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ADAPTIVE CONTROL OF LINEAR TIME INVARIANT SYSTEMS:
THE \BET ON THE BEST" PRINCIPLE

S. BITTANTI Y AND M. C. CAMPI Z

Abstract.  Over the last three decades, the certainty equivalence prin ciple has been the funda-
mental paradigm in the design of adaptive control laws. Itis  well known, however, that for general
control criterions the performance achieved through its us e is strictly suboptimal. In order to over-
come this di culty, two di erent approaches have been propo  sed: i) the use of cost-biased parameter
estimators; and ii) the injection of probing signals into th e system so as to enforce consistency in the
parameter estimate.

This paper presents an overview of the cost-biased approach . New insight is achieved in this
paper by the formalization of a general cost-biased princip le named \Bet On the Best'-BOB. BOB
may work in situations in which more standard implementatio  ns of the cost-biasing idea may fail to
achieve optimality.

Key words: adaptive control; stochastic systems; certainty equivale nce principle; long-term
average cost; optimality.

1. Introduction: an overview of adaptation as a means to achi eve an
\ideal" control objective. An adaptive control problem is a control problem in
which some parameter describing the system is known with urertainty. During the
operation of the control system, the controller collects irfformation on the system be-
havior, thereby reducing the level of uncertainty regarding the value of the parameter.
In turn, as the level of uncertainty is reduced, the controller is tuned more accurately
on the system parameter so as to obtain a better control rest! In this procedure it
is essential that the controller chooses the control actios so as to minimize the per-
formance index, as well as probe the system so that uncertaip is reduced to better
select future control actions.

In this paper we consider adaptive long-term average optimhcontrol problems.
In adaptive control, due to the uncertainty a ecting the tru e value of the system
parameter, the control law cannot be expected to be optimal m nite time. When
the cost criterion is of the long-term average type, howeverthe control performance
in nite time does not a ect the asymptotic value of the contr ol cost. Hence, even in
an adaptive context there is a hope to achieve optimality, ie. to drive the long-term
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average cost to the value which would have been obtained undeomplete knowledge
of the system. When this happens, we say that the adaptive camol law meets the
ideal objective

A control problem with an unknown system parameter is equivdent to a control
problem with complete system knowledge in which the state cmprises the set of all
probability distributions on the unknown parameter, Strie bel (1965). This theoretical
result, however, does not translate into practical soluticm methods due to the com-
plexity involved in handling the corresponding in nite dim ensional problem. To make
the problem tractable, it is common practice to resort to special solution methods able
to abate the computational complexity.

The most common special solution methods rely on the so-calt certainty equiv-
alence principle, Bar-Shalom and Tse (1974), Bar-Shalom and Wall (1974). Theun-
known parameter is estimated via some estimation method andhe estimate is used as
if it were the true value of the unknown parameter. In this approach, the distribution
of the unknown parameter is simply substituted by a single emate representing, in
some sense, the most probable value of it.

Certainty equivalent adaptive control schemes have been sidied by many au-
thors. Goodwin et al. (1981) prove that a certainty equivalent controller based on
the stochastic approximation algorithm achieves the idealobjective for minimum out-
put variance costs. This result has been extended to least s@res minimum output
variance adaptive control in Sin and Goodwin (1982), Bittanti et al. (1990), Campi
(1991), and Bittanti and Campi (1996). A complete analysis d a minimum output
variance self-tuning regulator equipped with the extendedleast squares algorithm can
be found in Guo and Chen (1991). Again, the main result is thatthis adaptive scheme
achieves the ideal objective.

The fact that the ideal objective is met in the situations described in the above
mentioned papers is due to the special properties of the mimium output variance
cost criterion. On the other hand, it is well known that the certainty equivalence
principle su ers from a general identi ability problem, na mely the parameter estimate
can converge with positive probability to a false value, e.g Astem and Wittenmark
(1973), Becker et al. (1985), Campi (1996), Campi and Kumar 1998). When a cost
criterion other than the output variance is considered, this identi ability problem
leads to a strictly suboptimal performance. See e.g. Lin et b (1985), Polderman
(1986a,b), and van Schuppen (1994) for a discussion on thisrgblem in dierent
contexts.

In order to overcome this problem, two approaches have beenrpposed in the
literature. The rst one consists in adding a dither noise to the control input so as to
improve the excitation characteristics of the signals, Canes and Lafortune (1984). As
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a consequence, standard parameter estimators are then able provide consistent esti-

mates and the mentioned identi ability problem automatica lly disappears. However,
as noted by Chen and Guo (1987a), this may result in a degradadn of the control

system performance. Asymptotic optimality is recovered byletting the additive noise

vanish in the long run (attenuating excitation). Many optim ality results have been
established along this line, Chen and Guo (1986, 1987a,b, 88, 1991), Guo and Chen
(1991), Guo (1996), Duncan et al. (1999), while persistencef excitation conditions

of di erent types have been used in Duncan and Pasik-Duncan 1986,1991), Caines
(1992).

The second approach has its origins in the work by Kumar and Beker (1982). It
consists in the employment of a cost-biased parameter estiator, and does not require
the use of any extra probing signal. The basic idea is as folles. Consider a standard
(i.e. without biasing) estimator operating in a closed-log adaptive control system.
It is natural to expect that this estimator is able to correct ly describe the closed-loop
behavior of the system. Thus, one expects that the asymptot behavior of the true
system with the loop closed by the adaptively chosen contrdér will be the same as the
behavior of the estimated system with the loop closed by the ame controller. This
implies that the long-term average cost associated with thee two control systems will
be the same. Since the adaptive controller is selected to beptimal for the estimated
system, this also means that the adaptively controlled truesystem attains the optimal
performance for the estimated system. On the other hand, thdact that the estimator
is able to describe the closed-loop behavior of the true sysm by no means implies
that the true system has been correctly estimated. As a matte of fact, it is possible
that the estimated system and the true system share the samedhavior in the actual
closed-loop conditions, while they would behave di erently in other situations. Even
more so, it can be the case that if one knew the true system at tl start, an optimal
controller for it could be designed that outdoes the perfornance obtained by the
adaptively chosen controller. These observations carry tw consequences. First, the
adaptive controller can be strictly suboptimal. Second, ifthis is the case, then the
asymptotically estimated system has associated an optimatost which is strictly larger
than the optimal cost for the true system. In this way, we cometo the conclusion that
the standard parameter estimator has a natural tendency to eturn estimates with an
optimal cost larger than or equal to that of the true system and, if it is strictly larger,
this leads to a strictly suboptimal performance.

Motivated by this observation, Kumar and Becker (1982) coneived of introducing
a cost-biasing term in the parameter estimator that favors those parameter estimates
corresponding to a smaller optimal cost. The cost-bias musbe strong enough such
that the estimator can never stick at a parameter estimate wth an optimal cost larger
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than the true one. At the same time, however, it must be delicde so that the ability of
identifying the closed-loop dynamics is not destroyed. If hese two objectives are met
simultaneously, then the performance of the true closed-lop system will be the same
as the one of the estimated closed-loop system. Moreover, ¢hlatter is no worse than
the optimal performance for the true system due to the cost-lasing and, therefore,
optimality is achieved. This approach has been investigatd in di erent contexts in
the following papers, Kumar and Becker (1982), Kumar (1983¢b), Milito and Cruz
(1987), Borkar (1993), Campi and Kumar (1998), Prandini and Campi (2001).

Objective of this paper

This paper is primarily an overview of cost-biased adaptaton as a means to achieve
optimality. Additionally, the cost-biased idea is here cag into a novel and fruitful
viewpoint via the introduction of a new principle named \Bet On the Best" - BOB.
BOB bears a promise of more general applicability than standrd implementations of
the cost-biasing idea.

Structure of the paper

The structure of the paper is as follows. The BOB principle ispresented in Sections 2
and 3. As an example, in Section 4 the BOB principle is appliedo a scalar adaptive
linear quadratic Gaussian (LQG) control problem.

2. The adaptive control setting. This section serves the purpose of intro-
ducing the general control set-up and that of xing notations. Explicit assumptions
on the stochastic nature of signals are delayed to subsequesections. Measurability
conditions are assumed for granted throughout.

Consider a linear time invariant system described as

(1) xte1 = A X+ B( Jug+ wl;

2) ye= C( )xe + wi;

where x; 2 R" is the state, u; 2 R?! is the control variable, y; 2 R is the system
output, Wﬁ’l and wt(i)l are noise processes. is an unknown true parameter belonging
to a given parameter set .

The adaptive control process takes place as follows. At timé the adaptive con-
troller has access to the observations; = fug;uz;:::;uUr 1;Y1;Y2;:::;Ytg. Based
on this, it selects the control input u;. As a consequence of this control action,
the state transits from x; to X;+1 according to equation (1), a new output Y;.+1
generated according to equation (2) becomes available and eost c(u;;y;) is paid.

Then, the observation set is updated tooi+1 = o [f ut;Vyi+1 g and the controller
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selects the subsequent control input. A control law is a segence of functionsl; :
Rt 1 R'! R? andli(a) is the corresponding control input after we have observed

The control objective is to minimize the long-term average ost criterion

J =limsup L c(ug; yr):
na o N

Forany 2 and forasystemasin (1) and (2) with in place of , we assume

? a:s: (almost surely), whereJ ? is a deterministic

that, for any control law 1, J J
quantity, and that J ? is achieved a.s. by applying a control lawl?, . 1% is named
an optimal control law. Our objective is that of driving J to the optimal value J ?

for the true system with parameter . In the actual implementation of a control
action, however, is not known and, therefore, information regarding its value must

be accrued through time via the observationsu; and y; (adaptive control problen).

3. The \Bet On the Best" (BOB) principle. The BOB principle has rst
appeared in the conference paper Campi (1997). This is the st time this principle
is discussed in a journal paper.

We start with an example in which the certainty equivalence principle leads to
a control cost which is strictly suboptimal. A similar example is also provided in
Kumar (1983b), where, dierently from the present case, a nite parameter set is
considered. This example will serve as a start for the subsegnt discussion where
we rst summarize some well-recognized facts regarding thecertainty equivalence
approach. The discussion will then culminate in the formulaion of the BOB principle.

Example 1. Consider the system

Xt+1 = @ X¢ + b up + Wiag ;

wherew; is an i.i.d. N (0;1) noise process and state; is accessiblely; = x;. Vector
fla b]:
b=8a=5 3=5;a2 [0;1]g. Our objective is to minimize the long-term average cost
limsupyy  1=N N, [ + u?], where q = 25=24.

In order to determine an estimate of [a b ]the standard least squares algorithm

[a b ]is unknown but we know that it belongs to a compact set

is used. This amounts to selecting at timet the vector [ a-> B> ] which minimizes
the index P ,t(zll (xk+1 axk bu)?. Once estimate [aS B-S ] has been determined,
according to the certainty equivalence principle the optimal control law for parameter
[aS BS ]is applied.

Suppose now that at a certain instant point t the least squares estimate is
[aS BS ]=[1 1] Since the corresponding optimal control law is given by
ur = 5=8x; (see e.g. Bertsekas (1987)), the squared error at time+1 turns out to be
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(Xt+1  axXy bw)? =(xX@+1 axy (8a=5 3=5)( 5-8x{))? = (xi+1 3=8x{)%;8[a b]2
. The important feature of this last expression is that it is independent of parameter
[a b]2 . Hence, the term added at time t + 1 to the least squares index does
not in uence the location of its minimizer and the least squares estimate remains
unchanged at timet+1: [ at3 B ]=[a® b° ]=[1 1]. Asthe same rationale
can be repeated in the subsequent instant points, we can cohde that the estimate
sticksat[1 1].
Now, the important fact is that the least squares estimates @an in fact take value
[ 1 1] with positive probability, even when the true parameter is di erent from
[1 1]. Moreover, the optimal cost for the true parameter may ke strictly lower than
the incurred cost obtained by applying the optimal control law for parameter [ 1 1 ].
To see that this is the case, suppose thatg b ]=[0 3=5] and assume that the
system is initialized with x; =1 and u; = 0. Then, at time t = 2 the least squares
estimate minimizes the cost &k, a)2 = (w, a)2. Thus, [a5° B° ]=[1 1]
wheneverw, > 1, which happens with positive probability. In addition, it is easily
seen that the cost associated with the optimal control law fo parameter [ 1 1] is 5/3
whereas the optimal cost for the true parameter[a b ]=[0 3=5]is 25/24.
A careful analysis of the example above reveals where the tudble comes from with
a straightforward use of the certainty equivalence princige. When the suboptimal
control uy = 5=8 x; is selected based on the current estimate &5 ©S 1=[1 1],
the resulting observation isy+1 = Xt+1 = 3=8X;+ W41 . This observation is in perfect
agreement with the one which would have been obtained if p-> b5 1=[1 1]
were the true parameter. Therefore, there is no reason for hang doubts as to the
correctness of the estimate -S> B-S ] and thus this estimate is kept unchanged at
the next time point.
This is just a single example of a general estimability probém arising in adaptive
control problems. This general estimability problem can bedescribed as follows:
applying to the true system a control which is optimal for the estimated
system may result in observations which concur with those ttat would have
been obtained if the estimated system were the true system;
if the estimation method drives the estimate to a value such hat the above happens,
then
there is no clue that the system is incorrectly estimated and consequently,
the estimate remains unchanged;
however,
the adopted control law is optimal for the estimated system,while it may be
strictly suboptimal for the true system.
A way out of this pernicious mechanism is to employ a more ne gained esti-
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mation method based on the optimal long-term average cost fothe di erent systems

with parameters 2 . Developing this idea will lead us to the formulation of the

\Bet On the Best principle".

We start by observing the following elementary fact:

suppose we apply to the true system a control law which is optinal for another
system. If the long-term average cost we pay is di erent fromthe optimal
cost for this second system, then this system is falsi ed by he observations
and it can be dropped from the set of possible true systems.

Suppose now that at a certain instant point, we select among lte systems which are

still unfalsi ed the one with lower optimal cost. Then,
if we pay a cost di erent from the expected one, we can falsifythis system.
In the opposite, we cannot falsify it, but then we are paying acost which is
minimal over the set of possible true systems. Indeed, thismplies that we
are actually paying the optimal cost for the true system.

These considerations can be summarized as follows: selewia control law which
is optimal for the best unfalsied system (i.e. the system wih lower optimal cost
among those that are as far unfalsi ed by the observations) nay lead to an estima-
bility problem only when we are achieving optimality. This is in contrast with what
happens with the straightforward certainty equivalence principle, where an estimabil-
ity problem may arise and, yet, the incurred cost may be strigcly suboptimal.

The above observations suggest that a very natural way to oveome the estima-
bility problem posed by the certainty equivalence principle is simply to iteratively
select among the unfalsi ed systems the one with minimal opimal cost and then
apply the optimal control law for it. We then arrive at formul ating the following
procedure of general validity:

The \Bet On the Best" (BOB) principle

At the generic instant point t, do the following:
1. determine the set of unfalsi ed systems;
2. select the system in the unfalsi ed set with lowest optimd cost;
3. apply the decision which is optimal for the selected syste.

3.1. Mathematical formalization of the BOB-principle. In this section we
more precisely formalize the concept of unfalsi ed system ad exhibit in mathematical
terms the properties of the unfalsi ed set such that applying the BOB-principle leads
to optimality.

Let U; denote the unfalsi ed set at time t. Clearly, this set will depend on the
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on the control law | applied from time k =1 to time k=1t 1. Once the control law
has been xed, processesi; and y; are completely determined and so is the sequence
of unfalsi ed sets U;. The question that we need now to address is: what are the
mathematical conditions U; has to satisfy so that application of the BOB principle
leads to optimality? This question is answered in this secton.

Assume that argmin ,; J ? exists and call it ™" . Select the optimal control
action for " : u; = |?{nin +(0). Then,
Condition i)

. 1
limsup —

. 1 ”
c(ug; =limsup — J wn s
A N (ug; yr) ns p N '

t=1 t=1

Condition ii)
2 [ t \ kst U as:

Securing condition i) appears a doable objective under gemal circumstances. In
fact, if the long-term average cost paid by applying the optimal control law for [
were di erent from the expected average cost, there would besvidence that such a

min - has to be falsi ed (and, therefore, ™" should not be in U; for somet).

Condition ii) simply says that the falsi cation procedure m ust not be overselective
so that it also falsi es the true system (note that considering [ ¢ \ kst Uk rather than
the straightforward U allows for transient phenomena due to stochastic uctuations).

The following simple theorem points out the e ectiveness ofthe BOB-principle
when conditions i) and ii) are met.

Theorem 1. Under conditions i) and ii), the BOB-procedure achieves theideal
objective, i.e.

. 1
limsup — c(u;yy)=J7?  as:
Nna o N
t=1
Proof. Condition ii) implies that 2 U;; 8t t, wheret is a suitable instant point,
a.s. From this, inf 55, J7 J ?;8t t, a.s. Since, according to the BOB-procedure,
at each instant point t we select inU; the parameter ™" with lower optimal cost
J % » we obtain limsupy,; 1=N {\':1 J 7. limsupy,; 1=N {\':1 J? =77,
Thus, applying condition i) yields

. 1
limsup —

. 1
c(ugy) =limsup — I %, J 7 as:
ni o N N1

N t

t=1 t=1

so concluding that the incurred cost is optimal.
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3.2. Discussion. The BOB principle bears a promise of more general applica-
bility than other formulations of the cost-biasing idea.

In previous contributions such as Kumar (1993b) and Campi anl Kumar (1998),
identi cation was based on a delicate two-term estimation aiterion, where the rst
term was the standard maximum likelihood and the second termwas a cost-biasing
term. A correct estimation of the closed-loop dynamics was elying on the presence
of the rst term, which, so to say, had not to be bogged down by the second term
that was pushing the estimate towards parameter locations orresponding to lower
optimal costs. In turn, this was calling for the presence of gstem noise that could
suitably excite the true system. This delicate balance is atomatically overcome with
the BOB philosophy: if the estimate is biased towards paraméers that correspond
to a \superoptimal" cost, in the long run an average cost larger than the expected
superoptimal cost will certainly be obtained and, therefore, according to condition i)
in Section 3.1 this parameter will be discarded.

For a practical implementation of the BOB procedure, what remains to determine
is the actual falsi cation rule. This determination is dependent on the speci ¢ control
set-up. To make things concrete, in the next section we presg an application to a
scalar adaptive control problem. The recent interesting wak by Levanony and Caines
(2005) can be seen as another application of this same BOB mciple. In this latter
paper, the analysis is carried out for systems with multivaiate state thanks to the
observation that optimizing the LQG cost restricted to a region that shrinks around
where closed-loop identi cation holds necessarily leadsa a consistent estimate. See
also Levanony and Caines (2001a,b) for a recursive impleméation of the algorithm.

4. An application of the BOB principle: scalar adaptive LQG ¢ ontrol.

4.1. Problem position.  Consider the scalar system
(3) Xt+1 = @ X¢ + b up + Wiaq ;

where w; is a noise process described as an i.i.d. Gaussian sequendthvzero mean
and unitary variance. The true parameter =[ a b ]is unknown and belongs to a
known compact set R2 suchthat b6 0;8[a b]2 (controllability condition).

The system state is observed without noise, i.ey; = x;. Finally, the long-term cost

criterion is given by
1 X
(4) limsup —  [gx2 + u?]; q>0:
N N

In the case in which the true parameter is known, it is a standard matter
to compute the optimal control law that minimizes criterion (4) (see e.g. Bertsekas
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(1987)). Letting p(a ;b ) be the positive solution to the scalar Riccati equation

o= (a )?p

Ty @

the control input at time t is computed as
ur = K(a ;b )xt;

where gainK (a ;b)) is given by

abp(a;b)

@) Byra )T

The corresponding optimal cost is simplyJ (?a e p(a ;b).
In the adaptive case where is not known, we set the following

Adaptive control problem

Find a control law |; such that, with the position u; = I;(0;), we achieve the ideal
objective, i.e. limsupy,, 1=N |1, [x@+ u?] = Jip), as.8la b]2.

4.2. Solving the adaptive control problem via the BOB-princ iple. To
attack the adaptive control problem with the BOB-principle we need to nd a suitable
falsi cation criterion. The resulting unfalsi ed sets sho uld satisfy conditions i) and
i) in Theorem 1.

A hint on how to select the unfalsi ed sets so as to satisfy codition ii) is provided
by Lemma 1 below.

Name [atS BS ] the least squares estimate of B b

X 1
[at® B° ]:=argmin [a b]2R?2 (Xk+1  @Xk bUk)zi
k=1
Pt 1 7
anddene ¢ :=[ X¢ U], andVy:= | ¢ «k-

P
Lemma 1. Choose a function  such thatlog }_; x2 = o ;) and de ne the

unfalsi ed set sequence through equation
(5)
U:= [ab]2 : ( ab]l [a° #°)w(@a b] [a° B°]D" .

Then,
[a b ]2[¢\kt Wk as:

Proof. The least squares estimate p-S S | writes:
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LS S X1 X2 T
[a® B° )= kXk+1 Kok
k=1 k=1 |
1 1 o1
X X1
=[a b ]+ Kk Wi+1 Kk
k=1 k=1

Thus,

((a b] [&° B°Dv(a b [a® B°]T
k Wk+1 I k -|I<—Wk+l
k=1 k=1 k=1

By applying result iii) in Lemma 1 of Lai and Wei (1982) we know that the right
hand side of this last equation is O(log L:ll k k?) a:s:. Moreover, by equation
jud  sup, g JK(aib)j jxkj we know that log o1 k k2= O@log ™ |1 x2). In

conclusion,

X
(a bl [a® B°Dw(a b1 [a® H°]D'=0 log xi as:
k=1

The thesis immediately follows from this last equation by recalling that
X 1

O(log  x2)= of 1):
k=1

Lemma 1 delivers a lower bound for , the ful llment of which implies that
condition ii) is satis ed. Next, we need to determine a condtion such that condition
i) is satis ed as well. This will lead us to introduce an upper bound for .

We start by proving the following stability result.

Theorem 2. Choose a function ¢ such that ; = 0(I092P ,t(zll x2) and set
ur = K(at;h)xy, where [ a; I ] belongs almost surely to set); de ned through
equation (5). Then,

. X
limsup — [ixq" +jwj'l1< 1 as; 8r:
N N
The proof of Theorem 2 is based on the following auxiliary lerma, the technical
proof of which is given in Appendix A.
Lemma 2. Under the same assumptions as in Theorem 2 we have
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X X
i@ adxe+(b  B)wj"=of jxj') as; 8r 2
t=1t62T t=1
where Ty is a set of time instant points depending onN such thatjTyj 2, 8N (j j
stands for cardinality).
Proof of Theorem 2.

Fix an integer N. For t 2 [1; N], rewrite system (3) as follows

(a + bK(a; B))xe + pr+ Wi ;. 621

(6) Xt+1 =
(a + b K(a;b))xt + Wesr ; t2Tn

where p; is a perturbation term de ned as
pri=(a  a)xi+(b  hug
and Ty is the set of instant points mentioned in Lemma 2.
Set

= sup ja + b K(a;bj;
[a b]2

= sup ja+ bK(a;b)j:
[a b]2
SinceK (a;b) is the optimal gain for system x;.; = ax; + bu + w41 , the closed-loop
dynamical matrix a+ bK(a;b) is stable, i.e. ja+ bK(a;h)j < 1. Since is a compact
set, we then have < 1.
With these positions, state x; generated by system (6) can be bounded as follows

X1 X1
jxtj 2 (t 1 k) 2jpkj+ 2 (t 1 k) szk+lj+ 2 (t 1) ijlj:
k=1 k62T k=1
Form this,
X Xt Xt _
(7) xdg" ¢ jp" e jwajt +
t=1 t=1 ;162 t=1

where c is a suitable constant.
Note now that P {\':1 ljwtﬂjr = O(N) a.s.. Moreover, in view of Lemma 2, for any
r 2 we have: {\‘:1 ;1tezTN ipd" = of {\‘:1 iXtj") a.s.. By substituting these estimates
in (7) we obtain
I

X

x¢tj" = o Ni ixij" + 0@1) as; 8r 2

t=1 t=1
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from which the conclusion is immediately drawn that

. 1 X
limsup —  jxj" <1 as; 8r 2
N N
Result limsupyyy & = JW" < 1 as., 8r 2 also follows by noting that
juj  supap  JK(@;B)jjxtj. In conclusion,

. X
limsup —  [ix¢ +juj']<1 as; 8r 2
Nna o N
t=1
Finally, we observe that the boundedness result for 2 obviously implies that
a similar result holds true for any r, so that the stability result remains proven for

any r.

The next lemma gives an upper bound for ; such that condition i) in Theorem
1 is satised. This result used in conjunction with Lemma 1 provides us with the
conditions such that the BOB-principle can be successfullyused.

Lemma 3. Let  =log*® L:ll x2 for some s < 2 and setu; = K (™" ; g™ )xq,
where[ a™ B J:=argmin; , y 20, d{a b} Then

. 1
[gx + u?] = “WEUP 5 Jmy a&s

lim sup =
na o N (=1

t=1
Proof. For notational simplicity, throughout we write a; and b for ™" and B .
Let Fy:=  (wy; Wil Wy).
The dynamic programming equation for modelxi+; = arX¢ + bu; + Wi writes
(Bertsekas (1987))

‘](";11 b) T p(ac; b)x?
= o) + uZ + E[p(a; b)(acx + bug + Wesg )2 j Fi]
= ¢ + uZ+ E[p(a; b)xZy jFd+ plash) (axe+ hu)? (@ xg+ bu)? ;

from which
X, 1 X ) ,
N Jawty p(a; )Xy E[p(ace ;b1 )Xt JFil
t=1 I t=1 {Z }
A
2 2 1 X\l 2 .
N [axg + ug] + N Ellp(a; ) p(ac+s s brea ))Xfh JFil
t=1 t=1
| {z }
B
1 X\l 2 2
(8) + N p(as; ) (arxt + buy) (a xt+ bu)” :

| =2 {z }
C
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Let us study separately the di erent terms appearing in this equation.
A) Term (A) can be rewritten as
1 1
N P@bOXE p(a e )XR
X 2 2
+ — p(at+1 ;b1 )Xt+1 E[p(at+1 ; bis1 )Xt+1 jF:]

The rst term obviously tends to zero. As for the second term, note that if we
assume that it does not tend to zero, then there exists a time equencety and a real

N
Notm X
2t2 = 1 . This contradicts Theorem 2 and, so,

number > 0 such that jx¢ j> > t k, 8k. From this, limsupy
limsupy; — ixe j* > limsupy,; &
the second term tends to zero as well. In the third term, 41 = p(a+1; b+ )Xt2+1
El[p(as+1 ; b+1 )%, j Fi] is a martingale dierence. Therefore, Ni {\‘:1 t+1 ! 0,
provided that = |, t 2E[ 4, jFi]< 1 (see Hall and Heyde (1980), Theorem 2.18).
Sincep(ai+1 ; bi+1 ) is bounded, it is easily seen that this last condition is imdied by

tlzl t 2[ix¢j* + ju;j*] < 1 . Again, this conclusion can be drawn by contradiction
from Theorem 2. In fact, if this conclusion were false, sequeet =2[jx;j* + juj*]
would be unbounded, and therefore there would exist a sequee of instant points ty
N Dxd® + jugr?
limsupy = [i%e, j* + juy, j*1* > limsup,,  £tZ = 1 and this is in contradiction
with Theorem 2.

such that [jxy, j4 + juy, j*] > t s 2, 8k. From this, limsupy

In conclusion,A! 0 a.s..

B) Notice rst that, by Schwarz inequality,

1 X 2
N (p(ag; ) pag+r s e ) Xfg
t=1

1 X .
= j(p(a;h)  pacs ;b ))ixéy

N\
1 Xq ! 1=2 1 X‘I ! 1=2
= (p(a;B)  pass ;b ))? = X{y
N e N o

In this last expression, the second term remains bounded by fleorem 2, while the
rst term tends to zero (see Appendix B for the proof of this fact). Thus,

9) N'!En Wt:l (p(a; ) placsr ;b1 )Xy = as:
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Finally, conclusion

N1z N

t=

; 1 X ) ) 2 .
lim — El(p(a; )  p(ag+s ;b1 ))Xéer JFe]  as:
1

is drawn from (9) by observing that
e = (pach)  pas B )Xfy ELP(ac ) pac ;e ))XE §Fi

is a martingale di erence for which, by calculations resemlling those developed in
point (A) for ¢, we have: L, 1! O.

C) By Schwarz inequality,

1 X 2 2
N p(a; ) (arxe + buy) (a x¢ + bu)
t=1

1=
1 X )
sup p(&b) = ((axc+ bu) (axi+ buy))
[a bj2 N o

X

I 1=

((ax + byug) + (@ x¢ + b up))?
t=1

1

N

Since EN P thl ((agxt + yup) + (@ x¢ + b uy))? remains bounded (see Theorem 2), to

showthatC ! 0itsucesto provethatl =N thl ((agx¢+yu) (a x¢+bu))?! 0.
From Lemma 2 we have

1 X )
N ((arxt + uy)  (a x¢ + buy))
t=1
|
1 X 1 X )
=0 g Xty ((@xethu) (@x+bu))™
t=1 t2T N

The rst term in the right hand side tends to zero because of the stability The-
orem 2. As for the second term, by recalling thatjTy j 2, it is easy to prove
that it tends to zero by arguments similar to those used in poit (A) to show that

Ep(ans1;bus)xd, PO

By inserting all the partial results in equation (8) the thesis is obtained.

By selecting the unfalsi ed set at time t as given in de nition (5) with the bounds
on  as suggested by Lemma 1 and 3, the BOB procedure writes

Adaptive control method

At time t, do the following:
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P
1. determine U, as in de nition (5) with = log® L:ll x2; s2(1;2);

2. compute [a™ K" ] as the minimizer of J 7., in U:
[a™ H™ ]:=argmin g, gou,J Gy
3. compute u; by applying the optimal control law for [ a™" " ]:

u = K (@"" ;g )x,:

The e ectiveness of this adaptive control method is guaraneed by Theorem 1 due
to that conditions i) and ii) follow from Lemma 1 and Lemma 3, so delivering the
following optimality theorem.

Theorem 3.  With the control law chosen according to the adaptive contrio
method, we achieve the ideal objective, i.e.

X
limsup1=N [+ uf]=Jj ,, as;8a b ]2
N1 t=1 '
Appendix A
De ne

vi=[(a a) (b h)I

Since [a; b ]2 , sequence v; is bounded. Denote byv an upper bound for kv;k:
kvik v;8t.
We start by proving that (remember that  =[ x¢ u; ]):
K 1 K 1 '
(10) jvhit=o X" as: 8r 2
t=1 t=1
To this purpose, note rst that

K 1 K 1
(11) x?=0 Xt as:
t=1 t=1
Indeed,
2 ! r:232‘r
X 1 1 X!
th =N 4 W th 5
t=1 t=1
" # =
1 K 1 2=r
N N ixej" (using Jensen% inequality )
t=1
T # oo

|
X
A
=
P4
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P
and limsupy,; N= thlljxtjr < 1 a.s. since procesx; is aected by the noise
processw;. Secondly, by observing that[ay by ]2Uy and[a b ]2 Uy too for
N large enough (see Lemma 1),

X 1 K 1 !
(12) (vi)2=0 log> x? as:
t=1 t=1

Equation (10) is easily derived from (11) and (12) as follows

1 I 1 r=2
I ( tvR)?)
t=1 t=1 |
D G
=0 log x2 (using (12))
=1
Y 1
=0 x2
t=1
Y 1
=0 xgt o (using (11))
t=1

Fix now a real number > 0 and an integerN.
De ne a sequence of subspaceS;;t = 1;2;:::;N +1 of R? by the following
backward recursive procedure:

fort=N+1,setS; = ;;

fort = N;N 1;:::;1, set (the symbolv;.s stands for the projection of vectorv; onto
subspaceS)
(
; if kvp.g2 K
(13) 5= O kST

Si+1 spanfvig; otherwise.
Denote by Ty the set of instant points at which subspaceS; expands: ift 2 Ty,
then S;  Si+1 strictly. These instant pints are obviously at most two. Let denote
them by t; and t; (t; >t2). Moreover, leti(t) ;= maxfi:t;j tg. Sincekvik v;8t,

the angle betweenv;, and v;, may tend to zero only if ! 0. Then, there exists a
constant ¢( ) dependent on , but independent of N, such that
X

ks k() j v
i=1
Thus, for eacht 2 [1;N] we have
it ki t;s;'VtT;sgjr + K s Vs, )"
XV
k "k (k" + kvc() v
i=1
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wherek is a suitable constant depending orr.

So,
X X XY
javiit kT k tk" + kv'c( ) i tVtTijr
t=1 t 62T, t=1 t=1;t62% i=1
X XU X 1
k' Kk (k' +kve() i o
t=1 i=1 t=1 |
X 1 '
k' k (k" + kv'c( )20 ixgt o (using (10))
t=1 t=1

Since k k" Cjx¢j", where c is a suitable constant, from this last inequality we
conclude that

? tN— ooy ) VI
limsup ‘J.J’N L k "c:

Due to the arbitrariness of , this completes the proof of the lemma.

Appendix B
Note rst that
(14) t+1 ! 0 as:
Indeed,
Xt X1
t+1 t = |OgS Xa |OgS Xa
k=1 k=1
2 X 2 X 2 L .
log> xZ log x2 (when log>  xZ > 1; since s < 2)
k=1 k=1 | k=1
P t XZ K1 '
=log P't‘%x'; log x2+log X2
k=1 Mk k=1 k=1
x? X _ _
(15) P%XZZIOQ x2: (using relation log(1+ x)  X)
k=1 Xk k=1

In this last expression, P |t<=1 x2 grows linearly (in fact, P |t<=1 x2 does not grow less
than linearly because of the presence of noiseg; a ecting the system equation (3) and
does not grow faster than linearly because of the stability Theorem 2). Moreover, by
similar arguments as those used in point (A) of the proof of Lenma 3, x? = o(t1=2).
Using these estimates in (15) we obtain

logt .
t+1 t [0} tl—:2 a.s:
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which implies (14).

Consider now de nition (5) of set U;. In the light of equations (14) and also
considering that kernel V; is increasing and thatk[at°> b5 ] [akd 0 k! Oas;,
we can conclude that any parameterg b 2 U;+; U  has a distance fromU; that tends
tozeroast!1 , namely SUfappy,., U, iNflamou, Kla bl [a°Bk! 0;t!11 . Since
J('-’;) = p( ;) is a continuous function in we then have that there exist a v anishing
function (¢! 0) such that

?

pach)  plasaiba)= Jhn) I Gow b)) U

Finally, letting N* denote the set of instant pointst 2 [1; N] such that p(a;; k)
p(at+l ! L1+1 ) O!

ip(as; ) p(ag+s ;bi+1)j

t=1 X
sup p(a;b+2 (p(a; )  p(ages ;e )
[a b]2 ST

sup p(a;b+2 t
[a b]2 t2N*

= o(N) as;

so concluding the proof.
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