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PARAMETER ESTIMATES FOR LINEAR PARTIAL DIFFERENTIAL
EQUATIONS WITH FRACTIONAL BOUNDARY NOISE

BOHDAN MASLOWSKI Y AND JAN POSP ISILZ

Abstract.  Parameter-dependent linear evolution equations with a fra  ctional noise in the bound-
ary conditions are studied. Ergodic-type theorems for stat ionary and non-stationary solutions are
veri ed and used to prove the strong consistency of a suitabl y de ned family of estimators.

Key words:  parameter identi cation, ergodicity, stochastic partial di erential equations, frac-
tional Brownian motion, fractional Ornstein-Uhlenbeck pr  ocess

1. Introduction.  Evolution equations perturbed by a fractional Gaussian nose
have been studied in recent years by several authors, e.g. Doan, Maslowski and
Pasik-Duncan [4], [5] and [6]; Grecksch and Anh [7] Maslowskand Nualart [11], and
others. In these papers (with the exception of a section in [ equations perturbed
by distributed noise are considered. In the present paper weleal with a parabolic
problem (typically, the heat equation) perturbed by a boundary noise, that is, the
boundary conditions (for example, of the Dirichlet or Neumann type) involve the
fractional noise, the generalized derivative of a fractional Brownian motion. More
speci cally, consider the problem

%ﬁt; )=yt ) (6 )2R. O

where O is a bounded domain in the Euclidean space with a smooth bouraty and
> 0 is an unknown parameter. We consider the initial conditiony(0; ) = Xxo( )
and boundary conditions, for example,

yit )= "t ) (4 )2R. @;

where " denotes formally the derivative of a space-dependent pross that is frac-
tional Brownian motion in time, with the Hurst parameter H 2 (0;1).

Boundary (and pointwise) noise problems have been consided (for a xed value
of the parameter) in numerous papers in case whell = 1=2, i.e. the noise is white
in time (cf. [2], Section 13 and the references therein). Fothe "fractional" case when
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H > 1=2, the basic theory may be found in [4], Section 5, where restd on existence,
unigueness and pathwise regularity of solutions are proven

The problem of estimating parameters in stochastic equatias with fractional
noises has been studied also only recently. Estimation forasme nite-dimensional
stochastic equations based on discrete observations wasgsented by Prakasa Rao in
[18]. He also investigated the asymptotic properties of themaximum likelihood esti-
mator and the Bayes estimator of the drift parameter in stochastic equations driven
by fractional Brownian motion, see [19] and [20]. In in nite-dimensional case (for
stochastic PDEs) the problem has been studied in [12] (for hear equations). For
stochastic parabolic equation with a scalar multiplicative fractional Brownian motion
was also mentioned in [5]. Of course, the problem has been ta¢r extensively stud-
ied in the important particular case of white noise (H = 1=2). There exist several
methods mainly of statistical origin. Let us mention at least the so called maximum
likelihood estimates method. Huebner and Rozovskii used iin [9] to estimate param-
eters from a continuous observation of a solution to stochag parabolic equations
driven by Wiener process. Khasminskii and Milstein studiedin [10] the estimation of
the linearised drift for nonlinear SDEs.

This paper is in principle a continuation of an earlier authors' paper [12] where
similar problems have been studied for equations perturbedy distributed fractional
noise. In order to treat the problem rigorously, at rst a mat hematically correct
model is introduced (following [4]) and some results on exience and ergodicity of
strictly stationary solutions are given for the equation with a xed parameter value.
The abstract model that is considered is rather general and a particular cases it may
cover a wide range of linear stochastic PDEs (of parabolic tge) as well as the nite-
dimensional equations. For the parameter dependent equatin at rst the dependence
of the equilibrium measure on the parameter must be speci ed This is important for
our de nition of estimators. In this respect the results are di erent from equations
with distributed noise ([12]) because in the abstract model(or the in nite-dimensional
formulation of the boundary noise problem) the parameter automatically appears
also in the noise term.

Section 2 of the paper contains some preliminaries, basic dgtions and notation
are given and the in nite dimensional formulation of the problem is presented. Section
3 is devoted to ergodic results: Existence and ergodicity of stationary solution is
stated (the proofs of these results are completely analog@uto the case considered in
[12] and are only sketched) and a theorem on ergodic behaviowf solutions with an
arbitrary initial datum is proved (this result is however di erent from those considered
in [12] due to the di erent form of the equation). In Section 4, a class of parameter
estimator is proposed and the strong consistency is provedrinally, in the last section
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the speci c problems are considered: The heat equation as awve with boundary noise
of either Dirichlet and Neumann type. Conditions of the geneal theory from the
preceding sections are veri ed in these cases.

2. Preliminaries. Let Ky(t;s)forO s t T be the kernel function

H

[N

Ku(ts)=ca(t 9" 7+ cy :_ZL H (u s)" du

Njw
H
clwm

where

2 2H) :

where () is the gamma function andH 2 (0;1).

Following [1] and [3], we will de ne a stochastic integral of a deterministic V-
valued function with respect to a scalar fractional Brownian motion ( H (t);t 2 R).

Let Ky : E! L%([0;T];V) be the linear operator given by

Zq
. : : . @K,
Ku' (0= OKu(T0+ (9 " (1) “g(sinds
t

for' 2 E whereE is the linear space ofV -valued step functions on [QT], that is,

D4 1
' (t) = Xi 1[ti i )(t)
i=1

wherex; 2 V,i2f1;:::;n l1lgand 0=1t; < <th,=T.

Setting
1) d M= ox M) M)
0 i=1
it follows directly that
Z 2
' _ v 2 .
) E . d " =Ky Loy
v

Let (H;j ju;h; ;ig) be the Hilbert space obtained by the completion of the pre-
Hilbert space E with respect to the inner product

e im = ARG S Ky Ty

for'; 2 E. The stochastic integral (1) is extended toH by the isometry (2). Thus
H is the space of integrable functions and it is useful to obtai some more specic
information.



4 BOHDAN MASLOWSKI AND JAN POSP ISIL

If H 2 %; 1 ,thenitis easily veried that H H whereH is the Banach space
of Borel measurable functions with the normj j,, given by
Z+:Z+
I . " (Wivi' Wiv (u v)dudv

where (u) = H(2H 1)juj®® 2. It may be veried that B L ([0;T];V) and
consequentlyH  L2([0; T];V). If * 2 HandH > 1, then

Z . 2 Z.Z,
E d "= Ho(u);' (viy (u v)dudv:
o o

IfH 2 0;% , the space of integrable functions is smaller thanL?([0; T]; V). It

is known that H H([0;T];V) (e.g. [8] Lemma 5.20) andH  C ([0;T];V) for

each > % H.IfH 2 O;% , then the linear operator K, can be described by the

composition
3) Ky' ()= oty "D " uy o0
where
Dr (= O, 7o ds!

+ -
@a ) ™y S CI Y

is a fractional derivative and (uy 1-' )(s) = s 172" (s).
We will de ne a standard cylindrical fractional Brownian mo tion in a Hilbert
spaceU by the formal series

) B = F e
n=1

where (g,;n 2 N) is a complete orthonormal basis inU and ( H (t);n 2 N;t 2 R)
is a sequence of independent, real-valued standard fract@l Brownian motions each
with the same Hurst parameter H 2 (0;1). It is well known that the in nite series
(4) does not converge inL?( ;U) so BM (t) is not a well de ned U-valued random
variable. However, it is easy to verify (see [4]) that for anyHilbert space U; such
that U | U; and the embedding is a Hilbert-Schmidt operator, the serieg4) de nes
a U;-valued random variable and B" (t);t 2 R) is a U;-valued fractional Brownian
motion of Q-covariance type.

Next, the stochastic integral
IL (U;V) is de ned.

Definition 2.1. LetG:[0;T]!'L (U;V), (en;n 2 N) be a complete orthonormal
basis in U, G()e, 2 H for n 2 N, and B" be a standard cylindrical fractional

T

o Gd H for an operator-valued function G : [0; T]
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Brownian motion in U. Let H(t):= BM(t);e, for n2 N. De ne
Z T ){_ Z T
GdB" = Ge,d H
0 n=1 ©

provided the in nite series converges inL?( ;V).

In what follows, it is assumed that (S(t);t 0) is an analytic (and strongly
continuous) semigroup onV with in nitesimal generator A. In such case, there is a
™ 2 R such that the operator T A is uniformly positive on V. For each 0,
let us de ne (V ;j j ) a Hilbert space, whereV =Dom (1 A) with the graph
norm topology such that

ixi = (T A)x y :
The shift " is xed. The space V does not depend on” because the norms are
equivalent for di erent values of " satisfying the positivity condition.

Consider the linear equation described by a formal stochast di erential

dX (t)= AX (t)dt+ (T A)DdBM (1);
X (0) = Xo;

()

where B" (t);t 0) is a standard cylindrical fractional Brownian motion wit h Hurst
parameter H 2 (0;1) in U and U is a separable Hilbert spaceD 2 L (U;\W) for a
given" > 0 and xq 2 V is a random variable.

A solution (X*o(t);t 0) to (5) is de ned in the mild form, i.e.

XXo(t)= S(thxo+ Z(t); t O

where (Z(t);t 0) is the convolution integral
z
(6) Z(@t) = t(? A)S(t  u)DdB " (u):
0

Proposition 2.1. Let H 2 (0;1). Let (S(t);t 0) be an analytic strongly
continuous semigroup such that

(A1) i(M A)SM)Dj,wuv) ot t2 (0Tl

for someT > 0, c>0and 2 [O;H). Then (Z(t);t 2 [0;T]) is a well-de ned V -
valued process inC ([0;T];V );a.s.-P for + + <H; (0 0. If the semigroup
(S(t);t 0) is also exponentially stable, i.e. there exist constanty > 0Oand > 0
such that for allt 0

(A2) iSMiLv) Me '
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then there is a Gaussian centered limiting measure ; = N (0;Qq ) for (X (t);t 0)
such that

for each initial condition xo 2 V where [° is the probability law of X *°(t) and the
limit is understood in the sense of weak convergence of meass.

Proof. If H > 1=2, the proof follows from [4], Proposition 3.4 and Corollary3.5.
For H < 1=2, the proof is completely analogous to the proof of Corollay 1.12 and
Proposition 1.13 in [6]. 0

Corollary 2.2. Moreover, if we assume thatD 2 L ,(U; W), then the condition
(A1) is satised with =1 ",

Proof. The proof follows from the analyticity of the semigroup (S(t);t 0),
because

i(h ASMDjL,wvy § (T A Sy (T A)DiL,wv)
et t2(0;TI

Remark 2.1. The covariance Q; has for H > 1=2 the following form:
z 1 z 1
Qi = (T A)SWDT A)S(V)D] (u v)dudy;

0 0

where is given by
(uUy=HEH Djuj? 2

The form for H < 1=2 can be speci ed in terms ofK,; and a precise statement can
be found in [6].

3. Ergodic results.  Recall that a measurableV -valued process K (t);t 0) is
said to be strictly stationary, if for all k 2 N and for all arbitrary positive numbers

forall ty;tz;:::;tk;r 0, where Law() denotes the probability distribution.

Theorem 3.1. If (Al) and (A2) are satis ed, then there exists a strictly sta-
tionary solution to (5), i.e. there exists x, a random variable on( ;F;P), such that
(X *(1);t 0) is a strictly stationary process with Law(X*(t)) = 1, t 0. In
particular Law(%) = 1 .
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Proof. The proof follows the lines of an analogous Theorem 3.1 in P (where the
case of distributed noise is treated). We will only illustrate the main idea.

Fort Olet

Z0
Yt):= (Y A)S( uyDdB" (u):

t

It is clear that Y (t) is a V-valued random variable on ( ;F;P) with probability law
9= N (0; Q). It must be shown that the limit

exists in L2( ;V) and that
X*(t) = S(t)x+ Z(1);

where Z (t) is given by (6), is a stationary solution of (5).

Let m;n 2 N. It has to be shown that for an arbitrary increasing sequenceof
times (tn); tn ! 1 , the sequence Y;, ) is a Cauchy sequence irL?( ;V). For all
n m we have

Z ¢,

EiY(ta) Y(tm)i5 = E (*  A)S( ubdB" (u)
th \%

2

Denoting by B (u) = B" ( u) an inverse process that is also a standard cylindrical
fractional Brownian motion with stationary increments we h ave

Z, 2

EiY(tn) Y (tm)i§ = (1 A)SuDdB" (u)
tm v
Using the estimate (A1) and following the rest of the proof ofthe Theorem 3.1 in
[12], we can show that the right hand side goes to zero am ! 1  and thus (Y (t,))
is a Cauchy sequence iL?( ;V). Itis easy to see that the limit % = tIlgn Y (t) is an

initial value yielding the strictly stationary solution. 0
Theorem 3.2. Let (Al) and (A2) be satis ed and let(X *(t);t 0) be a strictly
stationary solution to (5). Let %: V ! R be a measurable functional such that

Ej%x)j < 1 . Then

"z oz

Jm FE W) = o) 1 (@)
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Proof. The proof is obvious, because by Fubini Theoren®X X(t)) 2 LY(  [0;T])

and

1 k2 # 1 Zr
im == ) AX*(1) dt = Jim T, E[%X *(t))] dt
12T
= lim = E[%x)] dt
= E[%*)]

%y) 1 (dy):
\%

o
If the initial condition is arbitrary, the following result may be useful:
Theorem 3.3. Let (Al) and (A2) be satis ed and let(X *°(t);t 0) be a solution
to (5) with initial condition X (0) = xo 2 V, a random variable. Let%: V | R
be a functional satisfying the following local Lipschitz codition: let there exist real
constantsK > 0O and m 1 such that

(8 j%x)  %y)i Kix  yiv(d+ Xy +Jyiv)
for all x;y 2 V. Assume also that
Ejxojd" < 1 :

Then
1 Z Z
©) Jm FEoxXe@)di= ) 1 (@)

Proof. The desired convergence can be rewritten as

L ZT z
lim  —E %X *° (1)) dt %y) 1 (dy) =0:
0 \%

TN

Let (X*(t);t 0) be a strictly stationary solution to (5). Then obviously
1 4T 1 4T
—E %X *o(t))dt =E 96X * (1)) dt
T o T
T

(10) ZE X))

We will show that the right hand side of (10) goesto zeroasT ! 1 . Using the local
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Lipschitz assumption (8) we get

Z
Tewxnm) W) o

K _“T

TE . XFe(t)  XX(t)jv L+ XX )iy + X (D)) dt

Zy

=$ ; EiS(t)(xo  ®)jv (1 + jX*°(0)jy + X *(1)jv') dt
KZT . . . o :
T, ISMOjLv)Eilxo  ®¥)jv (1 + X)) + JX*(1)j7) dt;

in virtue of the exponential stability bound (A2)

Z

KM e EjXo v (L+ XX ()] + jX*(1)j7) dt

T o
and by the Helder inequality

Zq

KM
— e

T o

To show that the last term on the right hand side goesto O asT ! 1, we have to

UEjxe %2 T2 E@+ XMl + X *®i7)? 7 dt:

show that
1. sup,g, EjX*(1)j*™ < 1. But this is equivalent to Ejx™ < 1, which

is satis ed, becausex~is Gaussian with the probability distribution ; =
N (0; Q1 ) and all Gaussian measures have all their moments nite.

R
2. sUp,gr, EjX*(1)j®M < 1. Let Z(t) = (;(’f A)S(t u)DdB" (u). Then

sup EjX*°(t)j?™ = sup EjS(t)xo + Z(1)j*"
t2R. 2R+ |

m  Sup EjS(t)xoj’™ + sup EjZ(1)j*"
t2R+ 2R+

By the exponential stability bound (A2) for the rst term and the fact that
Z(t) is Gaussian with probability distribution N (0; Q;)

Cm Sup Me *™' Ejxoj®™ + cm sup (Tr Q)™
2R, 2R,
L EjXoj*™
z.z, m
+ Cm ?gp IS(U) jL,uv)IS(V) jL,uvy (U v)dudv
N 0

t 0

and following the steps in the proof of Theorem 3.1 foorm =0 and n = t we
deduce that the last term on the right hand side is bounded.
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We showed that the right hand side of (10) goes to zero a3 ! 1 , which yields (9)
using the Theorem 3.2 and completes the proof. Note that satis ed the integrability
condition from Theorem 3.2 because by (8) it has at most polyomial growth and x
is a Gaussian random variable. 0

Now we focus our attention on the pathwise ergodic behaviour At rst we recall
the famous Birkho 's theorem for strictly stationary proce sses.

Theorem 3.4 ( Birkho 's theorem ). Let (X*(t);t 0) be aV-valued strictly
stationary process on( ;F;P). Then for all measurable functionals%: V ! R such

that Ej%x)j < 1 there exists a measurable functional : ! R such that
14T
H - 0, X - - P
(12) TI!|{n T, %X )dt= ; a.s.-P:
Proof. See e.g [21]. 0

Recall that a V-valued strictly stationary process (X (t);t 0) is said to be
ergodic, if in (11) does notdependon 2 ,i.e. isdeterministic,and = E[%x)].
Theorem 3.5 ( Ergodic theorem for a strictly stationary solution). Let (X *(t),
t 0) be aV-valued strictly stationary solution to (5). Let %: V! R be a measurable
functional such that Ej%x)j < 1 . Then
Z z

; 1 0 x — 0 . p-
lm T Ot = 9y 1 () aseP:

Proof. Let z 2 V be arbitrary and let (Y (t);t 0) be aR-valued process de ned
by

Y()= X*(t)z

Then Y (0) = h¢zi,,. The process ¥ (t);t 0) is a R-valued strictly stationary
centered Gaussian process. LeR(t) := E[Y(0)Y (t)] be the correlation function of
the processY (t). Then (cf. [21]) the processY (t) is ergodic if tIIilm R(t) = 0. We
have '

R(t) = E[Y(Q)Y (1]
= E[hziy, X*(1);z /]
Zt
= E hgzi, S(t)(x)+ (T A)S(@t r)DdBM(r);z
0 z, Y
= E[he;ziv hsgt)(x);zivﬂ+E b zi, ('T A)S(t r)DdB"(r);z
; | ° @ vy
1

We will estimate both terms separately.
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The rst term

Ejlj = Ejheziy, hS(t)(%);ziy ]
EiS(t)xjv izj§ ixiv

and using the exponential stability (A2)
Me 'jzj% Ejxd;

which goes to 0 ast ! 1, becauseEjxj < 1. The second term is forH = 1=2
equal to zero, because -and the convolution integral S('T A)S(t  r)DdBM (r)
are stochastically independent and therefore
z t
E[ll]=E hgzi, (1 A)S{t r)DbdB"(r);z
0 Zt
= E[hzi, ] E (T A)S(t r)DdB"(r);z
0

\%

\%
=0:

For H 6 1=2 we obtain that E[Il ] goes to zero ag ! 1 by following Lemmas 4.4
and 4.5 from [12]. Thus the processy (t) = X*(t);z ,, is ergodic for eachz 2 V.
Take (h,;n 2 N) any orthonormal basis in V. Then

14T
Enchaly = Jim X*@ihy , dt=0
on ; P( n)=1. On the other hand, by Theorem 3.4
12T
-1 « _
fm X
. T
on o i P( o)=1. Taking °= n, we haveP( 9 =1 and
n=0
14T
— i - X (t+)-
O—Tll!rin T X*(t);hn |, dt
Z +
: 177,
= TIl!rln T , X*(t) dt; hy
* 7 +V
N L
= Jm 1 XOdsh,
v
= h;eniy
on % Henceh;hni, =0 foreachnon ©ie. =0;as.P;anditfollows that

X *(t) is ergodic. 0
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We will now apply the previous results to the solution of (5) with arbitrary initial
condition.

Definition 3.1. A V-valued Gaussian process(Bg(t);t 2 R)yon( ;F;P)
is called a fractional Brownian motion of Q-covariance type with Hurst parameter
H 2 (0;1) (or, more simply, a fractional Q-Brownian motion with Hurst parameter
H) if

1. EB§(t)=0 forall t2 R,
2. Cov(Bg (1);B§ (9) = %(jtjz'* +ijsi?™ jt s?MQ, for all s;t2 R,
3. (BS (t);t 2 R) hasV-valued, continuous sample paths a.sR.

Let (BM (1);t 2 R) be a standard cylindrical fractional Brownian motion in U.
Let 2L,(U;V)andsetQ = . Then there exists (see e.g. [15], Proposition
1.1.1) a Q-covariance fractional Brownian motion (BS (t);t 2 R) such that for all
z2V

BS(1);z, = B (t); z; asP:

R
Moreover, the convolution integral S S(t r) dBH(r) solves the equation

dX (t) = AX (t) dt+ dB§ (t);
X (0)=0:

(12)

We recall some a.sP growth estimates and a representation of the solution to
equation (12) that have been proved in [13].
Lemma 3.6. Let 2L ,(U;V). Then
z t z t

S(t rdBg(r)=A S(t r)Bg(r)dr+ B§(t); as.-P;
0 0

for t 0. Moreover, forany ! 2 , "> 0 there exists a constantk(!;" ) such that
B3Miv k()

fort2 R.
Proof. Follows from [13] Lemmas 2.4 and 2.6. 0
Theorem 3.7. Let (Al) and (A2) be satis ed and let(X *°(t);t  0) be a solution
to (5) with D 2 L,(U;V). Let' : R ! R be a real function satisfying the following
local Lipschitz condition: let there exist real constantsK > 0 and m 1 such that

(13) g i Kix yj+ pxpm + jypT)

for all x;y 2 R. Let z2 Dom (A )? be arbitrary. Then
Z+ z

I _ .
(14) lm oF e@iziydt= () 1 () aseP:
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Proof. Let (X*(t);t 0) be a strictly stationary solution to (5). Then obviously

12T 14T
= hXXo(t);zi, dt = X*(t);z ,, dt
T o T P v
177 :
T, hXXo(t);ziy, ' X*(t);z,, dt
We will show that the right hand side goes to zero asT ! 1 . Using the local
Lipschitz assumption (13) we get
12T
T hX*e(t);zi, ' X*(t);z, dt
< 2
T X7ty  X*(t);z,  1+jhX*e(t);ziy jm +j X*(t);z " dt
K Zr
TSm0 x)iziy]
0
1+ jhS(t)xo + Z(t);ziy j™ + jhS(t)x + Z(t);zi, J™ dt
Z
K . . . S
T ISMicw)ixo Xviziy
0

1+ eSOl (v) (iXolV + V) + cjhz (t);zi J™ dt
and in virtue of the exponential stability bound (A2)

M ixo xiv iz
—= JAO \% \%

T, )

e ' 1+cMe ™ (jxoj7 + pgT) + cjhz(t);ziy, jm dt
C Zg
(15) ?3 e ! l+ce ™ +cjhz(t);ziyjm dt
0

We need the last term on the right hand sidetogoto O asT ! 1 . Applying Lemma

3.6 with = D we have

z
jnz@;zivi= (T A) tS(t rDdBM (r);z
Zt 0 \%
= S(t r)bdB"(r); (T A)z
) Y D E
st nNBYMdrA (Y A)z + BT A)z y
0 \%

A A)zy
Zt
OjS(t DiLvyiBS Miv dr + jBE®iv (T A )zjy
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and by the exponential stability (A2) and the bound from Lemma 3.6

MiA (T A)zjy
t

e 02+ k(G ))dr+(t2+ k(NI A)ziv
0

o' )1+ t7):

Therefore

z
(15) @ Te M1+ t2)™ dt
0

which goestozeroag§ ! 1 , which yields (14) using Theorem 3.5 and thus completes
the proof. 0

4. Parameter estimates based on ergodicity. In this section we present the
results on parameter estimation in in nite dimensional equations that are based on
the ergodic theorems proved in the previous section.

Consider the linear equation

dX (t)= AX ()dt+ (T  A)DIB(t);
X (0) = Xo;

(16)

where > 0 is a real constant parameter,A; "B ";D and xo are as in (5) and,
moreover,D 2 L ,(U; V).

The operator A is the in nitesimal generator of the semigroup (S (t);t 0).
Obviously S (t) = S(t)forall t 0. The semigroup & (t);t 0) is analytic and
the operator 1 A is positive. The semigroup & (t);t 0) is also exponentially
stable and the limiting measure has the form ; = N (0;Q ).

For H > 1=2 we have (cf. Remark 2.1)

Zl Zl
Q, = (7 A)S D[ (T A)S (v)D] (u v)dudv
2, 2,
= ' Aswbdi? A)swp] 2 Y dudv
0 Ozl Zl
= 22 (7 A)SwWDT A)S(V)D] (u Vv)dudv
0 0
- 2 ZHQ .
- 1

where Q1 corresponds to the case = 1.
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For H < 1=2 andx;y 2 V we have

Q. X yiy,
=P ey
X Zr ¥
= lim E (T A)S (r)Dh,d H(r);x
™ L0 v
Z; +
(T A)S (r)Dhnd H(r);y
0 v
Z1w D E
= lim 2 Ky (T A)S ()Dhy,)(r);x
TiL ODn:l e v

Ky (T AXS ()Dhy)(r);x , ar
Using the representation (3) and a simple substitution theadem we also arrive at
M, xiyiy = 2 # M1 x;yiy

for all x;y 2 V and therefore

2 ZHQl.

Q

For H = 1=2 this equality is obvious.
Now we de ne a family of estimators of the parameter .
Theorem 4.1. Let (Al) and (A2) be satised and let (X*°(t);t 0) be aV-

valued solution to (16) with D 2 L,(U;V). Let z 2 Dom (A )? be arbitrary such
that

M, z;zi,, > O
De ne
|1
A o M ziz, ez
T -— ]_r‘T- . .
T o I1hXXe(t);ziy, j2dt
Then
i N = - P
#Hn T . a.s.P;

i.e., (1) is a strongly consistent family of estimators.
Proof. Let z2 Dom (A )? be arbitrary. Let ' :R! R,"' (y)= jyj? Then all
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the conditions of Theorem 3.7 are satis ed withm =1 and
1ZT 1ZT
lim T tohXXo(t);ziy, dt = %rln T, jhX *o(t); ziy, j dt

VJ'hy:ZiVJ'2 1 (dy)

M, z;zi,

= 2 M, z;ziy; as.P;

which completes the proof. 0
Remark 4.1. If the initial condition X 2 V is such that ijoj\z, < 1 and if the
limiting measure 1 exists with covarianceQ; such thatTr Q; 6 0, we can de ne

|1

2H 2

A o T Qs _

T .— 1 LAY N > .
+E o JXXo(b)jf dt

Then we can use the Theorem 3.3 wit®6: V! R, %y) = jyj3,y2V andm =1 to
show that
dm =
Some examples of parameter estimations including numeritaimulations can be
found in [16] and [17].

5. Example. Now we will apply the above obtained results to the heat equaibn
formally described as

@y:
@t

where denotes the Laplace operator, > 0 is an unknown parameter, 0is xed

(7) ( y(t; ); (5 )2R+ O

and O R is a bounded domain with smooth boundary@. The equation (17) is
considered together with an initial condition

(18) y(; )= xo(); 20

and boundary condition either of Dirichlet type

(19) yt; )= @t ) (t )2R. @
or of Neumann type
(20) D= "w ) 6)I2R. @;

where is the normal derivative and " stands formally for a Gaussian noise, frac-
tional in time.
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The problem (17),(18),(19) or (17),(18),(20) may be rewritten in the form (16)
with V = L?(0), U = L?(@) (if the underlying space dimensiond = 1, U = R?),
A = ( | )ipom( Ay With Dom(A) = H?(O)\ Hg(O) (in the case of Dirichlet
boundary conditions) or Dom(A) = f' 2 H?(0); % = 0 on @g (for the Neumann
boundary conditions). Furthermore, (B" (t);t  0) is a cylindrical fractional Brown-
ian motion process onU (if d = 1, B" (1) is just two-dimensional), xo 2 V 2 L?(0)
and D = NQ?*2, where Q72 2 L (U) is the covariance operator of the noise and\
stands for the Dirichlet or Neumann map obtained in the following way:

Take an arbitrary " OsuchthatT A'is uniformly positive (we may take
" = 0 in the case of Dirichlet boundary condition and any "> 0 for the Neumann
case) and consider the elliptic equation

(1 A)z=0 in O;
z=h on @;

whereh 2 U. The mapping N is de ned asN (h) = z.

The equation (16) is a version of the problem (17),(18),(19)or (17),(18),(20) (cf.
[4]; for H = 1=2, whenB" is a standard Wiener process, this interpretation { for a
xed parameter value { has been used in numerous papers, sedné¢ monograph [2],
Chapter 13 and the references therein). As we need justify tb special form of the
dependence on the parameter, we will sketch the main argumeénlLet u(t) be a two
times continuously di erentiable function with values in U such that xo Nu(0) 2
Dom(A). Then there exists a strong solution to the equation
(21) 2= Az ()+ Nu () Nuqt); t> 0
(22) z(0) = xo Nu(0):

Setv(t) = z(t) + Nu(t). Then v(0) = z(0) + Nu(0) and

Qv = 2 @w+ Nuw)
= zqt) + Nuqt)
= Az )+ Nu (@)
= A (v(t) Nu@)+ ‘Nu@
= Av ()+ (T ANu(®)
= Av (1);
because ('i A)Nu(t) = 0 for each t > 0. Sincez (being a strong solution to

(21),(22)) satis es the zero boundary condition (in either Dirichlet or Neumann case),
we have

(23) ViR, @ = U or @V = u
@ R+ @
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Therefore, v(t) is the solution to the problem

do- : :
av(t)— Av (t); t> 0

v(0) = Xo;

with inhomogeneous boundary condition (23). Now we will nd the mild form of the
solution to v. The mild form of the solution z(t) to (21),(22) is
z t
z(t)= S ()(xo Nu(0)+ St s)( Nu(s) Nuqs)ds; t>o0;
0

whereS (t) = S(t);t 0and (S(t);t 0)is the semigroup generated byA. Thus
z

v(t) = z(t)+ Nu(t) = S (t)(xo Nu(0))+ tS (t s) Nu (s) Nu9s)) ds+ Nu(t);
0

and since the integration by parts yields
z t z t

S (t s)Nu%s)ds= Nu(t) S (t)Nu(0)+ AS (t s)Nu(s)ds;
0 0

it follows that
Z
(24) v(t)= S (t)xo + ('i A) tS (t s)Nu(s)ds; t>0:
0

Similarly as in the case of distributed noise, the mild soluton of our problem (16) is
motivated by (24) where u is replaced by Q=2 4B ().

We shall now verify our conditions (A1) and (A2) for this case. By the deter-
ministic theory (see e.g. [14]) it is well known that (S (t);t  0) is analytic and
the condition (A2) (exponential stability) is satis ed in t he Dirichlet case with 0
and in the Neumann case with > 0. In order to verify the assumption (A1) we
have to check the behaviour of the operatoN. It is known that N 2 L (U; V) (with
U= L(@) andV = L?(0)) for
1
4

"

in the case of Dirichlet boundary conditions and

" 3
< _
4

for the Neumann boundary conditions. Assuming that the covaiance Q is trace class
(if d = 1 this is automatically satis ed, because U = R?), the condition (A1) is
satis ed by Corollary 2.2 if 1 " <H , which yields

3
H> -
4
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in the Dirichlet case and

Al

in the Neumann case.

To summarise, if 0 andH > 3=4 (in the Dirichlet case) or > 0OandH > 1=4
(in the Neumann case), then Theorems 3.1, 3.5, 3.7 and 4.1 maye applied to the
problems (17),(18),(19) or (17),(18),(20).
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