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MULTIPERSPECTIVE MODELING AND RENDERING USING
GENERAL LINEAR CAMERAS

JINGY! YU , YUANYUAN DING , AND LEONARD MCMILLAN Y

Abstract. We present a General Linear Camera (GLC) model that unies ma ny previous
camera models into a single representation. The GLC model is capable of describing all perspective
(pinhole), orthographic, and many multiperspective (incl  uding pushbroom and two-slit) cameras, as
well as epipolar plane images. It also includes three new and previously unexplored multiperspective
linear cameras. The GLC model is both general and linear in th e sense that, given any vector space
where rays are represented as points, it describes all 2D an e subspaces (planes) that can be formed
by a ne combinations of 3 rays. The incident radiance seen al ong the rays found on subregions of
these 2D linear subspaces are a precise de nition of a projec ted image of a 3D scene. We model the
GLC imaging process in terms of two separate stages: the mapp ing of 3D geometry to rays and the
sampling of these rays over an image plane. We derive a closed -form solution to projecting 3D points
in a scene to rays in a GLC and a notion of GLC collineation anal ogous to pinhole cameras. Finally,
we develop a GLC ray-tracer for the direct rendering of GLC im  ages. The GLC ray-tracer is able to
create a broad class of multiperspective e ects and it provi des exible collineation controls to reduce
multiperspective distortions.

1. Introduction. = Camera models are fundamental to the elds of computer vi-
sion and photogrammetry. The classic pinhole and orthograpic camera models have
long served as the workhorse of 3D imaging applications. Hoewer, recent develop-
ments have suggested alternative multiperspective camerenodels [6, 23] that provide
alternate and potentially advantageous imaging systems founderstanding the struc-
ture of observed scenes. Images captured by these cameramoaectively depict,
within a single context, details of a scene that are simultaeously inaccessible from a
single view, yet easily interpretable by a viewer. Researafrs have further shown that
these multiperspective cameras are amenable to stereo awals and interpretation
[16, 13, 23].

In contrast to pinhole and orthographic cameras, which can & completely char-
acterized using a simple linear model (the classic 3 by 4 maitx [7]), multiperspective
cameras models are de ned less precisely. In practice, mujterspective cameras mod-
els are often described by constructions. By this we mean thaa system or process
is described for generating each speci c class. While suchhgsical models are useful
for both acquisition and imparting intuition, they are not p articularly amenable to
analysis.
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Fig. 1. General Linear Camera Models. (a) In a pinhole camera, all ra ys pass through
a single point. (b) In an orthographic camera, all rays are parallel. (c) In a pushbroom, all
rays lie on a set of parallel planes and pass through a line. (d In a cross slit camera, all rays
pass through two non-coplanar lines. (e) In a pencil camera, all coplanar rays originate from
a point on a line and lie on a speci ¢ plane through the line. (f ) In a twisted orthographic
camera, all rays lie on parallel twisted planes and no rays intersect. (g) In an bilinear camera,
no two rays are coplanar and no two rays intersect. (h) In an EP | camera, all rays lie on a
2D plane.

In this paper, we present a General Linear Camera (GLC) modelthat uni es
many previous camera models into a single representation. ie GLC model is capa-
ble of describing all perspective (pinhole), orthographi¢c and many multiperspective
(including pushbroom and two-slit) cameras, as well as epiplar plane images. The
GLC model is both general and linear in the sense that, given my vector space where
rays are represented as points, it describes all 2D linear fispaces (planes) formed by
the a ne combination of 3 rays. The incident radiance seen abng the rays of these
2D a ne subspaces are a precise de nition of a projected imag of a 3D scene.

We model the GLC imaging process in terms of two separate stagp: the mapping
of 3D geometry to rays and the sampling of those rays over an iage plane. We
derive a closed-form solution to projecting 3D points in a sene to rays in a GLC and
a notion of GLC collineation analogous to pinhole cameras tallow exible sampling
of the captured rays over an image plane. Finally, we develo@a GLC ray-tracer for
the direct rendering of GLC images. The GLC ray-tracer is abk to create a broad
class of multiperspective e ects and it provides exible cdlineation controls to reduce
multiperspective distortions.

2. Previous Work.  The most common linear camera model is the classic 3 x
4 pinhole camera matrix [7], which combines six extrinsic ad ve intrinsic camera
parameters into single operator that maps homogenous 3D pats to a 2D image
plane. These mappings are unique down to a scale factor, andhé same infrastructure
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Fig. 2. General Linear Camera Model. a) A GLC is characterized by thr ee rays originated
from the image plane. b) It collects all possible a ne combin ation of three rays.

can also be used to describe orthographic cameras. Recentlgeveral researchers
have proposed alternative camera representations known amultiperspective cameras

which capture rays from di erent points in space. These multiperspective cameras
include pushbroom cameras [6], which collect rays along patlel planes from points

swept along a linear trajectory (Fig.1(c)), and cross-slitcameras [12], which collect all
rays passing through two lines (Fig.1(d)). Zomet et al [23] dd an extensive analysis
and modelling of two slit(XSlit) multiperspective cameras. However, they discuss
the relationship of these cameras to pinhole cameras only fahe purpose of image

construction, whereas we provide a unifying model.

Multiperspective camera models have also been explored ihé eld of computer
graphics. Examples include multiple-center-of-projecton images [14], manifold mo-
saics [13], and multiperspective panoramas [21, 1, 15]. Mbsultiperspective images
are generated by stitching together parts of pinhole image$21, 14], or slicing through
image sequences [13, 23]. Multiperspective rendering teolyues are frequently em-
ployed by artists to depict more than can be seen from any spec point. Classic
examples include the visual paradoxes of Escher, and the Cigm of Picasso and
Braque. Multiperspective images have also been used as baliops in cel animation
to e ectively depict camera motion in a single panorama [21]

Seitz [16] has analyzed the space of multiperspective canas to determine those
with a consistent epipolar geometry. Their work suggests tlat some multiperspective
images can be used to analyze three-dimensional structur@jst as pinhole cameras are
commonly used. We focus our attention on a speci c class of tiear multiperspective
cameras, most of which can be used to synthesize stereo or mestereo pairs [3].

Our analysis is closely related to the work of Gu et al [5], wheh explored the
linear structures of 3D rays under a particular 4D mapping known as a two-plane
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parametrization. This model is commonly used for light eld rendering. Their primary
focus was on the duality of points and planes under this mappig. They deduced that
XSlits are another planar structure within this space, but they do not characterize all
of the possible planar structures, nor discuss their analogus camera models.

We focus on identifying all possible2D subspaces of rays and their corresponding
camera models. In particular, we show in Section 3 that, besies cross-slit, pushb-
room, and pinhole cameras, there exist several important btiunexplored subsets of
multiperspective cameras that also correspond to 2D linearsubspaces of rays. We
show these cameras can be uniquely characterized using a seftray characteristic
equations Furthermore, [5] only cares about the set of rays lie on a 2D @hspace
while our work also studies the projection and sampling of tlese rays on the image
plane.

3. General Linear Camera Model. The General Linear Camera (GLC) is de-
ned by three rays that originate from three points pi(ui;vi), p2(uz; v2) and ps(us; vs)
on an image plane image , as is shown in Fig.2. A GLC collects radiance measure-
ments along all possible \a ne combinations" of these three rays. In order to de ne
this a ne combination of rays, we assume a speci c ray paramerization.

W.o0.l.g, we dene image to lie on z = 0 plane and its origin to coincide with
the origin of the coordinate system. From now on, we call inage @s uv. In order
to parameterize rays, we place a second planeg at z = 1. All rays not parallel
to «; w Wil intersect the two planes at (s;t; 1) and (u;v;0) respectively. That
gives a 4D parametrization of each ray in form 6;t;u;v). This parametrization for
rays, called the two-plane parametrization (2PP), is widely used by the computer
graphics community for representing light elds and lumigraphs [9, 4]. Under this

parametrization, an a ne combination of three rays ri(si;ti;ui;vi), i =1, 2, 3, is
de ned as:
(1)  r= (sutyusvi)+ (sztzuzive) +(1 ) (s3;ts;us;Vva)

The choice of ¢ at z =1, is, of course, arbitrary. One can choose any plane
parallel to |, to derive an equivalent parametrization. Moreover, these #ernate
parameterizations will preserve a ne combinations of three rays.

Lemma 1. The ane combinations of any three rays under two dierent 2P P
parameterizations that di er by choice of ¢ (i.e., (s;t;u;v) and (s®t%u;v) ) are the
same.

Proof. Suppose g0 is at some arbitrary depth zp, zo 6 0. Consider the trans-
formation of a ray between the default parametrization (zo = 1) and this new one.
If r(s;t;u;v) and r(s%t%u;v) represent the same rayr in 3D, then r(s;t; u;v) must
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pass through % t% zp), and there must exist some such that
(s;1)+(@ ) (u;v;0)=(s%t%z)
Solving for , we have
(2) ®=s zg+u (1 z); t°=t zp+v (1 20

Since this transformation is linear, and a ne combinations are preserved under linear
transformation, the a ne combinations of rays under our def ault two-plane parametri-
zation (zp = 1) will be consistent for parameterizations over alternative parallel planes.
Moreover, the a ne weights for a particular choice of parallel ¢ are general. 0

3.1. Linearity. We call the GLC model \linear" because it de nes all 2-dimen-
sional a ne subspaces in the 4-dimensional \ray space" imp@ed by a two-plane
parametrization. Moreover, these 2D a ne subspaces of rayscan be considered as
images. We refer to the three rays used in a particular GLC aste GLC's generator
rays. Equivalently, a GLC can be described by the coordinates ofwo triangles with
corresponding vertices, one located on ¢, and the second on ,. Unless otherwise
speci ed, we will assume the three generator rays (in their & parametrization) are
linearly independent. This a ne combination of generator r ays also preserves linear-
ity, while other parameterizations, such as the 6DP |eicker coordinates [19], do not
[5].

Lemma 2. If three rays are parallel to a plane in 3D, then all a ne combina-
tions of them are parallel to as well.

Lemma 3. If three rays intersect a line | parallel to the image plane, all a ne
combinations of them will intersect| as well.

Proof. By lemma 1, we can reparameterize three rays by placing ¢ so that it
contains | resulting in the same set of a ne combinations of the three rays. Because
the st plane intersections of the three rays will lie onl, all a ne combinations of three
rays will have their st coordinates onl, i.e., they will all pass through |. The same
argument can be applied to all rays which pass through a givempoint. 0

3.2. Equivalence of Classic Camera Models. Traditional camera models
have equivalent GLC representations.

Pinhole camera: By de nition, all rays of a pinhole camera pass through a sinde
point, C in 3D space (the center of projection). Any three linearly independent rays
from C will the intersect , and ¢ planes to form two triangles. These triangles will
be similar and have parallel corresponding edges, as shown Fig.1(a). Furthermore,
any other ray, r, through C will intersect , and ¢ planes at pointsp,,, and ¢ .
These points will have the same a ne coordinates relative tothe triangle vertices on
their corresponding planes, andr has the same a ne coordinates as these two points.
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Orthographic camera: By de nition, all rays on an orthographic camera have
the same direction. Any three linearly independent rays fran an orthographic camera
intersect parallel planes at the vertices of congruent triangles with parallel correspond-
ing edges, as shown in Fig.1(b). Rays connecting the same a a combination of these
triangle vertices, have the same direction as the 3 generataays, and will, therefore,
originate from the same orthographic camera.

Pushbroom camera: A pushbroom camera sweeps parallel planes along a line
| collecting those rays that pass throughl. We refer to this family of parallel planes
as . We choose , parallel to | but not containing |, and select a non-degenerate
set of generator rays (they intersect , in a triangle). By Lemma 2 and 3, all a ne
combinations of the three rays must all lie on  parallel planes and must also pass
through | and, hence, must belong to the pushbroom camera. In the othedirection,
for any point pon , there exist one ray that passes throughp, intersects| and is
parallel to . Sincep must be some a ne combination of the three vertexes of the
uv triangle, r must lie on the corresponding GLC. Furthermore, because allays of
the pushbroom camera will intersect ,, the GLC must generate equivalent rays.

XSlit camera: By de nition, an XSlit camera collects all rays that pass thr ough
two non-coplanar lines. We choose , to be parallel to both lines but to not contain
either of them. One can then pick a non-degenerate set of gerator rays and nd
their corresponding triangles on ¢ and ,. By Lemma 3, all a ne combinations
of these three rays must pass through both lines and hence mubelong to the XSlit
camera. In the other direction, authors of XSlit [12, 23] haw shown that each point
p on the image plane ,, maps to a unique rayr in an XSlit camera. Sincep must
be some a ne combination of the three vertexes of theuv triangle, r must belong to
the GLC. The GLC hence must generate equivalent rays as the X8 camera.

Epipolar Plane Image:  EPI [2] cameras collect all rays that lie on a plane in
3D space. We therefore can pick any three linearly independw rays on the plane
as generator rays. A ne combinations of these rays generateall possible rays on the
plane,so long as they are linearly independent. Therefore &LC can also represent
Epipolar Plane Images.

3.3. GLCs under Relative Two-Plane-Parametrization. GLCs are de ned
as the a ne subspaces of three generator rays that are paramterized by their intersec-
tions with two parallel planes at [s;t; 1] and [u;Vv; 0]. The two-plane-parametrization
of the ray can be viewed as a two-endpoint-parametrization ba line. Alternatively,
each ray can be parameterized with a oritin and a direction. f we choose the origin
as [u;v; 0] and the direction as [; ; 1]=[s;t;1] [u;v;0], we have a point-direction-
parametrization of ray as [; ;u;v ]. Since [; ; 1] can also be viewed as the relative
coordinate of [s;t; 1] with respect to [u;v; 0], we refer to this parametrization as the
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relative-two-plane-parametrization (R2PP).

Notice, the transformation from 2PP to R2PP is linear, and more precisely a
shearing transformation. Thus, a ne subspaces are preserved under RPP, and we
can reparameterize a GLC by representing the rays under R2PRs:

(8) GLC = [ 1 pyupva]l+ [ 25 25u2svo]+ (1 ) [ 35 3;u3;V3]

For the remaining of this paper, we will to [; ;u;v ] to parameterize rays and to
represent the GLCs.

3.4. Canonical GLC Representations. A GLC de ned under Equation (3)
(or (1)) takes 12 variables. However, this GLC representatbn is not unique since one
can pick a di erent set of three rays to de ne the same GLC. To enforce uniqueness,
we can choose three generator rays in a specic form as{; 1;0;0], [ 2; 2;1,;0], and
[ 3; 3;0;1], i.e., the three rays originate from [Q0; 0], [1; 0;0], and [G, 1; 0] from the
default image (uv) plane. We call this representation the canonical GLC. Except
for those GLCs that have a slit lie on the uv plane, all other GLCs can be uniquely
represented using this 6-parameter canonical representain.

Since the uv plane corresponds to the default image plane, using the camical
GLC representation is similar to specifying the texture coadinate of a triangle, where
the texture coordinate here represents the direction | ] of the ray. We will use the
canonical representation of the GLC to study the GLC projection model in Section
6.

4. Characteristic Equation of GLC. We have shown that the GLC model
can describe classical all pinhole, orthographic, pushbmmm, and cross-slit cameras,
as well as the EPIs. In this section we develop a criterion to kassify a GLC. One
discriminating characteristic of a ne ray combinations is whether or not all rays pass
through a line in 3D space. This characteristic is fundamenal to the de nition of
many multi-perspective cameras. We will use this criteria © de ne the characteristic
equation of general linear cameras.

Recall that any 2D a ne subspace in 4D can be de ned as a ne combinations of
three points. Thus, GLC models can be associated with all pasble planes in the 4D
since GLCs are speci ed as a ne combinations of three rays, vihose duals in 4D are
the three points.

Lemma 4. Given a non-EPI, non-pinhole GLC, if all camera rays pass though
some linel, not at in nity, in 3D space, then | must be parallel to .

Proof. We demonstrate the contrapositive. Ifl is not parallel to ,, and all rays
on a GLC pass throughl, then we show the GLC must be either an EPI or a pinhole
camera.



366 JINGYI YU, YUANYUAN DING, AND LEONARD MCMILLAN

Assume the three rays pass through at least two distinct poits on I, otherwise,
they will be on a pinhole camera, by Lemma 3. Ifl is not parallel, then it must
intersect ¢, v at some point (Sp;to; 1) and (ug;Vo;0). Gu et al [5] has shown all
rays passing throughl must satisfy the following bilinear constraints

(4) (U u)(t to) (v wvo)(s sp)=0

We show that the only GLCs that satisfy this constraint are EP Is or pinholes.

All 2D ane subspaces in (s;t;u;v) can be written as the intersection of two
linear constraints A; s+ B; t+ C; u+D; v+ E; =0, i =1, 2. Ingeneral we can
solve these two equations for two variables, for instance, & can solve foru-v as

(5) u=A? s+BY t+E{; v=A% s+BY t+E?
Substituting u and v into the bilinear constraint (4), we have
6) (AY s+BY t+E? up(t to)=(AY s+BY t+EJ w)(s o)

This equation can only be satis ed for all s and t if A? = B and B = A9 =0,
therefore, equation (5) can be rewritten asu = A° s+ E{andv= A t+ EJ. Gu et
al [5] have shown all rays in this form must pass through a 3D pmt P (P cannot be
at in nity, otherwise all rays have uniform directions and c annot all pass through any
line I, not at in nity). Therefore all rays must lie on a 3D plane tha t passes through
| and nite P. The only GLC camera in which all rays lie on a 3D plane is an EPI
If the two linear constraints are singular in u and v, we can solve fors-t, and similar
results hold.

If the two linear constraints cannot be solved foru-v or s-t but can be solved for
u-s or v-t, then a similar analysis results in equations of two parallélines, one on ¢,
the other on . The set of rays through two parallel lines must lie on an EPI.

Lemma 3 and 4 imply that given a GLC, we need only consider if tle three
generator rays pass through some line parallel to i;. We use this relationship to
de ne the characteristic equation of a GLC.

Recall the three generator rays in a GLC intersect some plane ,- parallel to

u at

Ti =(uj;v;; 0) + (;;1)i=1;23

By Lemma 3, all rays on the GLC pass through some lind on .- if the three
generator rays intersectl. Therefore, we only need to test if there exist any so that
the three intersection points Ty, T,, and T3 lie on a line. A necessary and su cient
condition for 3 points on a constant z-plane to be co-linear is that they have form
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area on that plane. This area is computed as follows:

up + 1 Vit 11
(7) uz + 2 Vo + 2 1 =0
us+ 3 V3t 3 1
which results in a quadratic equation of the form
(8) A?2+B +C=0
where
1 1 1 1 v 1 1 u; 1 up vi 1
A= 2 2 1, B= 2 Vo 1 2 U 1 ; C= u v 1
3 3 1 3 vz 1 3 uz 1 us vz 1

We call Equation (8) the characteristic equation of a GLC. Since the characteristic
equation can be calculated from any three rays, one can alsawaluate the characteristic
equation for EPI and pinhole cameras. The number of solutios of the characteristic
equation implies the number of lines that all rays on a GLC pas through. Since it is
guadratic, it may have 0, 1, 2 or in nite solutions. The number of solutions depends
on the denominator A and the quadratic discriminant = B? 4AC.

4.1. Characterizing Classic Camera Models. We start with showing how
to identify standard camera models using the characteristt equation of a GLC.

Lemma 5. Given a GLC, three generator rays, and its characteristic egation
A 2+B + C =0, then all rays are parallel to some plane if and only ifA = 0.

Proof. Notice in the matrix used to calculate A, row i is the direction & of ray
ri. Therefore A can be rewritten asA = (& @) d3. HenceA =0 if and only if d,
d> and &3 are parallel to some 3D plane. And by Lemma 2, all a ne combinations of
these rays must also be parallel to that plane ifA = 0. 0

4.2. A =0 case. When A = 0, the characteristic equation degenerates to a
linear equation, which can have 1, 0, or an in nite number of ®lutions. By Lemma
5, all rays are parallel to some plane. Only three standard canera models satisfy this
condition: pushbroom, orthographic, and EPI.

All rays of a pushbroom lie on parallel planes and pass throug one line, as is
shown in Fig.1(c). A GLC is a pushbroom camera if and only ifA = 0 and the
characteristic equation has 1 solution.

All rays of an orthographic camera have the same direction ad do not all simul-
taneously pass through any linel. Hence its characteristic equation has no solution.
The zero solution criteria alone, however, is insu cient to determine if a GLC is ortho-
graphic. We show in the following section that one cantwist an orthographic camera
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into bilinear sheets by rotating rays on parallel planes, asis shown in Fig.1(f), and

still maintain that all rays do not pass through a common line. In Section 3, we have

shown that corresponding edges of the two congruent triangls of an orthographic

GLC must be parallel. This parallelism is captured by the following expression:
Ciog)_ (uiog) e

9 = i;j =1;2;3 and i 6

®) Ci 1) (viov) : :

We call this condition the edge-parallel condition. It is easy to verify that a GLC is
orthographic if and only if A = 0, its characteristic equation has no solution, and it
satis es the edge-parallelcondition.

Rays of an EPI camera all lie on a plane and pass through an in ite nhumber of
lines on the plane. In order for a characteristic equation tohave in nite number of
solutions when A = 0, we must also haveB = 0 and C = 0. This is not surprising,
because the intersection of the epipolar plane with ¢ and , must be two parallel
lines and it is easy to verify A =0, B =0 and C = 0 if and only if the corresponding
GLC is an EPI.

4.3. A 6 0 case. When A 6 0, the characteristic equation becomes quadratic
and can have 0, 1, or 2 solutions, which depends on the charaatstic equation's
discriminant . We show how to identify the remaining two cla ssical cameras, pinhole
and XSlit cameras in term of A and .

All rays in a pinhole camera pass through the center of projetion (COP). There-
fore, any three rays from a pinhole camera, if linearly indegndent, cannot all be
parallel to any plane, and by Lemma 4,A 6 0. Notice that the roots of the char-
acteristic equation correspond tothe depth of the line that all rays pass through,
hence the characteristic equation of a pinhole camera can tynhave one solution that
corresponds to the depth of the COP, even though there existan in nite number
of lines passing through the COP. Therefore, the charactestic equation of a pinhole
camera must satisfyA 6 0 and = 0. However, this condition alone is insu cient to
determine if a GLC is pinhole. In the following section, we stow that there exists a
camera where all rays lie on pencil of planes sharing a line ssshown in Fig.1(e), which
also satis es these conditions. One can, however, reuse trezlge-parallel condition to
verify if a GLC is pinhole. Thus a GLC is pinhole, if and only if A 6 0, has one
solution, and it satis es edge-parallel condition.

Rays of an XSlit camera pass through two slits and, thereforgthe characteristic
equation of a GLC must have at least two distinct solutions. Furthermore, Pajdla
[12] has shown all rays of an XSlit camera cannot pass throughlines other than its
two slits, therefore, the characteristic equation of an XSit camera has exactly two
distinct solutions. Thus, a GLC is an XSlitif and only if A60and > 0.
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Fig. 3. Bilinear Surfaces. (a) r3 is parallel to S; (b) r3 is parallel to S, but still intersects S;
(c) r3 is not parallel to S, and does not intersect S either.

5. Characterizing New Camera Models. The characteristic equation also
suggests three new multiperspective camera types that haveot been previously dis-
cussed. They include 1)twisted orthographic: A = 0, the equation has no solution,
and all rays do not have uniform direction; 2)pencil camera:A 6 0 and the equation
has one root, but all rays do not pass through a 3D point; 3)bilnear camera: A 6 0
and the characteristic equation has no solution. In this setion, we give a geometric
interpretation of these three new camera models.

5.1. Ray Geometry. Before describing these camera models, however, we will
rst discuss a helpful interpretation of the spatial relati onships between the three
generator rays. An a ne combination of two 4D points de nes a 1-dimensional a ne
subspace. Under 2PP, a 1-D a ne subspaces corresponds to alliear surfaceS in 3D
that contains the two rays associated with each 4D point. If these two rays intersect
or have the same direction in 3D spaceS degenerates to a plane. Next, we consider
the relationship between rayrsz and S. We de ne r3 to be parallel to S if and only
if r3 has the same direction as some ray 2 S. This de nition of parallelism is quite
di erent from conventional de nitions. In particular, if r3 is parallel to S, r3 can still
intersect S. And if r3 is not parallel to S, r3 still might not intersect S, Fig.3(b) and
(c) show examples of each case.

This de nition of parallelism, however, is closely relatedto A in the characteristic
equation. If r3 is parallel to S, by de nition, the direction of r3 must be some linear
combination of the directions ofr, andr,, and, therefore,A =0 by Lemma 5. A =0,
however, is not su cient to guarantee r3 is parallel to S. For instance, one can pick
two rays with uniform directions so that A = 0, yet still have the freedom to pick a
third so that it is not parallel to the plane, as is shown in Fig.3(c).

The number of solutions to the characteristic equation is ato closely related to
the number of intersections ofrz with S. If r3 intersects the bilinear surfaceS(ri;r2)
at P, then there exists a linel, where P 2 |, that all rays pass through. This is
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Fig. 4 . Comparison between synthetic GLC images. From left to right , top row: a pinhole, an
orthographic and an EPI; middle row: a pushbroom, a pencil an d an twisted orthographic; bottom
row: a bilinear and an cross-slit.

because one can place a constant-z plane that passes throughand intersectsr; and
r, at Q andR. Itis easy to verify that P, Q and R lie on a line and, therefore, all rays
must pass through line PQR. Hencers intersecting S(ri;r2) is a su cient condition
to ensure that all rays pass through some line. It further imgies if the characteristic
equation of a GLC has no solution, no two rays in the camera inérsect. GLCs whose
characteristic equation has no solution are examples of theblique camera from [11].

5.2. New Multiperspective Cameras. Our GLC model and its characteristic
equation suggests 3 new camera types that have not been preusly described.

Twisted Orthographic Camera: The characteristic equation of the twisted
orthographic camera satis esA = 0, has no solution, and its generators do not satisfy
the edge-parallel condition. If ry1, ro and r3 are linearly independent, no solution
implies r3 will not intersect the bilinear surface S. In fact, no two rays intersect in
3D space. In addition, A = 0 also implies that all rays are parallel to some plane
in 3D space, therefore the rays on each of these parallel plas must have uniform
directions as is shown in Fig.1(f). Therefore, twisted orttographic camera can be
viewed as twisting parallel planes of rays in an orthographi camera along common
bilinear sheets.
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Table 1
Characterize General Linear Cameras by Characteristic Equ  ation

Characteristic Equation 2 Solution 1 Solution 0 Solution In f. Solution
AB0 XSlit Pencil/Pinhole y Bilinear
A=0 Pushbroom Twisted/Ortho. 'y EPI

y: A GLC satisfying edge-parallelcondition is pinhole(A 6 0) or orthographic ( A = 0).

Pencil Camera: The characteristic equation of a pencil camera satis esA 6 0,
has one solution and the generators do not satisfy theedge-parallel condition. In
Fig.1(e), we illustrate a sample pencil camera: rays lie on gencil of planes that
share linel. In a pushbroom camera, all rays also pass through a singlene. However,
pushbroom cameras collect rays along planes transverse towhereas the planes of a
pencil camera containsl (i.e., lie in the pencil of planes throughl), as is shown in
Fig.1(c) and 1(e).

Bilinear Camera: By de nition, the characteristic equation of a bilinear camera
satis es A 6 0 and the equation has no solution (< 0). Therefore, similar to twisted
orthographic cameras, no two rays intersect in 3D in a bilin@r camera. In addition,
since A 6 0, no two rays are parallel either. Therefore, any two rays n a bilinear
camera form a non-degenerate bilinear surface, as is shown Fig.3(a). The complete
classi cation of cameras is listed in Table 1.

In Fig.4, we show the GLC images that are rendered using our GC Ray Tracer
(Section 7.2). Dierent types of GLCs exhibit uniqgue multip erspective distortions as
shown in the curved isolines on the objects. We analyze the cee of these distortions
in the next Section.

6. GLC Projection and Collineation. Next, we study the GLC imaging pro-
cess. We rst consider projecting a 3D point onto a GLC. To sinplify the analysis,
we use the canonical GLC representations with the three gemator rays [ 1; 1;0;0],
[ 25 2:1;0], and [ 3; 3;0;1]. This setup describe almost all GLCs (except for a sub-
space of GLCs whose slits lie on thev plane). Every ray r in the GLC can be written
as the following a ne combination:

(10) ri; suv]=(1 ) [ 10 10,01+ [ 2 2,501+ [ 35 3:0/1]
where i; i, i =1, 2, 3 are constant for a given GLC. It is easy to see that = u
and = v under this simpli cation. It is also worth noting that Equat ion (10) is also

equivalent to the following two linear constraints:

=(1 u Vv)i1+tu+vVv 3

(11) =(1 u Vv)i+tu+vg
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r=(-S r rat L P=(1-8 )T+ T+ T

P
T2 T3

z

I 1, 1,U1 V1) l1i( 1, 1,U1, V1)

Ia( 3, 3 Us V3) l3( 3, 3, Us, V3)

o 2 2 Uz Vo) I 2, 2 Uz V2) uv

(@) (b)
Fig. 5. (a) Projecting a point P to a ray in the GLC. (b) The projection of P can be
computed using the same a ne coordinate on the sweeping plare .

The GLC ray that passes through a 3D point P(x;y;z) satis es the following
linear constraints [5]:

u+ z =X

(12) vtz =y

The ray passing throughP is, thus, the solution of the four equations in (11) and (12)
and can be computed as:

(Z2(13 31 z(ay 1) 3y x(1 3) X
Az2+ Bz + C

(Z2(12 21) z(1y 2+ 11 X))+ 2X)+Y)
Az2+ Bz+ C

u=

(13) V=

where Az? + Bz + C = 0 corresponds to the characteristic of the GLC. We call
Equation (13) the GLC Projection Equation.

6.1. Plane Sweeping. The GLC Projection Equation (13) also has an intuitive
geometric interpretation. Consider a plane , parallel to the uv plane and passing
through P~ The three generators will intersect , at Ty; Tp; T3, where

(14) T.=(0:00+z (1; 1:1)=( 12} 12;2)
T=(1;000+z (25 2:1)=( 22+1; 22;2)
Ts=(0;10)+ 2z (3 3;1)=( 3z; 32+1;2)
The a ne combination [ ; ] of the three generator rays that passes througtP,
is:
(15) P=Q1 ) Ta+ T+ Ts

[; ] can be computed using the ratio of the signed areas formed byriangle
T:RTs, TiTeR over TiTTs, as is shown in Fig.5. Notice the area formed by
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T3 T, T3 corresponds to the characteristic equation of the GLC. Thus the ane
coe cients ( ; ) can be computed as:

Z 1 Z1 1
X y 1
T,PT, Z 3 1+z 3 1
== T_l'r_z'r_gz Az2+ Bz + C
Z 1 Z1
1+z, Z
(16) v= = LER X Y !

T,TTs Az2+ Bz + C

Equation (16) and Fig.5(b) give a geometric interpretation to the GLC Projection
Equation.

6.2. Singularities.  Notice Equation (16) may lead to no solution or multiple
solutions when the denominatorAz? + Bz + C = 0 (i.e., the characteristic equation
is zero). This happens wherP lies at the depth of a slit. Thus, using Table 1, we can
conclude that these singularities can only happen in crossiits, pushbroom, pencil,
and pinhole cameras.

When the points lie precisely on the slits, duplicated image will occur, because
multiple GLC rays will pass through these points. The ray passing through the point
is determined by the solution to a 4x4 system of equations gien in (11) and (12).
When the point lies on the slit, the determinant of this matri x is zero, and, therefore,
the four equations become linearly dependent. For pinhole ameras, when the point
coincides with the center of projection, the 4 linear equatons will degenerate to 2
linear equations as (12) and the projection of the point will cover the whole image. For
pushbroom, cross-slits, and pencils, the 4 linear constrats will degenerate to three
independent equations, and the projection of each point on lte singularity covers a
1D subspace of rays, or in its image it will project to as a line A similar case happens
with EPI cameras.

Furthermore, not all 3D points project onto a given GLC. Ther e are two possible
un-projectable situations: 1) there is no ray in the camera hat can pass through
the point, or 2) the ray that passes through the point is parallel to 2PP, and hence
cannot be represented. Points that cannot be projected can mly happen when the
denominator of equation (16) is zero and the numerator is norezero. For cross-slit
cameras, these points lie on the two planes ,-,, and ;-,, that contain the slits
but do not lie on these slits. This is representative of the rst case. For pencil and
pushbroom cameras, these singularity points lie on plane ;- ,, that contains the slit
but do not lie on the slit, and it follows the second case. Pinlole cameras are a special
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case of pencil cameras. In theory, it can image all points in B space. However, for
points that lie on the plane parallel to the parametrization plane and passing through
the COP, the corresponding rays are parallel to 2PP and henceannot be imaged by
a pinhole GLC.

6.3. Projections of Lines.  Now we consider the projections of lines onto vari-
ous GLCs. Ifl is parallel to the uv plane, we can parameterizd as a point [Xo; Yo; Zo]
on the line and the direction [d*; d¥; 0] of the line. All rays passing through! satisfy

(17) [U,V,0]+ 1[, ; 1] = [XO;yO;ZO]+ z[dx,dy,O]
It has been shown in [5] that equation (17) is equivalent to tre linear constraint
(18) (u+tzg Xo)d (v+2zg yo)d*=0

The GLC rays passing throughl is the intersection of three linear constraints: equation
(11) and (18). Thus, the rays collected by any GLC passing though| are, in general,
a 1D linear manifold. If we assume theuv plane is the default image plane, then (; v)
gives the pixel coordinates of the projection. This impliesthat the image of a line |
parallel to the uv plane also a line.

If I is not parallel to the uv plane, then| will intersect uv plane at (uo; vo; 0) and
has direction ( o; 0;1). All rays passing through | in this case satisfy the bilinear
constraint [5]:

(19) (U uo)( 0 (v Vo) 0)=0

The projection of | hence can be computed using equation (11) and equation (19)sa
follows:

(U W)@ u Vv)yi+uz+vsz o)

(20) (v Vo)1 u Vv)i1+u+vaiz )=0

which corresponds to a 1D quadratic manifold of rays. Similaly, if we take the uv
plane as the image plane, the image of is a quadratic curve on the image plane as
shown in Fig.4.

6.4. Projections of Points at In nity. We can use the the properties of GLC
line projection to determine the GLC projections of points lying in the plane at
in nity. An in nite point can be written as:

(21) P(X;y;z) = (Uo;Vvo;0)+ z( 0; 0;1);2!1

Substituting P in Equation (16), it is easy to see that the numerator and the cde-
nominator of u and v are both quadratic in z. However either or both terms may
degenerate to linear or constant.
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For pinhole, pencil, bilinear, and cross-slits, the rst GL C characteristic equation
(the denominator in the projection equation) is always geneal quadratic in z, as is
shown in Table 1. And since the numerator is at most a quadratt in z, whenz!1
both u and v will have nite values, i.e., points in nitely far away from the image
plane all have a projection in the camera.

Substituting [X;y; z] in the GLC Projection Equation (13), we get

B A z2+ B,z + Cy
z2(sy(tz  t3)+ sp(ts  t1)+ s3(ts t2)) z(s1 S+ ty t3)+1
A,z2+ B,z+ C,

22) v=
22) Z2(s1(tz  t3)+ sp(ta  t1)+ s3(ts t2)) z(s1 so+ty t3)+1
where
1 1 1 1 1 1
Ay = o o 1 A/= 2 2 1
3 3 1 o o 1

Thus, the coe cients of z? in both the numerator and denominator of the projection
equation are functions of (o, ¢, and the intrinsic parameters of the GLC, not ug
or vo. This implies the nal projection is only dependent on the direction of the
in nite points. In the pinhole case, these points correspoml to the vanishing points
associated with directions and such vanishing points alsoxst for all pencil, bilinear,
and cross-slits cameras.

For pushbroom cameras, the directions of three generator rgs are parallel to some
plane ,ushoroom and its characteristic equation is linear in z. The denominator in
the Projection Equation (13) is, thus, a linear function in z. However, the numerator
can be quadratic inz as shown in equation (22). Therefore, only when

1 1 1 1 1 1
(23) Au = 0 0 1 =O, AV = 2 2 1 =0
3 3 1 0 0 1

can the point be projected into the camera. However, since th three generator rays
are parallel to some plane, we must also have

1 1 1
(24) > 2 1 =0
3 3 1

From equation (23) and (24), [ o; o;1] must be a direction parallel to pushbroom -
Thus, the projection of the in nite points are constrained t o one dimensional subspace
and causes in nite stretching at the other, as is commonly olserved in pushbroom
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panoramas. Cross-slit GLCs, however, are able to project &points in nitely far away
and, therefore, are a better choice for creating panoramas.Fig.7(a) and Fig.7(b)
compares pushbroom and cross-slit panoramas. Objects faay are stretched in
pushbroom cameras, but not in cross-slit cameras.

Similarly, for orthographic and twisted orthographic cameras, whose characteristic
equations are constant, an innite point has a projection only if [ o; o;1] is the
direction of the ray of the GLC at point [ ug;Vvp;0]. For instance, for orthographic
cameras, only in nite points along the view direction can be seen in the projection.

6.5. GLC Collineation. We have shown how to project 3D points and lines on
to the default uv image plane in a GLC. Next, we derive how to resample the rays
collected by a GLC over di erent image planes. This transformation is analogous to
planar collineation (homography) to pinhole cameras.

A GLC collineation Col maps every rayr(u;v) to a pixel [i;j ] on the image
plane [ p;di; dz], wherep speci es the origin and d;, and &, specify the two spanning
directions of . For everyray r[; ;u;v ], we can intersectr with to compute [ i;j ]:

(25) [u;v;01+ [;; 1]=p+ith+ |

Solving fori, j, and gives:
- (di d)(u po)+(d H(v_py) (di  di)p,

j:(d’{ Du_ p)+(di di)v p) (di dip.

(26)
where

di dj
27) = d o

di d3 1

For a canonical GLC, since and are both linear functions in u and v as shown

in Equation (11), must be linear in u and v. Therefore, we can rewritei and j as:
_ U+ biuv+ c v+ diu+ ev+ fy
- azu+ v+ c3
U+ bhuv+ V2 + dou+ ev + fo
azu+ v+ c3

(28) i=

Thus, the collineation Col of a GLC from the uv image plane to a new image
plane is a quadratic rational function. Fig. 6 shows the ima ges of a GLC under
di erent collineations. It implies that image distortions may be reduced using a proper
collineation.

7. Rendering GLC Images. GLC images can be rendered directly by cutting
through pre-captured light elds, or by ray tracing a synthe tic scene.
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Fig. 6. The image of a cross-slit GLC (d) under collineation (c) appe ar much less
distorted than the image (b) of the same camera under collination (a).

7.1. Rendering GLCs From Light Fields. In Fig.9, we synthesize a cross-slit
and a pencil camera by cutting through a densely sampled 3D gjht eld along di er-
ent directions. By appropriately organizing rays, both GLCs generate interpretable
images similar to pinhole and orthographic cameras. The petil camera synthesized
in Fig.9 are twisted. This is because we are moving the viewig angle from left to
right while scanning the image from the top to the bottom.

In Fig.8, we illustrate GLC images from a 4D light eld. Each G LC is specied
by three generator rays shown in red. By appropriately trangorming the rays using
a collineation, most GLCs generate easily interpretable inages. Furthermore, we can
use the light elds to navigate through the scene and to choos speci c rays to form
a desirable GLC. In Fig.10, we choose three rays from di erehperspectives and fuse
them into a multiperspective bilinear GLC image.

In our implementation, we have used the common quadrilinearinterpolations to
interpolate the GLC rays from the light eld. Since collecti ng all rays present in a
scene is impractical or impossible for most light elds, alasing artifacts called "ghost-
ing" may appear in the rendered GLC images where the light el is undersampled,
as shown on the background specularity in Fig.8.

7.2. General Linear Ray Tracer. We have also implemented a GLC Ray-
Tracer (GLC-RT) based on the legacy Pov-Ray [24] framework. Our GLC-RT sup-
ports rendering both canonical GLC models and standard GLC nodels with arbitrary
collineations.

The canonical GLC model has format:

GLC Cameraf
Generator Rays:< 1; 1>,< 2; 2>,< 3; 3>
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(a) Pushbroom

(b) Cross-Slit

Fig. 7. GLC images synthesized from a 3D light eld: (a) is a pushbroom panorama, (b)
is a cross-slit panorama.

Fig. 8. GLC images created from a light eld. Top row: a pencil, bilin  ear, and pushbroom
image. Bottom row: an cross-slit, twisted orthographic, an d orthographic image.

where [ 1; 1;0;0],[ 2; 2;1;0],and [ 3; 3;0;1] represent the three generator rays.
We use theuv plane as the default image plane. For each pixelijfj ], we compute the
corresponding ray in the GLC asr =[i;j; O]+ [ 1+1i 2+ 3; 1+1 2+j 3;1]. We
then trace r using the PovRay ray-tracing engine.

Our GLC-RT also supports more complicated GLC descriptionswith an arbitrary
collineation as:

cameraf glc_camera
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Generator_Rays
<0f;0{;0{ > <0%;05;,05 > <0%;0§;05 >
<df;df;dz > <d¥;d;dE> <dX;dh;df >
Location <L *;LY;L* >
Up <UX;UY; Uz >
Right <R *;RY;R? >
g

where each generator rayr; is represented by its origing and direction d;, for
i =1;2;3. The image plane (collineation) is speci ed by the center 6 the plane L,
the up vector U, and the right vector R.

In our implementation, we rst warp each generator ray r; to its default 2PP
coordinate ri[uj; Vvi;si;ti] by intersecting it with the z =0 and z = 1 plane as:

o o7
u=o gdivi=o o
! i
(29) Si:o:(-'-ldzOIZdi)(;ti:O%/"'ldzOIZdi)/; i=1;2;3
i i

We then compute the GLC's canonical representation. Recallthat the three
canonical generator rays are also a ne combinations ofry, r, and r3. Therefore, we
can solve for the ane coecients ; and ; that satisfy

[th;w;si; ] = i[ugsve syt + ifuz;vo;sasto]

(30) +(1 i ilusivs;ssita]; =123

where [th;w] = [0; 0]; [t2; v2] = [1;0]; [tr3; v3] = [0; 1] as

Ux¥ + Us¥ + Hiva  Biv3z + UaVs
UaVi UgVi UiV + UgVa + UiVvz  UpVs
Uuivy  Usz% tivi+ Hivz  U1Vv3
UaVi UgVi UiV + UgVa + UiVvz  UpVs

(31) i =

(32) i =

By substituting ; and ; into Equation (30), we can compute the relative ray coor-
dinate [~; v ; t; %] as

(33) ~ =8 W; Y= w; i=1;23

Assume the desired image resolution isw; h], to trace out a ray from each pixel
[i;j 1, we compute the actually 3D point P-that corresponds to pixel [i;j ] as

(34) P= L+ kR + kO
where
(35) ke = — 05 k =05 ‘ﬁ
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We then use the GLC Projection Equation (16) to nd the ray tha t passes through
P Finally, we trace the ray using the PovRay ray-tracing engine.

Notice that our implementation minimizes the modi cations to the PovRay frame-
work by changing the camera model engine and the ray-generat engine of PovRay,
not the ray-tracing engine. Furthermore, antialiasing is generically implemented in
our GLC-RT. This is because PovRay uses supersampling to ragte the aliasing ar-
tifacts. In our implementation, we simply compute the corresponding 3D points for
subpixels using Equation (34) and determine the GLC projecton of these points using
Equation (16).

In Fig.4, we compare di erent GLC images ray-traced from a synthetic scene. The
distortions of the curved isolines on the objects illustraie various multi-perspective
e ects of GLC cameras. For instance, all lines in 3D space ar@reserved as lines on
the 2D image for orthographic and pinhole camera while they e curved in most other
GLCs. In particular, lines are strongly twisted in the images of twisted orthographic
and pencil camera. This is mainly because the rays collectely both cameras are
twisting in 3D space in nature. Similar to pinhole cameras, nany GLCs have "van-
ishing" points of parallel lines. Furthermore, in pushbroom camera, objects far away
from the camera are stretched while their size is preservednder pinhole camera,
orthographic, and cross-slit cameras, as has been analyzéd Section 4.

Fig. 9 . Synthesizing GLCs by cutting through a 3D horizontal light elds. Left: we cut through
the light eld vertical diagonally to generate a cross-slit ~ GLC. Right: we cut through the light eld
vertical diagonally to generate a pencil GLC.

In Fig.11, we render dierent GLC cameras in a complex kitchen scene. De-
spite their incongruity of view, these multiperspective images are still able to preserve
spatial coherence while exhibiting unique distortions. InFig.12, we compare a per-
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Fig. 10. A bilinear GLC image synthesized from three pinhole cameras shown on the right.
The generator rays are highlighted in red.

spective panorama and a cross-slit panorama, both renderedsing our GLC-RT in a
city scene. The cross-slit panorama is able to illustrate sraoth transitions from the
east side of the city to the west side.

We can also generate non-perspective autostereoscopic iges, as shown in Fig.13.
While conventional autostereoscopic displays renders eacdexagon lenslet as a pinhole
camera, we render each hexagon as a pushbroom camera using @&l C-RT. This
allows us to create "rotational motion parallax" in additio nal to the stereo parallax,
as shown in the supplementary video.

8. Conclusions and Future Work. We have presented a General Linear Cam-
era (GLC) model that uni es many previous camera models intoa single representa-
tion. The GLC model is capable of describing all perspectivépinhole), orthographic,
and many multiperspective (including pushbroom and two-sit) cameras, as well as
epipolar plane images. It also includes three new and previgsly unexplored multiper-
spective linear cameras. The GLC model is both general andriear in the sense that,
given any vector space where rays are represented as poinisdescribes all 2D a ne
subspaces (planes) that can be formed by a ne combinations 63 rays. The incident
radiance seen along the rays found on subregions of these 2Dna subspaces are a
precise de nition of a projected image of a 3D scene.

We model the GLC imaging process in terms of two separate stags: the mapping
of 3D geometry to rays and the sampling of those rays over an iage plane. We
have derived a closed-form solution to projecting 3D pointsin a scene to rays in a
GLC and a notion of GLC collineation analogous to pinhole caneras. Finally, we
have developed a multiperspective ray-tracer for the diretrendering of GLC images.
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(a) Pushbroom (b) Cross-Slit

(c) Bilinear (d) Pencil

Fig. 11 . Kitchen scene rendered by GLC raytracer using pushbroom camera (a), cross-slit
camera (b), bilinear camera (c), and pencil camera (d).

The GLC ray-tracer is able to create a broad class of multipespective e ects and it
provides exible controls to reduce multiperspective distortions via collineations.

In the future, we plan to use the commodity graphics hardwareto directly render
GLC images directly from the scene geometry. The GLC projedbns of a line onto the
GLC image plane is a quartic rational. Thus, it is possible tomodify the rasterization
unit or the shader to e ciently render the geometry directly into a GLC image using
the graphics hardware. A real-time renderer will also be bea cial to the interactive
design of multiperspective rendering, the creation of baclirops for cel-animation, and
image-based animations.

Finally, we are also interested in designing actual GLC cameas and new stereo
algorithms to enable 3D reconstructions from very wide eld-of-view images, as well
as other multiperspective images. We have recently shown [3hat most of the GLC
models can form close-to-stereo image pairs. This makes tH8LC model a promising
tool for synthesizing multiperspective stereo fusions.
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