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RECURSIVE SYSTEM IDENTIFICATION BY STOCHASTIC
APPROXIMATION*

HAN-FU CHENT

Abstract. The convergence theorems for the stochastic approximation (SA) algorithm with
expanding truncations are first presented, which the system identification methods discussed in the
paper are essentially based on. Then, the recursive identification algorithms are respectively defined
for the multivariate errors-in-variables systems, Hammerstein systems, and Wiener systems. All es-

timates given in the paper are strongly consistent.
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1. Introduction. System identification is an important step to control an object
when its model is unknown. When the system is parameterized, then the task of
system identification is to estimate the unknown parameters contained in the system.
One may first collect data with fixed sample size, and then derive the estimates by
minimizing some performance index based on the collected data. The minimization
may be carried out iteratively in order to use information contained in the data as
completely as possible. This type of estimation is usually called as the block algorithm
in contrast to the recursive algorithm.

The block algorithm sometimes is not satisfactory, because having obtained the
estimate based on the data with sample size N, one has to compute the estimate from
beginning if some new data arrive. This makes computation rather time-consuming,
and in this case the recursive methods may be more attractive. Recursive system
identification consists in obtaining the new estimate by modifying the immediately
past estimate by using the new data. In other words, the estimate is updated on-line.
This may greatly save the computational time, although the information contained in
data may not fully be used.

The least-squares (LS) method [8, 14, 27] probably is most commonly used when
estimating parameters by optimizing some index. The LS estimate can also be derived
in a recursive way when the identified system is linear. However, the LS method may
lead to a biased estimate in a correlated noise case even the system is linear. Further,
the LS estimate cannot be calculated recursively for nonlinear systems in general.

Stochastic approximation (SA) pioneered by [31] and further developed by many
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researchers in statistics and in system and control (see, e.g., [6, 7, 9, 17, 24-26, 28-30,
32, 36] among others) is aimed at seeking roots of an unknown function, when the
function can be observed at any point in its region of definition, but the observations
may be corrupted by noise.

This paper concerns identification of the Hammerstein systems, Wiener systems,
and errors-in-variables systems. It is interesting to note that although there are enor-
mous number of papers on this issue, almost all of them are on block algorithms and
only a few of them concern a.s. convergence. To fill the gap the author with co-authors
for recent years have been working on recursive and a.s. convergent identification al-
gorithms for such kind of systems. We have applied the SA method developed in
[9] to identifying various systems and succeeded in providing recursive and strongly
consistent identification algorithms. These results published in a set of papers are
summarized here with key points of the proof outlined.

The rest of the paper is arranged as follows. The SA algorithm with expanding
truncations, which the identification algorithms of the paper are essentially based on,
is introduced in Section 2. The recursive identification for multivariate EIV systems is
presented in Section 2, while the corresponding results for Hammerstein and Wiener
systems in Sections 3 and 4, respectively. Some concluding remarks are given by the

end of the paper.

2. SA Algorithms with Expanding Truncations. Let J be the root set of
a function f(-) : R* — R!, J 2 {z € R": f(z) = 0}. Assume f(-) is unknown, but
it can be observed at any x € R!, and the observations are noise-corrupted. Let zy,
denote the kth approximation to the root set J, and let the observation be carried

out at this point, i.e., the (k + 1)th observation is
(1) Yet1 = f(xr) + exy1 with ex1  being the observation noise.

For the single root case, i.e., for the case where J = z° the classical Robbins-

Monro (RM) algorithm [31] proposes to estimate x° by the following recursion

o0
Tk+1 = Tk + apyYr+1 with ax >0, ax — 0, E ap = o0.
k=1
However, for the desired convergence xj o 20 a set of restrictive conditions [29,
— 00

31] on f(-) and €41 are needed, which, unfortunately, are hardly to be satisfied for
many problems.

To overcome the difficulty we modify the RM algorithm by truncating it at ex-
panding bounds. Let {M} be a sequence of positive numbers increasingly diverging

to infinity, and let 2* be a fixed point in R'. Arbitrarily fix an initial value xg, and
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recursively define xj, by the following SA algorithm with expanding truncations:

(2) Tht1 = @k + Y1) |z +aryeri <My, ] + T zp oy |> Mo, >
k—1
(3) O = ZI[|‘Ii+aiyi+1”>Mdi]7 a0 :0,

i=1
where [|4) is the indicator of an w—set A: Ijq =1 ifw € A, and [|4) =0ifw ¢ A.
The observation noise €;4+; may depend on zy,

Let us list conditions to be used.

Al. a; >0, ag pa— 0 and Y ;2 ap = c0.

A2. There exists a continuously differentiable function (not necessarily being
nonnegative) v(-) : R' — R such that

(4) sup  fT(2)va(z) <0
§<d(z,J)<A

for any A > § > 0, where d(z,J) = 11;f{|\33 —y|l : y € J} and v,(-) denotes the
gradient of v(-). Further, v(.J) 2 {v(z) : © € J} is nowhere dense, and z* used in (2)
is such that v(z*) < inf| 5=, v(z) with [[2*| < co for some ¢g >0 .

A3. f(-) is measurable and locally bounded.

Denote by (Q,F, P) the probability space. Let exy1(,-) : (Rl x Q,B! x F) —
(R' x B') be a measurable function defined on the product space, and the noise €51

be given by
€k+1 = €k+1 (xk,w), w € Q.

A4. For the fixed sample path w under consideration the following limit takes

place:
m(nk,Tk)
(5) %iglo lilzrls;}p T” Z ai€ir1(z;(w),w)|]| =0, VTy €1[0,T]
1=Nk

along the subscripts {ny} of any convergent subsequences x,, (w), where
A m
(6) m(k,T) = max{m : Zai < T}.
i=k

The algorithm (1)—(3) is considered for a fixed w, but w in z;(w) is often sup-

pressed.

General Convergence Theorem (GCT). Let {z4} be given by (1)—(3) with
a given initial value zg. Assume A1-A3 hold. Then, the distance between xj and J,

d(zg, J) P 0 for any sample paths (w) for which A4 holds.
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For the proof of the theorem we refer to [9]. The idea of expanding truncation was
originally proposed in [17]. The method has further been developed incorporating with
the trajectory subsequence (TS) analysis method, which makes it possible to verify
A4 only along ny, of any convergent subsequences {x,, } rather than along the whole
sequence {xy}. Due to such a relaxation, SA algorithms with expanding truncations
with TS analysis method have successfully solved a series of problems arising from
systems and control [10-13, 15].

Remark 1. GCT remains true, if the condition v(z*) < inf}y—¢, v(z) in A2 is

replaced by

(7) v(z”) < k)

inf o
{k:llzl[=co}

for the sample path under consideration, where {z)} is recursively given by (2),(3).
Remark 2. If )7 | arepy1 < 00, then A4 is fulfilled.
Remark 3. The selection of {M}} defines the tolerated divergence rate of {zy}.
This is because by (2) and (3)

kil < l=*|| V My, < |lz*|| V Mg—1 < Mg_1 for sufficiently large k,

where a V b means the maximum of a and b.

Remark 4. Under the conditions of GCT {z} given by (1)—(3) is bounded, and
hence the truncation in (2) ceases in a finite number of steps, and the asymptotic
behavior of {x}} is the same as that given by the RM algorithm.

Example. We now give an example showing that the RM algorithm fast di-
verges even though the observations are free of noise, while the SA algorithm with
expanding truncations is convergent. Let f(z) = —(z — 10)3, a = ﬁ, and yr11 =
f(xg). According to the RM algorithm zx11 = xp — %yk_l,_l, the computation gives
o =0, 3 = —1000, xo = 515149400, .... In contrast to this, the SA algorithm
with expanding truncations converges to the root 10 of —(z — 10)® even in the noise
environment: yr11 = f(xk) + g1, €xt1 — 0.9 = wry1 + 0.5wg, wy € N(0,0.1).
With M, = 25t 2* = 0.5, the computation gives xog =0, 100 = 9.26, X400 =
9.61,....

Consider the linear function case f(x) = —Fx + b, where F' is an arbitrary n x
m—matrix and b is an n—vector. It is clear that f(z) = 0 is solvable if and only if
FFTbh =10, where F'* denotes the pseudo-inverse of F. In this case for both —Fx + b
and —FT Fz+ FTb the root set J = {FTb+ (I —F*F)c, Ve € R™} is the same. Since
at the right-hand side of the algorithm (2) the sign “4” is for ag, it is convenient to
deal with —FT Fx + FTb rather than —F2z + b by noticing that —FTF < 0.

Assume yi 1 = —FTFxy, + FTb+ ¢4 1. Let us check in the linear case if we can

simplify conditions used in GCT.
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As v(z) required in A2 we may take
(8) v(z) = (=FTFaz+ FTo)" (~F' Fz + FTb).

It is clear that (4) holds and v(J) = 0. Condition A2 is automatically satisfied if
FTF =1.If FtF # I, then J is a connected but unbounded set in R™, and hence
the condition v(z*) < infj =, v(x) may not be satisfied however large c¢ is taken.
Let V21— FtE Then Vypyy = Veprr.
By (2),(3) it follows that

9)  Varp = (Vo + aeVerr ) o tarmi <M, ) T VE Loy tagyeia > M., -

From (9) it is seen that {Vxy} is uniformly bounded for those sample paths for which
the following condition S5 holds.

A5 302 apVegyr < oo.

Consequently, (7) is satisfied for those w for which A5 holds.

It is worth noting that the following A6 implies both A4 and A5:

A6. D07 akepir < 00.

GCT for Linear Functions. In the case f(z) = —(FTFz + FTb), assume
A1 holds. Then {z} recursively given by (1)-(3) is uniformly bounded and d(zy, J)
—0 for those w for which A4 and A5 hold, where J = {F*b+ (I — FTF)c Vce
R™}, the root set of f(-). Moreover, if for some w A6 holds, then zj converges to
some point in J as k tends to infinity.

This theorem follows from GCT as explained above except the last assertion,

which is given in [18].

3. Multivariate EIV Systems. Consider the multi-input multi-output
(MIMO) system

(10) A(2)yr = B(2)ux,

where z is the backward-shift operator, and u9 and y? are m-input and n-output,

respectively. They are observed with additive noises &, and ny:

(11) Yk = Up + & Uk = U+ Nk

The problem is to estimate the coefficients contained in the matrix polynomials
(12) A(z) =T+ A1z + -+ A, 2%,

and

(13) B(z) = Biz+ Byz® + -+ + By, 2™
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on the basis of the noisy observations {uy} and {yx}.

Identification of EIV systems has been attracting a considerable attention from
researchers of control and statistics, e.g., [1, 2, 16, 33, 34] among others, but in the
existing literature almost all estimates are for SISO systems and generated by block
algorithms. We intend to give recursive and strongly consistent estimates for the
matrix coefficients in (12) (13). For this we first list conditions to be used.

B1. The input {u?} is an ARMA process
(14) P(a)ul = Q(2)ex
with
(15) P(z)=1+Piz+---+ P, 2", Qz)=1+Qiz+ -+ Qs, 2.

B2. A(z) and P(z) are stable, i.e., all roots of detA(z) and detP(z) are outside
the closed unit disk.

B3. Ay 2 (€F, nl eF17 is a sequence of iid random vectors with EA; = 0 and

A Re  Reny  Ree
EARAL=Ra=| Ry R, Ry
Re¢ Re, R.

Let us present the n + m— observation process z, = [yf,ul]” in the ARMA form.
Set A 2 max(Sq, Sb, Sp, Sq) and A; 2 0, B; 2 0, P, 2 0,Q: 29 respectively for

1> 8q,] > 8p,8 > Sp,t > 54, and set

(16)
0 P(z) P
(17)
s[4 Bz o | e
SEO=1 () Q(Z)]_Swsl +-o 4+ Sa2,

where A(z), B(z), P(z), and Q(z) are given by (12),(13),(14), and (15), respectively.

Then the observation process satisfies the following equation:
(18) G(2)zr, = S(2)Ak.

We now derive the multivariate Yule-Walker equation [35, 37] of the observation
process. Noticing that the dimension of Ay is n + 2m while the dimension of zj is

n 4+ m, we see that (18) is not a standard multivariate ARMA process.
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Since G(z) is stable by B2 and Ay is iid with E||Ag]|? < oo by B3 , {z} is a

stationary and ergodic process with E||zx||?> < co. Hence,

N
T A . 1 T
(19) Ezpzj_; =R, = A}Enoo N ; ZkZi_;-
Set
A A
(20) ¢;€71 = [lella e 721,—57)\]5 1/’1{4\71 = [lel)\flv Z]Zl)\,% e 721,—57)\7#]7

A A
@) L B ) GGGy,

where g = A\(n +m) and ¢ = (€F nd].
Then by (10),(11), and (14) we have

(22) 2, = —Gop_1 + Gxp—1 + [EF i + (Q(2)er) 1T

By (19) it follows that

Ry Ryy1 -+ Rapu—
A
(23) 'S E¢p1hp 1 5= : :
R, Ry - R,
A
(24) Ezi_s_1 = |Raj1, ,R,\ﬂt} =w.

By B3 and by noticing s, < A we have Ex;_1¢7 , | =0, and E[&], nf +(Q(2)ex)T]"
Vi1 =0.
Consequently, by (22)-(24) we derive the multivariate Yule-Walker equation:

(25) GI'+ W = 0.
Remark 5. The Yule-Walker equation (25) is equivalent to
(26) ITre” +Tw? =0,
and the solution to (26) composes a set:
4 _ + + (n+m)xA(n+m)
(27) J={G=-WI"+Go(I-IT"), VGp € R }.

If ITT = I, then G is uniquely defined: G = —WT'T.
In order to estimate coefficients of A(z), B(z), and P(z), it suffices to estimate G,

since G; =
0 B
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We estimate GT by Oy, given by the SA algorithm with expanding truncations as
follows. Let My, = k29 with any 4 € (0, 1). Recursively define
1
k

1 1
(29) Wi =(1- E)Wk—l + Ezk%z—,\—l

1
(30) Ok =(Ok-1— EFk(Fka,l + WkT))I[(@k,l—%rk(r’kfek,ﬁwg))SM%]

(28) Lp=(1— )T+ %%—W;ﬂ—,\—l

k—1
(31) Tk =ZI[(ei,lf%ri(rf@i,ﬁwf)»M%]
=1

with arbitrary initial values I'g, Wy, ©¢, and o¢ = 0.

THEOREM 1. Assume B1-B3 hold. Then {©F} given by (30) converges to a
matriz belonging to J given by (27), the solution set of the Yule-Walker equation (26)
a.s. as k — oo.

Proof. We only outline the key points, for the detailed proof we refer to [11] .
First of all, (28) and (29) present the time averages of ¢r_19%] ,_; and zpl |,

respectively. By ergodicity we have

where I and W are given by (23) and (24), respectively.
Comparing (30) with (2) we find that 2* and yi41 in (2) correspond to 0 and
~T(TTO,_1+WT), respectively. Therefore, the function under consideration f(©) =

—ITTO +TWT is linear, and

(33) Yk é —Fk(Ffek,l + W;CT) = —(FFTkal + FWT) + €k,
where
(34) e = —(TWITer 1 +TWW) + (70, +TWT).

Thus, the conclusion of the theorem follows from GCT for Linear Functions given in

Section 2 if it can be shown that

oo

1
(35) > E[—(Fkrfek,l + W) + @170, +TWT)] < co.
k=1
Introducing
-G, T 0 - 0 0]
So
F2 001 12 :
I 0 :
—G, 0 0 I S
0 0 0
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we express zx given by (18) in the state space form

(A1) (n+m)
—_——
zr = Hmg, 7= Fmg—1+ LA, H=[I,0,---,0]}(n+ m).

By stability of F' and B3 it can be shown that

1 n s i+ i _(1_
(36) ||Ekz_07rk+j+17rg+1—gFﬂLRALTFT | =0n " GE®) forany B> 0.

Since zx = Hmy, from (36) it follows that

n

1 (i
I 3 asef = Byl = O~

(37) with R;=HY F™LRAL"F"H" forany > 0.

=0

As pointed out in Remark 3 by (30) ||O4]] < My, < My_; < k2%, which incorporat-
ing with (37) yields

> (kT = TTT)0) 1 < oo,

k=1

> =

which in turn implies (35). 0

By Theorem 1 O given by (30) is a strongly consistent estimate for GT whenever
I'TT is nondegenerate. We now give conditions guaranteeing the required nondegen-
eracy.

B4. detAy # 0, detPy # 0.

B5. detVU(z)det®(z) is coprime with detA(z)detP(z), where

1>

(38) W(2) = (P(2)Ry+ Q(2)Rey)2* PT(271) + (Q(2) Re + P(2) Rye) 2 QT (271
A(2)Rez* AT (27Y) + B(2)R,2*BT (z71)

B(2)Ryez AT (27Y) — A(2)Rey2 BT (271)

(A(2)Rey — B:DR,)2PT (1) + (A()Ree — B(2)Ry) Q7 (=)
(P(2)Ry + Q(2)Ren) PT(571) 4+ (Q() Re + P()Ry) QT (1))
[(P(2)Ryg + Q(2) Reg) 2 AT (1) — (P() Ry + Q(2) Re) BT (7).

1>

o(2)

(39)

THEOREM 2. Assume BI1-B5 hold and Ra > 0. Then I is of row-full-rank, and
Oy given by (30) converges to G a.s.
Proof. Denote by (i, the (n + m)—dimensional process S(z)Ay, i.e.,
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By using the innovation representation [3] it can be shown that (i can be represented

as
(41) ¢k = D(2)wi, D(Z)éI+D12+"'+D>\Z>‘

with Ewg =0, FEwyw] 2 Ry >0 Vk >0, FBuwyw! =0 if k+#s, where D(2) is

a stable (n +m) x (n + m)—matrix polynomial. Then, we have
(42) G(2)zr = D(2)wg.

By [37] the rank of T" is A(n + m) if and only if G(z) and D(z) have no common

left-factor and rank[Gx:Dy] = n + m. The latter is guaranteed by B4.
Noticing that

D(2)R,DT(271) = S(2)RAST (271), detG(z) = detA(2)P(z),
detS(z)Raz*ST (271) = det ¥ (z2)det®(z),

by B5 we find G(z) and D(z) have no common left-factor, and hence T is of row-full-

rank. This proves the theorem, for details we refer to [11]. 0

4. Hammerstein Systems. We now consider identification of the SISO Ham-
merstein system, which consists of a static nonlinearity f(-) followed by an ARMA
type linear subsystem. Here we restricted to the MA type linear subsystem. The
Hammerstein system and the Wiener system to be discussed in the next section are
important in practice, and their identification issue has attracted much attention from
both researchers and practitioners, e.g., [4, 5, 19-23, 38, 39] among others. The block

diagram of Hammerstein system is presented in Figure 1.

€k

Y

—| Nonlinearity f(-) Linearity (MA) :@ >
Uk Uk Yk 2k

Fig. 1. Hammerstein system.
The system input, output, and observation are respectively denoted by wuk, v,

and zj :
(43) Ykr1 =Y kg, do=1, v;= f(uy)
i=0

(44) Zk = Yk + €k,
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where €j, is the observation noise.

The coefficients d;, ¢ =1,--- ,r of the linear subsystem and the function f(-) are
unknown and to be estimated. Since f(-) is not parameterized, we intend to estimate
f(u) at any given u.

Reference [20] probably is the first attempt to identify Hammerstein systems by
SA method, but the obtained there estimates still contain some unknown parameters
and thus the system cannot be identified completely. We now apply the SA algorithm
with expanding truncations to solve the problem.

Fix a u, where f(u) is to be estimated. Let the system input {uy} be a sequence
of bounded independent and identically distributed (iid) random variables |uy| < ¢1,
Vi=1,2,..., with Fux = 0 and with density p(-), where ¢; > 0 is a constant ¢; # |u|
and p(-) is continuous at u with p(u) > 0. Let {ux} be also independent of the
observation noise {e;}. The conditions to be used are as follows.

C1. The nonlinear function f(-) is measurable, locally bounded, and continuous
at u, where f(u) is estimated.

C2. The observation noise {ex} is a sequence of mutually independent random
variables with Eey P 0 and sup, Ees < oo.

To consistently estimate {d;} Conditions C1 and C2 are sufficient. It is worth
noting that no assumption is made on the structure of f(-).

In order to uniquely define f(u) and Evy we need a condition to guarantee that

the response of the linear subsystem to a nonzero constant input is nonzero:
T
C3. > d; #0.
j=0

Let ar = ¢ and let {My} be a sequence of increasing real numbers diverging to

infinity:
M > 0, Mk-i—l > M, Vk, and My k—) 0.
Define
(45)
Qk(l) — ak(Hk(z) — ukzk+1+i)7 if |0k(l) - ak(gk(l) - Ukzk+1+i)| < Mak(i)7
Ok+1(i) = .
0, otherwise,
k—1
(46) k() = Y 10,005 05— 255140)|> Mo o]
j=1
(o) (Z) =0
with an initial value 6y(¢), ¢=0,1,...,r, where 6;(0) is used to estimate p 2 Euqvy,

while 0 (), i = 1,...,r are used to estimate pd;, i = 1,...,r, respectively.
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For estimating F f(u1) and f(u) we define

Vi — ak(Vk — 2k41), I v — ak(ve — 2k41)| < My,
(47) Ve+1 =
0, otherwise,
k—1
(48) V=D i,y -20)l> M, V0 =0
j=1

with an initial value vy, and
(49)
pre(u) — axwe (e (u) — zr41), 3 | (u) — apwe(pe (W) — 2e41)] < My, ),
ey (u) = .
0, otherwise,

k—1
(50) N () =D Ty )03 s ()~ 231) 5 M, ]
j=1
Ao(u) =0

with an initial value uo(u), where wy, is a kernel function

1 _(me—uy2
é_e(bk)7

51
(51) wE =
where by = 75 with 6 € (0, 3).

THEOREM 3. Assume CI1 and C2 hold. Then 6i(i), i = 0,1,...,7, defined by

(45) (46) are strongly consistent:

(52) 01(0) " £ E(uy f(u1))(= Fuivr) a.s.
and
(53) 0 (4) — pd;  a.s., i=1,...,m

Further, if in addition, C3 holds and p # 0, then

(54) 0(0) > 0(i)) —— Ef(m)(= Ev) as.
(55) ok (w) — p(u) = flu)+ ZdjEf(ul) a.s.,
j=1
and
i O () vk
(56) po(u) = f(u) as.,
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where 0,(2), i, and pi(u) are defined by (45)(46), (47)(48), and (49)(50), respec-
tively.

Proof. We outline the key points of the proof.

Rewrite (45) as follows:

Or (i) — ar(Ok(i) — dip) — arers1(7),

67 O (i) = if [0k (i) — ak (01(i) — dip) — agers1(9)] < My, (),
0, otherwise,

where

(58) Ek_;,_l(i) = —UkZk+1+i T dip, 1=0,1,...,7

The algorithm (57) is for the linear function —z + d;p, which corresponds to —Fxz +b
in GCT for Linear Functions with F' = 1 and b = d;p. Consequently, V =0 and A5
is automatically satisfied. The root set J in the present case consists of a singleton
d;p. Therefore, by GCT for Linear Functions, for (53) it suffices to verify A4 for
€x(?),4=0,---,r given by (58). This can be done by using the convergence theorem
for martingale difference sequences.

Next, rewrite (47) (48) as

Vi — ax(vk — > diEf(u1)) + ardgy1,
=0

(59 M1 = if |ve —ae(ye — X diEf(u1) = Sks1)| < My,
=0
0, otherwise,
where
(60) 5k+1 = Zk+1 — Z djEf(’U,l)
j=0

Again, by verifying that A4 holds with €41 replaced by dx11, we apply GCT for
Linear Functions to (59)(60) and conclude (54).
Finally, for (55) we rewrite (49) as

(61)
() = a7 ) 2 (1) = £ () = 32 dy B 1)) = axeins ().
L) — ) () — F(u) = X dyEf (1) — a1 ()
P (u) = i=1

< My, (u)s

0, otherwise,
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where

(62)  ensa) = wn(ie) = 2as1) — VD) k) — () — Z 4B ().
It is clear that the algorithm (61) is for the linear function

(63) V() — Fu) - Z 4 ()

Similar to the argument given above for (55) it suffices to verify A4 for ejy1(u), then
the conclusion follows from GCT for Linear Functions.

However, it is worth noting that A4 may be verified for ex1(¢) and 541 along
the whole sequence of subscripts k, while the direct verification of A4 for exy1(u) is
feasible only along subscripts ny, for which z,, converges. This is because only along
convergent subsequences it can be shown that for all large enough k and sufficiently

small T"> 0

(64) psr1(u) = prs(u) — asws(ps(u) — zs41),
and
(65) ltst1(uw) — pin, (w)|| < T, s=mng,ne +1,...,m(ng, T),

where c is a constant independent of k but may depend on sample path w. For verifying
A4 with e, replaced by ey (u) it is important to have (64)(65), which, roughly speaking,
mean that for s not far from ny us(u) is close to pp, (u) and the algorithm suffers
from no truncation. For details we refer to [10]. 0

Remark 6. The linear subsystem is not necessarily restricted to be an MA

process. The results may be extended to ARMA systems.

5. Wiener Systems. We now consider identification of the SISO Wiener sys-
tem, which is also a linear system cascaded with a static nonlinearity similar to the
Hammerstein system but in the reverse order. The block diagram of Wiener systems
is presented in Figure 2.

As in Section 4 the input, output, and observation are respectively denoted by

Uk, Yg, and zg :

(66) 2 =Yk +ex  yr = flog),

(67) Vig+1 = Zdjuk_j, do =1.
7=0
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The problem is to recursively estimate the coefficients d;, ¢ = 1,...,r of the linear
subsystem and the value f(v) at any v on the basis of the observations {z;} and
appropriately designed inputs {uy}.

We now define the system input {uj}. Let {n;} be a sequence of iid Gaussian
random variables 7, € AM(0,1) independent of the observation noise {€;}. Define

functions Ty(-):

z, v e Sk) 2 (—k°, k),

(68) Ty(x) =
Kosign(z), = € S°(k).

— | Linearity (MA) Nonlinearity f(-) :@
U Vk Yk 2k

Y

Fig. 2. Wiener system
It is clear that |Ti(z)| < k% and the range of Tj(z) unboundedly increases as
k — oo.

Define the system input uy as
(69) U = Tk (’I]k).
Let us define sequences of real numbers to be used in the algorithms:

(70) ap = b = My=My+k, k=1,...,

1
k’ ke’

where & >0, >0 My >0, 3a+ 3+ 6 < 1/2, where § > 0 is the one given in (68).

For estimating the linear subsystem as in Section 4 we apply the SA algorithms

with expanding truncations:

(71) 97€+1 (7’) = [ek (Z) - ak(ek (Z) - ukzk+i+1)]I[|9k(i)*ak(9k(i)*uk2k+i+1)|§M(rk(i)]7

k—1

(72) ox(i) = Zfnej<i>faj<ej<z‘>—um+i+1>|>MUj<i>1= oo(i) =0,
=1

with any initial values 6o(i), ¢=0,1,...,7.

Set

, 1/2
(73) o2 de and p #/ tf(t)e_%dt.
= V2oro3 Jr

1>
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Note that 6 (0) is used for estimating p, and g:((é)) ford;,i=1,...,q, wherever p # 0.

Denote by d;; the k-th estimate for d;. Then the output vy and its standard

deviation of the linear subsystem are respectively estimated by

- 1/2
LA ~ A
(74) O = Uk—1 + digUk—2 + - + drgUp—p—1, Ok = (Z dfk> .
i=0
In order to estimate f(v) we introduce the following kernel function
2

vy —vU 2 v
(75) W é iwoei( ]zk ) +20k2'
k

By (74), wy, is naturally estimated by

~ A \/27T6k

op—v\2, 932
(76) oy & (57) +a
by

- b
e k

With any initial value uo(v), f(v) is estimated by ux(v), which is recursively calculated

according to the following SA algorithm with expanding truncations:

(T7) prr(v) = [k () — arr (1 (V) = 20) {14 (0) - an i (un (0)— 20) | <My (0]
k-1
(78) V() = D Ty (0)—ayi Gty () —) [ My, ] 0(2) = .
j=1
Let us list conditions to be used.
D1. The static nonlinearity f(-) is a bounded measurable function and continuous
at v, where f(v) is estimated.
D2. The observation noise {ex} is a sequence of mutually independent random
variables with Fe; = 0 and sup,, Ee; < oo, and is independent of {n}.
THEOREM 4. Assume D1 and D2 hold. Then
(79) 0,(0) —— p, O0x(i) —— pd; a.s. i=1,...,m

k—o0 k—o00

Further, if, in addition, p # 0, then

(80) pr(v) —— f(v) as

k—o0

Proof. We outline the key points of the proof. For estimating the linear subsystem

(71) is rewritten as

Ok (i) — ar Ok (i) — pdi) — ar€r+1(i),
(81) Ot (i) = if [0k (i) — ar (01 (i) — pdi) — ar€pir (i)| < Mo, (4),

0, otherwise,
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where
(82) €k+1(i) = —UkRk+i+1 + pdzv 1= Oa 17 A

By verifying A4 satisfied by €;41(%), (79) follows from GCT for Linear Functions.
Further, rewrite (77) as

pe(v) — apy/m(pr(v) = f(v) + arer(v),
(83)  prtr(v) = if [px(v) — apv/m(pk(v) — f(v)) + arer(v)] < My, (v,

0, otherwise,

where

(84) ex(v) =V (ur(v) = f(v) — e (ur(v) — 2k)-

Noticing that f(v) is the root of \/7(z — f(v)), by GCT for Linear Functions, for (80)
it suffices to verify A4 for e(v). It is important to note that A4 is verifiable along
subscripts ng of any convergent subsequences, but not along the whole sequence of
subscripts k. For details we refer to [23]. 0

Remark 7. Theorem 4 can be extended to the case where the linear subsystem

is an ARMA process and f(-) is unbounded but with some growth rate restriction.

6. Concluding Remarks. The SA algorithms with expanding truncations in-
corporating with TS method was successfully applied to solving a set of problems
arising from systems and control. This paper demonstrates that the method is also
a powerful tool for system identification. By this method the recursive and strongly
consistent estimates are given for multivariate EIV systems, Hammerstein systems
and Wiener systems with non-parameterized nonlinearity f(-). By the way, the Ham-
merstein and Wiener systems with f(-) being a piece-wise linear function have also
been recursively identified recently by the author with co-authors giving the strongly
consistent estimates for all unknown system parameters.

A set of examples have been computed according to the algorithms given in the
paper for various systems, and the numerical simulation results are consistent with
theoretical analysis. The general picture is that some fluctuations appear at the first
steps and then estimates approach to the true values.

For further research it is of interest to consider more general inputs wug, more

complicated nonlinearities, and possibly the adaptive control problems.
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