
The proof is quite similar to that of Theorem 2 of [20] and is thus skipped.

Theorem 4.1.  Under Assumption 2.2, assume that both subsystems (10) and
(11) are RAG and 0-RAG with restrictions X;, ; and {' on x;(to), vi and u;,
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i =1;2, respectively, i.e., fori = 1,2, there exist classK functions ;, , —; and 7},
independent ofd(t), such that, for any x;(to) 2 X, vi(t) 2 L{ satisfying kvika i
ui(t) 2 LT satisfying kuika i', the solutions of (10) and (11) exist and satisfy,
forallt top;

(59) kxika  maxf j(kvika); {(kuika)g
(60) kyika ~ maxf—; (kvika); 7' (Kuika)g:
Suppose

Assumption 4.1.  For all initial state in X; X, and all piecewise continuous
U, Uz, d which are bounded on {p; 1 ), the solution of (10) and (11) with connection
(12) is de ned for all t  to;

Assumption 4.2. 1=1;

Assumption 4.3. (1)< 1 and (1) 2;

Assumption 4.4. The small gain condition

(61) - )< r> 0

holds.

Then, under connection (12), the system composed of (10) an(lL1) is RAG and
0-RAG with restrictions X1 X, 71 and T on x(tp), u; and u, respectively, viewing
X = col(x1;X2) as state,y = col(y1;y2) as output and u = col(uy;u,) as input, i.e.,
there exist classK functions Y and ~, independent ofd(t), such that, for any initial
state x(tg) 2 X1 Xz, and any input functions us(t) 2 L't satisfying kuika 71
and ux(t) 2 L2 satisfying kuska 72, the solution of (10) and (11) with connection
(12) exists and satis es, for allt  tg;

(62) kxka Y(kuka);
(63) kyka “(kuky):
where,

) =maxf2 1 T, T1();21 T(8):21(8);22 1 2(8:22 T1(s):2 7(9)g;
~U(s)=maxf27; T5(8);271(s);27, Ti(8);272(s)g
and ~, is such that ~» 9
and ~; is such that ~; ¢, and 74 (71) 2.
O

Corollary 4.1. Consider the interconnectionv, = y; of the following two
systems

(64) x1 = fa(X1;ug;d;t);  y1 = Xg

(65) X2 = fa(X2; Vo Uz;dit); Y2 = X2
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where, the notations are the same as those in Theorem 4.1. Sppse:

Assumption 4.5.  For all initial state in X; X, and all piecewise continuous
ui, Uz, d which are bounded on {p; 1 ), the solution of (64) and (65) with connection
Vo =y isdened forall t to;

Assumption 4.6.  Subsystem (64) is RAG with restrictions X and § onXx1(to)
and u; respectively;

Assumption 4.7.  Subsystem (65) is RAG with restrictions X, and 4§ on Xxz(to)
and u, respectively.

Then system (64) and (65) with connectionv, = y; is RAG with restrictions
X1 Xz, %, 5 on(Xi(to);X2(to)) and uf, uy respectively, i.e., there exist clasK
function Y, independent ofd(t), such that, for any initial state x(tg) 2 X; X3, and

any input functions uj(t) 2 L't satisfying kuiks { and ux(t) 2 L2 satisfying
kuoka 5, the solution of (64) and (65) with connectionv, = y; exists and satis es,
forall t tg;

kxka  Y(Kuka)

where Y(s)=maxf2 , 7(s);2 {(s);2 5(s)g and all the gain functions are de ned
the same way as those in Theorem 4.1. 0
The following corollary is similar to Proposition 1 in [1].

Corollary 4.2. Consider the interconnections
(66) V21 = Y11, V22 = Y12, V1= Y2
of the following two systems

10Xy = fa(xa;va;dit)

Y1 = hu(X1;va;dit);  yiz = hia(Xa;va;dit)
2 1 X2 = fa(X2; Va1, Va2, Uz; dit);

Y2 = ha(X2; Vo1; Vo2; Uz, d; t):

Suppose:

Assumption 4.8.  For all initial state in X; X, and all piecewise continuous
uz, d which are bounded on {p; 1 ), the solution of ; and , with connection (66)
isdened forall t tg;

Assumption 4.9.  Subsystem , is RAG and 0-RAG with restriction  , on the
input vay, i.e., there exist classK functions 21, 22, ¥, 721, 2 and 74, independent
of d(t), such that for any initial state x,(tg) 2 <"2 and any input vy (t) satisfying
kvaoka 22, the solution of , exists and satis es, for allt tg,

(67) kxoka  maxf 21(kvaika); 22(kvazka); 5 (ku2Ka)g
(68) kyzka — maxt —p; (kvaika); 2p(kvazKa); 75 (Kuzka)g:
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Assumption 4.10. Subsystem ; is RAG and 0-RAG without restriction, i.e.,
there exist classK functions 4, —;; and 45, independent ofd(t), such that for any
initial state x1(tp) 2 <"t and any input vy (t), the solution of ; exists and satis es,
forallt to,

(69) kxika  1(kvika);
(70) kyiika  T11(kvika);

Assumption 4.11. —;(1) <1, 75(1)<1 and»,(1) 22
Assumption 4.12. The small gain conditions hold

1 aln)<n T, o)< or> O

Then under the interconnection (66), the system composed of ; and 3 is RAG.

O
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